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The Basel Problem
In 1644, Pietro Mengoli posed the famous Basel problem
o0 1 _
Z 5=
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Recall the Maclaurin series
L x3 x> X7
smx_x—aJra—ﬁJr---
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Recall the Maclaurin series

) x3
sinx =x— > +

3!

x5

T
Dividing both sides by x gives us

sinx_1 x2+x4
X 3! 5l

x7

xB
ﬁ_|_...
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Factoring this into its roots, like we would a polynomial, gives us

2
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sin x X
_:(1_}_*
X

D (-2)0

X X
(+35)(1-3)
Using the difference of two squares, we get

Factoring this into its roots, like we would a polynomial, gives us

sin x X2 X2 X2
X {1%4 [1‘472} {“—]“'

972

N A
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sin x X
_:(1_}_*
X

D (-2)0

X X
(+35)(1-3)
Using the difference of two squares, we get

Factoring this into its roots, like we would a polynomial, gives us

. 2 2
smx:[1_x2H1 X
X T

’ X2
B 4772] 92|
Multiplying it out gives us

sinx

sinx _ (11,1
X 2

g2 T ) O

= e
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However, earlier, we saw that
sinx x? N x* x5 N
X 3! 51 7!
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Euler’s Solution
However, earlier, we saw that

sinx x2_|_x4 x6+

X 3l 5 7!
Euler equates the coefficients of x? and concludes that

1 1 1 1
~3 ="

ﬁ*ﬁz*ﬁ*"')
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_1 L 1 n 1 n 1 1

3 me  4g2

972 T{er2 T
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B 1 B 1 1 1 i 1 n
3! @  4x2  9r2 1672
R T T
6 7 472 972 1672
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B 1 B 1 1 1 i 1 n
3! w2 472 9x2 1672
R T T
6 7 472 972 1672
G S S
6 4 9 16
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Euler's Solution

_1 L 1+ 1 n 1 n 1 n
31 w2 472 9x2 1672
R T T
6 7 472 972 1672
G DV R S
6 4 9 16
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Bridger and Zelevinsky (2004)

Recall that the generalized Fourier series for f(x) over [—7, 7] is

n=1

f(x) =ag+ i (ancos(nx) + bpsin(nx))
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Recall that the generalized Fourier series for f(x) over [—7, 7] is

f(x) = a0+ Y _ (ancos(nx) + bysin(nx))
n=1
where

1 s
a =

o f(x) dx

—T
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Recall that the generalized Fourier series for f(x) over [—7, 7] is

f(x) =ag+ i (ancos(nx) + bpsin(nx))

n=1
where
a = R f(x) dx
0 T 2r —r
1 s
an = — f(x) cos(nx) dx

—T
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Recall that the generalized Fourier series for f(x) over [—m, 7] is

f(x) =ag+ i (ancos(nx) + bpsin(nx))

n=1
where

1 ™

@ = 5 _ﬂf(x)dx
1 s

an = — f(x) cos(nx) dx
1 (7 ,

b = = f(x) sin(nx) dx

—T

24/98



Intro Euler Bridger

Russell

Leveque

Chen

End

Bridger and Zelevinsky (2004)

Fourier series of f(x) = x:

X =Y bpsin(nx)

n>1
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Fourier series of f(x) = x:

X =Y bpsin(nx)
where

n>1
bn

™

1/
= ;/ x sin(nx) dx
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Fourier series of f(x) = x:

X =Y bpsin(nx)
where

n>1
bn

™

1/
= ;/ x sin(nx) dx

X @ 1 . m
——cos(nx ——sin(nx
m™n ( )‘_n o N2 (nx) -

™
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Fourier series of f(x) = x:

X =Y bpsin(nx)
where

n>1
bn

™

1/
= ;/ x sin(nx) dx

X @ 1 . m
——cos(nx ——sin(nx
m™n ( )‘_n o N2 (nx) -

s
——Cos(mn
n ( )
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Fourier series of f(x) = x:

X =Y bpsin(nx)
where

n>1
bn

™

1/
= ;/ x sin(nx) dx

X @ 1 . m
——— COS(nx — SIn(nx
™hn ( )‘—ﬂ'-l_ N2 ( )—71'
——COS(mn
2 cos(n)

2
(=1) 15
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Definition: The inner product of two functions f(x) and g(x)
defined on (—L, L) is given by

L
(f,q) = /_ 1()g(x) d.
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Definition: The inner product of two functions f(x) and g(x)
defined on (—L, L) is given by

L
(f,q) = /_ 1()g(x) d.

Now, we take the inner product of both sides of the equation

n=1

Z 1)’71 ~ sin(nx).
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The left side gives us
T 3
(x, X) :/ x?dx = 2%
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The left side gives us

(x, x) :/ 2 dx = 2T

3

™

The right side requires Parseval’s identity:

3
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The left side gives us

i 3
(x,x):/ X2 dx = 2%

™

3
The right side requires Parseval’s identity:

L 2
1z/_LfQ(x)dx:%JrZ(a%er,%)

n>1
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The left side gives us

i 3
(x,x):/ X2 dx = 2%

™

3
The right side requires Parseval’s identity:

L 2
1z/_sz(x)dx:%JrZ(a%er,%)

n>1

<Zansin nx,Za,,sin nx> = waﬁ
n>1

n>1

n>1
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The left side gives us

i 3
(x,x):/ X2 dx = 2%

™

3
The right side requires Parseval’s identity:

L 2
1z/_sz(x)dx:%JrZ(a%er,%)

n>1
1
. . . > v
<Zansm nx,Za,,sm nx> = wan = 47TZ 5
n>1 n>1 n>1

n>1
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Setting the two results equal to each other, we get

n>1

1 23
D E= g
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Setting the two results equal to each other, we get

1 2r3
=g
n>1
which simplifies to
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We start with the improper integral

™

= /2 log(2 cos x) dx
0
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We start with the improper integral

™

= /2 log(2 cos x) dx
0
Recall:

eix + e—ix
COS X =

2
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We start with the improper integral

™

| = /2 log(2 cos x) dx
0
Recall:

eix + e—ix
COS X =

2

| = /2 log(e™(1 + e~2%)) dx
0
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We start with the improper integral

™

| = /2 log(2 cos x) dx
0
Recall:

eix+ e ix
C0OSX =
| = /2 log(e*(1 + e~2%)) dx
0
;2

/2 log(1 + e72%) dx
8 Jo

o
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Rewriting the integral as a power series, we get
i 2 = —4ix —6ix —8ix
i 2 € e e
| = — e—2/x _
=+ [ ( —-:

3 2 +---)dx.
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Rewriting the integral as a power series, we get
i 2 z —4ix —Bix —8ix
im 2 ; e e e
= — G — <o) dx.
g8 /0 ( 2 T3 4 )
Integrating term by term, gives us
- ,-772 1 efZI'X ef4ix N efGI'X ef8ix
8 2i 1 22

S

22)CN(E
44/98



Intro Euler Bridger Russell Leveque Chen End
Russell (1991)
Rewriting the integral as a power series, we get
i 2 = —4ix —6ix —8ix
i 2 x € e e
= —2ix _ _ ... | dx.
g " /0 (e > 73 i )
Integrating term by term, gives us
,-772 1 efZI'X ef4ix efGI'X ef8ix z
== == = T = qroce :
8 2i 1 22 32 42 0
Evaluating from 0 to 7 gives us
T i7T2 1 e—iTF . 672i7r -1 N efSIﬂ -1 ef4i7r -1
8 2i 22 32

1),
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Russell (1991)
Simplifying, we get
i 1 1
I = -Eg— — 1 1 ‘F ‘75 %‘ E§§ ‘F cee o
1 1 1
(2n2 ~ 4 2 n?
n>1 n>1
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Simplifying, we get

i1+ 241y
8 32 52 '
1 1
P
n>1

n>1
Because one-fourth of the terms in the p = 2 series are even

the remaining three-fourth must be odd

Zm 4an
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Returning to our integral, we have

im

3 1
=5 -ilz2m
n>1
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Returning to our integral, we have

(i)
: (%- Ta) -

-PIOJ
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Returning to our integral, we have

(i)
: (%- Ta) -

7T_
8

-PIOJ

-PIOO

1
22
n>1

I
o
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Russell (1991)

Returning to our integral, we have

n>1
7% 3 1
n>1
™ 351 _
8 4 n2
n>1
2

™
3 =
[l

o| 3
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Leveque (1956)
We start with the geometric series
o = i(xy)” if |xy| <1
1—xy =
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Leveque (1956)
We start with the geometric series

1_Xy—2(xy if |xy| <1
n=0
1 1 1
/0/0 557 ax dy

- / / Zo(xy)"dxdy
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Leveque (1956)
We start with the geometric series

1—xy - Z(Xy

n=0
0 0

T dx dy

if |xy| <1

- [f Z(xy)”dxdy
=0
= 2/01/01(xy)”dxdy
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Leveque (1956)
Doing the integration, we find that
0 1 e © r
xy)'dxdy = / y"dy
>, > ovi s
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Leveque (1956)
Doing the integration, we find that

2/01 /01 (xy)" dx dy

o 4 /1 .
= a
nzz:on+1 Oy y

> 1
- nz::O(n+1)2
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Leveque (1956)
Doing the integration, we find that
0 1 e G 1
nzz:o/o , P)axdy = nz::0n+1 y oy
ot
pre (n+1)3?
5
N n=1 n?
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Leveque (1956)
Doing the integration, we find that
[ee)

_ f: 1
Now, we shift our attention to

NS

T dx dy.
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1.5 y
X5
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This gives us the substitutions x =

u—v

v —
e and y =

u+v

ek

=
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/ —u2_u2

dvdu+/ /\[ 5 u2+v2dVdu
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/ —u2_u2

dvdu+/ / s 2= u2+v2 dv du
Letting &° = 2

— U, this expression becomes
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/ 5 u2 dvdu+/ / s 2= u2+v2 dv du
_u -
Letting &° = 2 —

u?, this expression becomes
17
2
2 /
—-u

()

u

adu

V2 1 1
+2/ - tan™ (—
= V2 — u?
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Leveque (1956)
4/6 0d0+4/2 tan~"! (ﬂ) do
0 z cosd
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Leveque (1956)
jus jus _af 2
4/6 0d0+4/2 tan~"! (ﬂ) do ="
0 z cosf 6
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Leveque (1956)
jus jus _ . 2
4/6 0d0+4/2 tan—"1 (ﬂ) dg = "
0 z cosf 6
In summary...
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: 3
4/ 0d0+4/ tan—1<
0 3

Qi ,
ﬂ) do="
cosé
In summary..

6
;1 o
//Z(XY)”dXdy
0 Jo =

:/01/01 ]

1—xy dx dy
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s ) N |
4/6 0d0+4/2 tan—! (ﬂ) o™
0 5 o5 :
In summary.
SV
/ / Z(XY)” dx dy
0 Jo =

:/01/01

1_Xydxdy

.
5 -
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Leveque (1956)
jus jus _ . 2
4/6 0d0+4/2tan‘1 (ﬂ) dg = "
0 z cosf 6
In summary...
1 1 1,1
xy)'dxdy = / / dx dy
/o /o nz::o( Y) 4 0o Jo 1—xy
oo 1 -
Z_z =
O
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Chen (2010)
We start with :
sin x’
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We start with :
sin® x’

Recall the double angle identity

sin2x = 2 sin x cos x
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We start with :
sin® x’

Recall the double angle identity

sin2x = 2 sin x cos x

1

[2sin (3) cos (3)]°
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Chen (2010)
We start with :
sin® x’

Recall the double angle identity

sin2x = 2 sin x cos x

1

[2sin (3) cos (3)]°

cos? (%)

o

' Lin;(%) o ]
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Substitute cos? (%) with sin® (% + %)
1 '
4 [si? (5) " sin?(5+3)

22)CN(E
76/98



Intro Euler Bridger Russell Leveque Chen End
Chen (2010)
Substitute cos? (%) with sin® (% + %)
1 1
4 [siP () sin? (5 +3)
Let x = 7, then
| - 1 1 n 1
4 sin?(3) sin? (%)
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Chen (2010)

Substitute cos? (%) with sin® (% + %)

BN

u]
&)
1l
n
it
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Chen (2010)
Repeating this process gives us

N I
~ 16 [si? (3)

si? (%)
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Repeating this process gives us

1:%[%;(@* = >]‘
+ +
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Chen (2010)
Repeating this process gives us
T
~ 16 [sin? (3) s (%)
1 _ 2 1 1 1 1
64 |sin(F)  sin(%)  sin? (38)  sin® (%)
. 2n—1_4 ]
& ko sin® ((ZZTJ)“)
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Repeating this process gives us

1:%[%;(%)* = >]‘

et ((2k+1)g

%)
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. . X
Jim Nsin (§) = x
: 2.2 (XY _ 2
Jim Nsin® (7) = x
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. /X
Jim Nsin (1) = x
: 22 (XY _ 2
) W (N) = X
Let N=2"and x = (2k +1)3:
: m2.2(Rk+1)3\ T\ 2
nI|_>moo(2) sin ( on = <(2k+1)§)

22)CN(E
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Chen

End

. e
’JinooNSIn <N) _
lim N2 sin®

dm Wi () =

2k +1)5
lim (27)2 sin? (( 1)
N—00

T) - <(2k+1)g)2
lim ] E ] |
n=o0 (2n)2 gjn? ((zk;_,:) 2 )
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Tannery’s Theorem: If lim,_, o fm(n) = fy, then

a(n) 0o
lim > fn(n) = > fn.
m=0 m=0
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Tannery’s Theorem: If lim,_, o fm(n) = fy, then

a(n) 0o
lim >~ fm(n) =) fn.

m=0 m=0
. 1

lim
n—oo (2n)2 Sin2 (

1
(2k11)3

0E) T (@2k+1)5)°
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Tannery’s Theorem: If lim,_, o fm(n) = fy, then

a(n) 00
lim > fm(n) = > fn.
m=0 m=0
1
n—oo M2 ain2

(2M)2 sin (

lim

1

2k+1)Z\ 2

EE) (K 1)3)
2n—1_1

lim 1 =2 lim

n—oo

1
n—o0 Z
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Tannery’s Theorem: If lim,_, o fm(n) = fy, then

a(n) 0o
lim >~ fm(n) =) fn.
m=0 m=0

1 1
lim — = .
n—oo (2n)2 Sin2 ((2/(-21-”1)5) ((2k+ 1)%)2
2n—1_1
lim 1 =2 lim
n—oo

1
n—o0 Z
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8 v 1 ’
2 2 =
™ = (2k+1)
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Chen (2010)
8 — 1
= 2~
™ = (2k+1)
i 1 72
5 -
P (2k+1) 8
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8 — 1
= 2~
™ = (2k+1)
i 1 e
5 -
P (2k+1) 8
= 1 N G
2 T grilie
k=1 k=1
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8 — 1 _ .
w2 = (2k + 1)
I -
~(@k+172 8
=i 2 1 1
2~ gtilike
S
k 6

o = = = El sac
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N
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K
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Il
o| 3

S
Il
o

NE
2| =
I
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S
Il
o
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&)
1l
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it
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Thank you for your attention!
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