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Tip

Particle and nuclear physics
are the same thing but at
different energy scales.

Chapter 1

Introduction

1.1 Overview and History

When we use a microscope to look at small objects, we (or the sun) bombard the target
with particles (photons), and we use detectors (our eyes) to observe the scattering of those
particles. The same principle is being used when we use particle accelerators to peer inside
atoms and nuclei. The Large Hadron Collider is really just a big microscope. To look
inside an object like an atom, we bombard it with particles (e.g. an electron beam). The
wavelength of the particles used must be smaller than the object. Since visible light has a
larger wavelength than atoms, we can’t use visible light to “look inside” atoms to resolve
their structure. To peer inside atoms, we need particles with shorter wavelengths. This
corresponds to particles with higher energy, hence the term high energy physics.

The Standard Model of Particle Physics is the small set of particles, which are
apparently fundamental, with which we aim to explain all particle phenomena.

There are really four related terms: atomic physics, nuclear physics, particle
physics, and high energy physics. Atomic physics deals with atoms as a whole, nuclear
physics deals more specifically with nuclei, and particle physics deals with the (what
are believed to be at the time) fundamental particles. What is termed “high energy”
physics is a matter of era. Today, particle physics and high energy physics are essentially
synonymous. Years ago, before the discovery of quarks, nuclear physics was synonymous
with high energy physics.

Here’s a brief timeline of nuclear and particle physics:

1896 Becquerel discovers radioactivity.

1897 J.J. Thompson discovers cathode rays (electrons).

1897 The “plum pudding model” of the atom is developed.

1900 Gamma rays, γ, are discovered.

1911 Rutherford gold foil experiment takes place.

1911 The “planetary model” of the atom is developed.

1913 The “Bohr model” of the atom is developed.

1930 Pauli predicts neutrinos, ν.

1932 Chadwick discovers the neutron.

1930s Atoms are no longer considered elementary. Particle physics is now the study of
e− (electrons), p (protons), n (neutrons), γ (photons), and ν (neutrinos).

1956 Neutrinos are observed in beta decay.
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1950s High energy beams of particles are used to probe atoms.

1960s The quark model of particle physics is developed.

1970s QCD is developed.

After the discovery of radioactivity, α and β radiation were extensively studied. At
the time, it was not known what these particles consisted of. In the plum pudding
model, the atom consists of a region, typically shown as a sphere, of positive charge
within which small negatively charged electrons orbited. When J. J. Thompson discovered
cathode rays (i.e. electron beams), he obtained good estimates of the charge and mass of
electrons.

When gold foil was bombarded with α radiation, it was found that some of the
α particles bounced back at large angles. This was inconsistent with the plum pudding
model. The α particles are heavy, and it was already known that electrons were extremely
light, so in the plum pudding model, it would have been impossible for the heavy α
particles to be reflected back by the light electrons. This led to the development of the
planetary model of the atom in which the positive charge resides in a very small and
solid nucleus, and the electrons orbit the nucleus much like planets orbit the sun. In
the planetary model, the electric force between the orbiting electron and the positively
charged nucleus provided the centripetal force for the electron which orbited with speed

v =

√
ke2

mr
.

For the hydrogen atom, this gave a kinetic energy of mv2/2 = 7.5 eV, which was close to
the measured 13.6 eV ionization energy of hydrogen.

At this time, electromagnetic theory was well-established. It was immediately obvi-
ous that there was a problem with the planetary model. From electromagnetism, it was
known that an accelerating electron would radiate energy. Since an electron orbiting in
a circle is always radiating energy, the planetary model predicted all the electrons would
quickly spiral into the nucleus. That is, all atoms are unstable. A second problem with
both the plum pudding model and the planetary model was that they were not consistent
with the narrow, discrete, spectral lines observed when excited atoms underwent emission.
To fix these problems, Bohr developed his Bohr model of the atom based on quantum
principles. The Bohr model was essentially just a quantum interpretation of the planetary
model, but it was able to account for hydrogen’s emission spectrum. However, this model
only worked well for atoms with a single electron like hydrogen or ionized helium. In the
Bohr model, only certain orbits are allowed, and in an excited state, the electron orbited
further from the nucleus than when the atom was in its ground state.

Another mystery in early nuclear physics was that of isotopes. Isotopes are atoms
that behave the same chemically, but have different masses. This didn’t make sense at the
time. Recall that chemistry is just electromagnetism applied to atoms, so neutrons, which
they didn’t know of at the time, don’t have an effect in chemistry. All that matters are
the protons and electrons. Further, it was found that nearly all atoms had masses which
were nearly integer multiples of some number. This was explained in 1932 when Chadwick
discovered the neutron. The reason that isotopes are heavier is because they have more
neutrons. The reason that most atomic masses are very nearly integer multiples of some
number is because almost all of their mass comes from the protons and neutrons which
have nearly the same mass.

The modern model of the atom is similar to the Bohr model, but now the electron
is viewed as a “cloud” about the nucleus. The average distance of the electron from the
nucleus corresponds to the Bohr radius of the atom. The negative electron “orbits” the
positive nucleus, but instead of a classical orbit, the electron orbitals are standing waves.
If you check at any instant in time, you’ll find the electron in a specific position, but in
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the time-independent picture, it is a standing wave. Recall that blackbody radiation can
be thought of as being produced by standing waves in a box. This is the same idea as
electrons being standing waves in atoms. The atom is quantized because there can only
be certain standing waves. These standing waves are in three dimensions, so they are
difficult to visualize. You can think of them as resembling the 2D standing waves that
occur on a drumhead.

Another important aspect of the modern model of the atom is the Pauli exclusion
principle. The Pauli exclusion principle tells us that each orbital can have no more
than two electrons in it. The electrons normally reside in the lowest energy orbitals or
the ground state. If the atom is excited, for example, by an incoming photon, then
the photon is absorbed and the electron jumps to a higher energy orbital. The atom can
also de-excite, a process in which the electron drops to a lower energy orbital and emits
a photon in the process. An orbital’s energy is the kinetic plus potential energy. The
energy of a photon is

E = hf,

where h is Planck’s constant, and f is the frequency of the photon. Since energy is
conserved, the energy change in the atom before and after emission/absorption of the
photon, is the same as the energy of the emitted/absorbed photon.

Keep in mind that an electron in an orbital does not emit light. It is only when
the electron changes orbitals that it emits light. Since there are only certain possible
orbitals, there are only certain possible photon energies that can be emitted by any given
atom. These possible photon energies, or frequencies, form the emission spectrum of
the atom.

By the 1930s, it was known that atoms were not elementary. Rather, they were
composed of more fundamental particles. Particle physics at that time consisted of five
particles: e− (electrons), p (protons), n (neutrons), γ (photons), and ν (neutrinos). The
protons and neutrons are collectively known as nucleons. They were believed to be held
together by what was called the strong force.

Particle physics was really born in the 1950s when they could build accelerators
powerful enough to probe at the subatomic level. An entire “zoo” of new particles were
discovered over the next few years. The quark model was developed in 1964. In the
quark model, the non-fundamental particles like the nucleons are bound states of more
fundamental particles called quarks. There are six different quarks—up, down, charm,
strange, top, and bottom. Quarks are believed to be elementary particles. They have
spin-1/2 and fractional charges.

Today, it is still believed that the electron is an elementary particle. It is thought
of as a single point with negative charge. The proton and neutron are now known to
be extended particles composed of many (maybe hundreds) of quarks. The proton and
neutron are commonly described as being made up of precisely three quarks each, but
these are really just the valence quarks. There are many more quarks in a nucleon, which
give the nucleon its mass, but the three valence quarks define the rest of the nucleon’s
properties.

With atoms, we can see emission spectra which indicates their energy levels and
the spacing between those energy levels. Atomic emission spectra consist of narrow (i.e.
sharp) discrete lines. It’s not so easy with the spectra of protons and neutrons. The
spectra of nucleons are no longer series of narrow lines, but now are broad and overlapping
areas—a real mess. There’s a lot that we still don’t understand about protons and
neutrons.

Mesons are quark-antiquark bound states. But like the 3-quark picture of nucleons,
this is also over-simplified. These two are just the valence quarks.

The different quarks have very different masses, but we have no idea why. Mass is
still a free parameter in the Standard Model, meaning we don’t understand it yet.
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1.2 Particles and Interactions

There are four fundamental forces:

Gravity: This is a long-range and weak interaction that acts between massive (i.e. grav-
itationally charged) particles. Its exchange particle is the hypothesized graviton.
Gravity is the least understood of the fundamental interactions. We are only aware
of gravity as an attractive force, but what is dark energy? Maybe it is a repulsive
component of gravity at the extremely large scale. We just don’t know.

Weak: This is a short-range interaction involved in, for example, beta decay. Its ex-
change particles are the W+, W−, and Z bosons.

Strong: This is a short-range interaction that acts between color charged particles. Its
exchange particles are the gluons.

Electromagnetism: This is a long-range interaction that acts between electrically charged
particles. Its exchange particle is the photon.

The strength of an interaction is called the coupling of that interaction. This is
something that we try to measure for the different interactions.

The exchange particle is the quanta of the field involved. Its mass defines the range
R of the interaction. As the mass of the exchange particle increases, R → 0. Photons
are massless, so they can travel infinite distance. Hence, electromagnetism has an infinite
range, R =∞.

A virtual exchange particle has the same quantum numbers as the real particle, but
not necessarily the same mass. For short-lived virtual exchange particles, energy and
momentum may not be conserved due to the uncertainty principle.

How does a positive charge know there is a negative charge to be attracted to?
It knows because of the electromagnetic field of the negative charge. But what is an
electromagnetic field? It is a lot of photons. The field is quantized, and electromagnetism
is the exchange of photons between the particles.

The particle exchange picture has limitations. Consider the interaction between two
like electric charges (repulsive) and two unlike charges (attractive). The same uncharged
photon is exchanged in both, so why the different action?

Consider the universe at different scales:

Cosmology: At the cosmological scale, the only interaction that matters is gravitation.
Mass distributions are the inputs of the theory at this scale.

Human scale: At the human scale, gravitation matters, but electromagnetism matters
even more.

Atomic scale: At the atomic scale, electromagnetism is the primary interaction. Inputs
of the models at this scale includes charges, masses, life times, and decay modes of
nuclei and the mass and charge of the electron.

Nuclear scale: At the nuclear scale, there are three relevant interactions—electromagnetism
and the strong and weak interactions. Here, the inputs are the charges and masses
of the nucleons as well as the charge and mass of the electron.

Particle scale: At the fundamental particle scale, there are three relevant interactions—
electromagnetism and the strong and weak interactions. Here, the inputs are the
masses, particles, and couplings.

At each level, the model explains the how, but it is always the lower level that explains the
why. This is similar in other areas of physics. For example, Newton’s law of gravitation
describes motion, but it is the lower level theory—relativity—that explains it.

In the Standard Model of particle physics, there are three families of particles:
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Figure 1.1: The Standard Model of Particle Physics (Source: Wikipedia)

Quarks: These are six spin-1/2 particles (i.e. fermions) with fractional electric charge.
The up (u), charm (c), and top (t) quarks have electric charge +2/3, and the down
(d), strange (s), and bottom (b) quarks have electric charge −1/3.

Leptons: These are six spin-1/2 particles (i.e. fermions). There are three heavy particles—
the electron (e), muon (µ), and tau (τ) particles. These all have electric charge −1.
Each of these has an associated neutrino. So there is also the electron neutrino (νe),
the muon neutrino (νµ), and the tau neutrino (ντ ). The neutrinos are uncharged
and very light.

Bosons: There are four spin-1 gauge bosons that are the exchange particles for the
various interactions—the photon (γ), the W+ boson, the W− boson, and the Z
boson. Then there is a single spin-0 scalar boson called the Higgs boson.

Notice that gravity is not part of the standard model. We have not found the hypothesized
exchange particle for gravity—the graviton.

Beyond the particles listed above, each also has an antiparticle. This is the same
particle but with the opposite charge. For the uncharged bosons and the uncharged
neutrinos, the particles are their own antiparticles.

For the quarks and the leptons, there are three families of particles:

1st generation: The first generation particles are the up and down quarks and the
electron and electron neutrino. This is the lightest generation.

2nd generation: The second generation particles are the charm and strange quarks and
the muon and muon neutrino. These particles are much more massive. For example,
the muon acts like an electron, but it is much heavier.

3rd generation: The third generation particles are the top and bottom quarks and the
tau and tau neutrino. This is the heaviest generation.

Notice that all of the force carriers, i.e. the exchange particles, are spin-1 bosons.
Photons are not electrically charged, so they don’t interact with each other via the

electromagnetic interaction. This makes the theory of electromagnetism relatively sim-
ple. Two electromagnetic waves simply pass through each other. Gluons, the exchange
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particles of the strong interaction, do interact with each other. This makes the theory
of the strong interaction much more complicated. Quarks are electrically charged and
strongly charged, so they interact via two interactions—electromagnetism and the strong
interaction. This makes models describing quarks, like QCD, much more complicated
than models of electromagnetism, like QED. Since gluons interact with each other, there
could be particles called glueballs that consist entirely of gluons.

Fermions are particles with half-integer spin, ms = n/2 with n being an odd number.
Fermions obey Fermi-Dirac statistics and the Pauli exclusion principle which states
that no two fermions can have the same set of quantum numbers.

Bosons are particles with integer spin, ms = n. They obey Bose-Einstein statis-
tics, and more than one boson in a system can have the same quantum number.

Composite particles made up of quarks are called hadrons. There are two known
types of hadrons:

Mesons: These are quark-antiquark pairs (qq). Examples include the π and η mesons.

Baryons: These are three quark states (qqq) like the proton and the neutron.

If you try to separate a pair of quarks, the interaction strength increases (like it does
with tension in a rubber band). This is completely unlike the electromagnetic interaction
which decreases with distance.

Spin

Recall that the magnetic moment ~µ of a magnet determines the torque that the magnet
would experience if it was placed in a magnetic field ~B

~τ = ~µ× ~B.

Recall that moving electric charge creates a magnetic field. So a current carrying wire,
acts like a magnet. The torque on a current-carrying loop is

τ = IAB sinφ,

where A is the area of the loop, and IA = µ. The angular momentum of a particle moving
in a circle is

L = Iω = mR2 · 2π

∆t
.

So we can think of an electron orbiting in a circle as a loop of current. Then it has a
magnetic moment of

µ = IA =
∆Q

∆t
πR2 =

∆Q

∆t

2me

2me
πR2 =

∆Q

2me
L.

So according to the classical theory in which an electron orbits about an atom in a circle,
the magnetic moment is

~µ = − q

2me

~L.

Elemental silver has a single valence electron. This electron is in the S-shell, so it has
no orbital angular momentum. This suggests that silver atoms should be unaffected by a
magnetic field. However, the Stern-Gerlach experiment showed otherwise. It showed
that the electron has intrinsic angular momentum, called spin, which can interact with
an external magnetic field.

The magnetic moment of the electron due to its intrinsic rotation or spin should
be obtained simply by replacing the orbital angular momentum vector ~L with the spin
vector ~S

~µ = − q

2me

~S.
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However, quantum-mechanical spin only takes certain quantized values, and it differs from
the classical prediction of spin by a factor of proportionality g called the spin g-factor.
In quantum mechanics, the magnetic moment due to spin is

~µ = −g q

2m
~S.

For the electron,

~µ = −g e

2me

~S = −gµB
~
~S,

where

µB =
e~

2me
,

is the Bohr magneton. For an electron, the spin g-factor is almost precisely 2. Inciden-
tally, for a particle with g = 2, the Dirac equation implies that the particle is point-like.
For a neutron, g ' −3.8. The spin g-factor is a measurable quantity for particles. Classi-
cally, the spin g-factor only makes sense if the mass and charge of the particle fill volumes
of different radii.

A particle’s spin is inferred from experiments. Spin, ~S, is a vector quantity since it
has a definite magnitude and also an orientation or direction. Spin differs from orbital
angular momentum in that spin quantum numbers may take half-integer values, and its
direction can be changed but a particle cannot be forced to have more or less spin.

In general, the spin-squared of spin-s particles takes the values

S2 = s(s+ 1)~2.

For electrons, which are spin s = 1/2 particles, this becomes

S2 =
3

4
~2.

In general, the magnitude of the z-component of the spin takes the values

Sz = ms~,

where ms is the spin quantum number. For electrons, this is ms = ±1/2. For an electron,
the magnitude of the total spin magnetic moment is

|~µS | =
√

3µB .

In general, charged particles with spin ~S have intrinsic magnetic moment of the form

~µS =
q

m
~S.

All of the motion of quarks in a proton results in protons having an overall spin-1/2.
All protons behave like this, which is rather strange when you think about it.

The Dirac equation

i~
∂

∂t
~Ψ(~r, t) = H(~r, ~p)~Ψ(~r, t),

is a generalization of the Schrodinger equation, and it describes point-like spin-1/2 par-
ticles with charge q and mass m. For an electron, the solution to the Dirac equation is a
4-component wave function called a spinor

~Ψ(~r, t) =


ψ1(~r, t)

ψ2(~r, t)

ψ3(~r, t)

ψ4(~r, t)

.
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Two of the components describe the two spin states of an electron. But what are the
other solutions? It comes from the energy-momentum relation

E2 = m2c4 + p2c2.

Taking the square root gives us

E = ±
√
m2c4 + p2c2.

The other two components correspond to the negative energies. This is equivalent to
positive energy solutions for particles with opposite charge. Hence, Dirac’s prediction of
antiparticles.

1.3 Symmetries and Quantum Numbers

Noether’s theorem tells us that if a system has continuous symmetry, then there are
corresponding quantities that are conserved. In other words, every symmetry is associated
with a conservation law. For example,

• Translational invariance (x→ x+ a) gives us conservation of (linear) momentum.
• Rotational invariance (φ→ φ+ δ) gives us conservation of angular momentum.
• Time translational invariance (t→ t+ t0) gives us conservation of energy.
• Gauge invariance predicts that some particles have zero mass.

Given an interaction, for example, the strong interaction between two quarks, we
find the function (or theory) that describes it. Then we look for symmetries in order to
deduce the conserved quantities.

Gauge fields or “gauge terms” are added to the Lagrangian of a theory to make the
theory invariant under local group transformations. This is called gauge invariance.
Then if you quantize the theory, the quanta of the gauge fields are called gauge bosons. If
the symmetry group is non-commutative, then the gauge theory is called a non-abelian
gauge theory. If the gauge theory is non-abelian, then the particle interacts with
itself. For example, gluons interact with gluons, so QCD, the gauge theory of the strong
interaction, is a non-abelian gauge theory.

A theory may imply some symmetry, but if empirical measurements show that this
symmetry can be violated, it is said to break the symmetry. This means there is a problem
with the theory.

Parity

If we change the sign of all position vectors (i.e. we reflect the function), and we get the
same function back, the function is said to be parity symmetric. For example, if

ψ(−~r, t) = ψ(~r, t),

then ψ(~r, t) is parity symmetric.
The parity operator P̂ changes the parity of a particle or function

P̂ ψ(~r, t) = P ψ(−~r, t).

This is an eigenvalue equation. Eigenvalues are important because they are the observ-
ables associated with the operator. In this case, the eigenvalue is the intrinsic parity P
of the state. If we apply the parity operator twice, we get the same function back.

P̂ 2 ψ(~r, t) = P̂P ψ(−~r, t) = PP̂ ψ(−~r, t) = P 2 ψ(~r, t).

This implies that
P 2 = 1 =⇒ P = ±1.

The intrinsic parity of some particles is given here:
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• Photon: P = −1
• All leptons: P = +1
• All antileptons: P = −1
• All quarks: P = +1
• All antiquarks: P = −1
• Bosons and antibosons have the same parity

In addition to the intrinsic parity, a particle’s angular momentum can also contribute
to its parity. For a wavefunction ψlmn(~r) with the angular momentum quantum number
l,

P̂ψlmn(~r) = P (−1)lψlmn(~r),

where P is the intrinsic parity.
Parity is multiplicative. If you have two particles with intrinsic parity P1 and P2,

then the system of the two particles has parity

P = P1P2(−1)l,

where l is the angular momentum.
This allows us to determine the parity of composite particles. Consider the meson

composed of a quark with parity +1 and an antiquark with parity −1. So the meson has
parity

(+1)(−1)(−1)l = −(−1)l = (−1)l+1.

Parity is conserved in electromagnetic and strong interactions. That is, the equations
of motion remain the same under a parity transformation on the position vector. Parity
is not conserved in weak interactions.

C Parity

Charge conjugation is the operation of changing a particle into its antiparticle. This is
accomplished by changing the sign of all electric charges.

However, we have to consider two different kinds of states. The first kind of state,
denoted a, includes particles like the photon γ and the neutral pion π0 which do not have
distinct antiparticles. The charge conjugation operator Ĉ acting on such a state gives us

Ĉ |a, ψa〉 = Ca |a, ψa〉 .

Applying the operator a second time tells us that C2
a = 1, so

Ca = ±1.

These are states which are eigenstates of Ĉ with eigenvalues ±1. This eigenvalue is called
the C parity of the particle. For example, the π0 meson has a C parity of Cπ0 = 1.

The second kind of state, denoted b, includes particles like the quarks which have
distinct antiparticles. The charge conjugation operator Ĉ acting on such a state gives us

Ĉ |b, ψb〉 = |b, ψb〉 .

This is not an eigenvalue equation because the particle has changed—it has been trans-
formed to the antiparticle. In other words, the charge conjugation operator works for
uncharged particles, but not necessarily for charged particles.

However, charge conjugation doesn’t even work for all neutral particles. For example,
it doesn’t work for the neutron because Ĉ turns each of the three quarks into antiquarks,
so the returned particle is not a neutron, but rather, an antineutron. In fact, when it
comes to composite particles, charge conjugation only works for neutral mesons. A meson,
qq is composed of a quark and an antiquark. The charge conjugation operator changes
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the quark to an antiquark and the antiquark to a quark. Now we have a qq particle. But
this is indistinguishable from the previous particle, so it works.

C parity is multiplicative. Consider the decay of the π0 meson into two photons

π0 → γγ.

Maxwell’s equations imply that the C parity of a photon is Cγ = −1. Therefore, the C
parity of a π0 meson is Cπ0 = (−1)(−1) = +1. More generally, if a particle decays into
exactly n photons, then its C parity is (−1)n.

Note, almost all particles are unstable. Many are so unstable that they decay almost
instantly and are never directly detected. Instead, invariant mass is used to deduce
interaction products. That particles that actually live long enough to be detected are the
p, γ, e−, µ, τ, π, . . .. Everything else must be deduced from peaks in mass distributions.

Like parity, C parity is conserved in electromagnetic and strong interactions, but not
in weak interactions.

Multiparticle Systems

For a system of free particles, the C parity is just the product of the individual C parities
of each particle. However, for multiparticle systems, calculating the C parity is a little
more complicated due to angular momentum and other contributions. Naively, one would
think that

Ĉπ+π− = Cπ−π+,

since we get the same composite particle. However, in a bound state of two mesons with
orbital angular momentum L, exchanging the π+ and π− like this also inverts the relative
position vector. This is identical to a (ordinary) parity operation

Ĉ |π+π−〉 = (−1)L |π+π−〉 .

Systems of two fermions are even more complicated. By the Pauli exclusion principle,
we cannot have two identical fermions, so the wavefunction has to be antisymmetric. You
need an extra factor of (−1)S+1 to ensure that if (−1)L is symmetric, then (−1)S+1 is
antisymmetric, so that it is overall antisymmetric. On top of that, empirical findings show
that exchanging a fermion and an antifermion brings along a negative sign. So overall,
the charge conjugation operator acting on a fermion-antifermion pair gives us

Ĉ |ff〉 = (−1)L(−1)S+1(−1) |ff〉 = (−1)S+L |ff〉 .

There’s also a G parity related to the isospin that is sort of an alternative to C
parity. It is defined as

G = C(−1)I ,

where I is the isospin.

JPC

We use the
JPC

notation to classify fundamental particles. Here, J = L+S is the total angular momentum
(orbital + spin) of the particle, P = (−1)L+1 is the parity of the particle, and C =
(−1)L+S , defined for neutral mesons, is the C parity of the particle.

For the π and η mesons, the orbital angular momentum is L = 0, and the overall spin
is S = 0, so J = 0. The parity is (−1)0+1 = −1, and the C parity is C = (−1)0+0 = +1,
so

JPC = 0−+.
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These are called pseudo-scalar mesons. They are scalar mesons because their total
angular momentum is zero. They are pseudo-scalar mesons because they have odd (i.e.
negative) parity.

For the ρ, ω, and φ mesons, we have L = 0, S = 1, P = −1, and C = −1, so

JPC = 1−−.

Because J = 1, these are called vector bosons.
There are also, for example, the h1 and b1 mesons with L = 1, S = 0, P = +1, and

C = −1, so for them,
JPC = 1+−.

The JPC notation is for neutral mesons for which the C parity is defined. For charged
mesons, the C parity is not defined, so instead of JPC , we just use JP .

Conservation Laws

Another quantity that is conserved in particle interactions and particle decays is the
baryon number. The baryon number is:

• B = +1 for baryons
• B = −1 for antibaryons
• B = 0 for non-baryons

The sum of the baryon numbers before an interaction or decay must equal the sum of the
baryon numbers after the reaction or decay. A violation of baryon number has never been
observed. This implies that whenever a baryon is created in a reaction, an antibaryon is
also created.

Lepton number is also conserved in particle interactions. The lepton number is

• L = +1 for leptons
• L = −1 for antileptons
• L = 0 for non-leptons

Note that lepton number is conserved for the individual families of leptons. For example,
an electron on one side of an interaction equation cannot be balanced on the other side by
a tau neutrino because they are of different families. It can only be balanced by another
electron or by an electron neutrino.

The proton is the lightest baryon that we know, so baryon conservation implies that
protons do not decay. For a proton to decay, in order to conserve baryon number, it
would have to decay into another baryon. However, it can’t decay into another baryon
because there is no lighter baryon.

Finally, electric charge is also conserved in all particle interactions and decays.
Note: These conservation laws are empirical—they are just dogma. We have never

seen exceptions, so we believe they’re right.

Particle Interactions

When looking at a particle interaction equation, you want to deduce two things:
1. Is this interaction allowed?

• Is electric charge conserved?
• Is baryon number conserved?
• Is lepton number conserved?
• Is parity conserved?
• Is C parity, if applicable, conserved?

2. If so, what is the interaction that is involved?
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• If the product is nothing but photons, then the interaction is definitely elec-
tromagnetic.
• If the product contains one or more neutrinos, it is a weak interaction.
• If all particles involved are hadrons, then it is probably a strong interaction.

Consider the decay
π0 → γ + γ.

Charge, baryon number, and lepton number are all conserved. Because the products are
photons, this is an electromagnetic decay.

The decay
p→ e+ + π0,

is not allowed because neither baryon nor lepton number is conserved.
The decay

µ− → e− + νe + νµ,

is allowed. Notice that lepton flavor is conserved. This is a weak decay.
The interaction

γ + n→ p+ π−,

is allowed and is an example of electromagnetic production. There is actually an inter-
mediate excited state neutron that decays to the proton and π−

γ + n→ n∗ → p+ π−.

Note: In an interaction like this, on the left we have a probe (the photon in this
case) and a target (the neutron in this case). The probe is usually a beam of charged
particles since charged particles are easiest to accelerate. In this case, however, the probe
is a beam of uncharged photons. The first particle written in such a reaction equation is
typically the probe.

One method of preparing a photon beam is to start with an electron beam directed
at some kind of crystal material. When the electrons enter the material, they are slowed
and emit photons in a process called Bremsstrahlung. The photons continue straight and
the electrons are curved away using a magnetic field.

The interaction
e− + p→ e− + p+ π0,

is an allowed example of electromagnetic production. It also includes an intermediate
state

e− + p→ e− + p∗ → e− + p+ π0.

The interaction
π− + p→ µ− + νµ + p,

is an allowed example of an elastic interaction followed by a weak π− decay

π− + p→ π− + p→ µ− + νµ + p.

The interaction
π+ + π− → n+ n,

is an allowed example of a strong interaction.
The interaction

e+ + e− → c+ c.

is allowed depending on the energy. The c are charm quarks.
The interaction

n→ p+ e−,
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is not allowed. First, lepton number is not conserved. Second, the spin is not right. All
three particles are spin-1/2 fermions. On the left, the total spin is 1/2 and on the right,
it is 0 or 1. We need to also keep the spins of the particles in mind when considering
interactions. Otherwise, we’re going to have trouble keeping track of which interactions
are allowed. A fermion cannot decay into a boson.

The decay
n→ p+ π−,

is not allowed due to energy conservation since p+ π− is heavier than n.
The decay

π0 → γ + γ + γ,

is not allowed because C parities don’t balance. For the π0, JPC = 0−+, and for photons,
JPC = 1−−. On the left, the C parity is +1 and on the right, it is (−1)(−1)(−1) =
−1. Remember, CP is conserved for all but the weak interaction, and this is clearly an
electromagnetic interaction. So π0 can only decay into an even number of photons.

1.4 Relativistic Kinematics

Four-Vectors

In Newtonian physics, the momentum 3-vector is ~p = m0~v where m0 is the particle’s
mass, and ~v is its velocity. The relativistic 4-momentum is

P = m0u,

where m0 is again the particle’s mass, and

u = γ(v) (c,~v) ,

u is its 4-velocity. Here, v = |~v|, and

γ =
1√

1− β2
,

is the Lorentz factor with
β =

v

c
.

The total energy of a particle is

E = γm0c
2.

The relativistic 3-momentum of a particle moving with 3-velocity ~v is

~p = γm0~v =
m0~v√

1−
(
v
c

)2 .
Solving both of these for γ and setting them equal to each other gives us

~v =
~pc2

E
,

or alternatively,

β =
pc

E
.
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Squaring the relativistic 3-momentum and solving for v2 = ~v 2 gives us

v2 =
p2c2

m2
0c

2 + p2
.

Plugging this into the Lorentz factor and simplifying gives us

γ =
1√

1− v2

c2

=

√
1 +

(
p

m0c

)2

.

The scalar product of two 4-vectors a and b is

ab = a0b0 − ~a ·~b.

Since γ2 = 1/(1− β2) = c2/(c2 − v2), we have that

u2 = γ2(c2 − v2) = c2,

and
P 2 = m2

0c
2.

In terms of the 3-momentum ~p and the total energy E, which includes the rest mass,
the 4-momentum is defined as

P =

(
E

c
, ~p

)
.

For two 4-momenta P1 and P2, their invariant scalar product is

P1P2 =
E1E2

c2
− ~p1 · ~p2.

If P1 = P2 = P , then

P 2 =
E2

c2
− ~p 2 = m2

0c
2.

From this, we get the relativistic energy-momentum relation

E2 = m2
0c

4 + ~p 2c2.

This is one of the most important formulas in particle physics. In an accelerator experi-
ment, we measure E and ~p and from that we can calculate m0 using this equation. Once
we have the particle’s rest mass, we look it up in a database to identify the particle.

In units of c = 1, the energy-momentum relation is simply

E2 = m2
0 + ~p 2.

Invariants or invariant quantities are quantities that are the same in all reference
frames. For example, the rest mass of a particle is invariant—it is the same in every refer-
ence frame. Conserved quantities, on the other hand, are equalities within a reference
frame. For example, 4-momentum is conserved, meaning in any particle interaction, the
total 4-momentum of the system is the same before and after the interaction.

In a particle reaction
a+ b→ c+ d,

the particles on the left have some total 4-momentum Pi, and the particles on the right
have some total 4-momentum Pf . The 4-momentum is conserved in a particle reaction.
We can then write this reaction in terms of 4-vectors as[

Ea

~pa

]
+

[
Eb

~pb

]
=

[
Ec

~pc

]
+

[
Ed

~pd

]
.
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This implies that
Ea + Eb = Ec + Ed,

and that
~pa + ~pb = ~pc + ~pd.

This also implies that each component of momentum is conserved. So if we are given the
initial 4-momenta and the 4-momentum for one of the products, we can easily calculate
the 4-momentum of the missing product.

Recall that
E2 = ~p 2 +m2.

We now define the Mandelstam variable

s ≡ m2.

Since m2 is invariant, s is invariant. For a particle interaction

a+ b→ c+ d,

the Mandelstam variable is

s =
(Pa + Pb)

2

c2
=

(Ea + Eb)
2 − (~pac+ ~pbc)

2

c4
,

where the Pi are the relevant 4-momenta, and the ~pi are the 3-momenta. The Mandelstam
variable is not only invariant, but also conserved, so

s =
(Pc + Pd)

2

c2
=

(Ec + Ed)
2 − (~pcc+ ~pdc)

2

c4
,

The Mandelstam variable can be thought of as the center-of-mass energy. That is, if you
were to convert all the energy to mass.

Consider the reaction

γp→ pπ0π0π0 → pγγγγγγ.

From the energy-momentum relation, the invariant mass of the three pion system is

m3π0 =

√
(E3π0)

2 − (~p3π0)
2
.

The invariant mass of these three observed pions is the mass of the short-lived particle
that decayed into these pions.

Threshold Photoproduction

Consider the interaction of a photon probe with a fixed proton target producing a proton
and an ω meson

γp→ pω.

The ω meson has JPC = 1−− and mass mω = 782.65 MeV. The proton has a mass of
mp = 938.27 MeV. We want to find the minimum photon energy Eγ for this reaction.

The proton target is at rest, so it has no momentum, and its energy is equal to its
rest mass. The energy of the initial photon is Eγ . If we take the z-axis to be the direction
of the initial photon beam, then it only has a z-component of momentum. The energy of
a photon is related to its momentum by E = pc. In our case, in units of c = 1, we have
pz = Eγ . So in the lab frame 

Eγ

0

0

Eγ

+


mp

0

0

0

→ p+ ω.
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To find the threshold energy of the initial photon, we use energy-momentum con-
servation. Suppose our product is a particle with some “minimum mass” M and energy
EM , then 

Eγ

0

0

Eγ

+


mp

0

0

0

→

EM

px

py

pz

.
Then by momentum conservation, px = py = 0, and pz = Eγ . Looking at the energy of
the initial and final states, we have

Eγ +mp = EM .

From the energy-momentum relation, we know that

E2
M = M2 + ~pM

2 = M2 + E2
γ .

Equating the two and solving for the photon energy gives us

Eγ +mp = EM

Eγ +mp =
√
M2 + E2

γ

(Eγ +mp)
2

= M2 + E2
γ

E2
γ + 2mpEγ +m2

p = M2 + E2
γ

2mpEγ +m2
p = M2

Eγ =
M2 −m2

p

2mp
.

In our case, M = mp +mω. Plugging the known values in gives us the threshold photon
energy

Eγ ' 1109 MeV.

What is the threshold energy for the reaction

π−p→ nω?

Here, the pion has energy Eπ− , and from the energy momentum relation, it has momen-
tum ~p 2 = E2

π− − m2
π− . Assuming the pion beam is in the z direction, then we have

that 
Eπ−

0

0√
E2
π− −m

2
π−

+


mp

0

0

0

→ n+ ω =


EM

px

py

pz

.

Looking at the momentum components, we have that px = py = 0 and pz =
√
E2
π− −m

2
π− .

Looking at the energies, we have

Eπ− +mp = EM

(Eπ− +mp)
2 = M2 + ~p 2

E2
π− + 2mpEπ− +m2

p = M2 +
(
E2
π− −m

2
π−

)
Eπ− =

M2 −m2
p −m2

π−

2mp
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In this case, M = mn +mω

In general, for a fixed target,

Ebeam =
M2 −m2

beam −m2
target

2mtarget
.

Reference Frames and Boosts

There are three primary reference frames in particle physics:

• The laboratory frame. This is typically the frame in which measurements are taken,
but it’s often not the best frame in which to calculate quantities.

• The center of mass frame. In the center of mass frame, the momenta of the particles
involved sum to zero. If your interaction involves one particle smashing into another,
then the center of mass frame stays somewhere between the two particles as they
are brought together.

• The rest frame. In the rest frame of some particle, that particle’s 4-velocity is zero
u′ = 0 as is its momentum.

If a single particle decays into multiple particles, then the center of mass frame is
the same as the original particle’s rest frame. If the particle is at rest, then these are also
the same as the lab frame.

Typically, we denote the lab frame as S and the center of mass frame or the rest
frame of a moving particle as S′. When solving problems, choose the frame that works
best. It is typically easier to transform from the lab frame to the center of mass frame.
Some reactions don’t even make physical sense unless understood in the center of mass
frame or in the rest frame of one of the particles.

For a simple particle of energy E, its 4-momentum in the lab frame is

P =

(
E

c
, ~p

)
lab frame

,

where ~p is its 3-momentum in the lab frame. In the particle’s rest frame, its velocity and
therefore its momentum are zero and

P =

(
E

c
, 0

)
rest frame

= (m0c, 0)rest frame .

If frames S and S′ coincide at t = 0, and if frame S′ is moving with uniform speed
v in the positive z direction with respect to S, then the two frames are related by the
Lorentz transformation

x′ = x

y′ = y

z′ = γ(v) (z − vt)

t′ = γ(v)
(
t− vz

c2

)
,

where

γ(v) =
1√

1− β2
,

is the Lorentz factor and β = v/c. The particle’s speed u′ in frame S′ is related to its
speed u in S by

u′ =
u− v
1− uv

c2
,
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Tip

The invariant mass of a par-
ticle is always the same.
Check this before and af-
ter a Lorentz transforma-
tion (also called a “boost”)
to make sure you haven’t
made a mistake.

and
γ(u′) = γ(u)γ(v)

(
1− uv

c2

)
.

The Lorentz transformations for energy and momentum are

E′ = mc2 γ(u′) = γ(v) (E − vp)

p′ = mu′ γ(u′) = γ(v)

(
p− vE

c2

)
,

where p = |~p| and p′ = |~p ′|.
In the lab frame, a fixed target experiment involves smashing a moving projectile

or “probe” a into a target b that is at rest. In this frame

Pa =

(
Ea
c
, ~pa

)
lab frame

Pb =

(
Eb
c
, 0

)
lab frame

.

In this case, the lab frame is the same as the rest frame for b. In the center of mass (c.m.)
frame, the projectile a is moving as is the target b. In this frame,

Pa =

(
Ea
c
, ~pa

)
c.m. frame

Pb =

(
Eb
c
, ~pb

)
c.m. frame

,

with ~pa + ~pb = 0.
In a collider experiment, two particles (or particle beams) are moving in both the

lab and the c.m. frames. Only if they have equal momenta and collide at zero crossing
angle is the lab frame the same as the c.m. frame.

Consider the decay of a pion into two photons

π0 → γ + γ.

If the pion is at rest when it decays, then the initial energy of the system is

Eπ =
√
m2
πc

4 + p2
πc

2 = mπc
2 = 0.135 GeV,

since pπ = 0. By conservation of energy,

pi = pf

0 = pγ1 + pγ2 .

That is, the sum of the momenta of the two photons is zero. Similarly, conservation of
energy tells us that

Ei = Ef

mπc
2 = Eγ1 + Eγ2 .

For the photon,

Eγ =
√
m2
γc

4 + p2
γc

2 = |pγ |c,

since the mass of a photon is zero. So returning to the previous equation, we have that

mπc
2 = |pγ1 |c+ |pγ2 |c = 2|pγ |c = 2Eγ ,
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since we know that pγ1 = −pγ2 . Therefore, the energy of each photon is

Eγ =
1

2
mπc

2.

What if the pion, instead of being at rest when it decays, is moving with some
nonzero momentum pπ in the z direction? In the rest frame of the pion, the momentum
is zero before the decay. Therefore, the momentum has to be zero after the decay. So in
the rest frame, the photons propagate in opposite directions away from where the pion
decayed. For example, one photon might travel in the +y direction and the other in the
−y direction. Or, one might travel in the +z direction, and the other in the −z direction.
Or one might travel in any other direction, and the other would propagate in the opposite
direction. Suppose in the rest frame, the photons travel in the ±y direction. Then in the
lab frame, since the pion is moving when it decays, we see the photons traveling at an
angle. We want to know, what is this opening angle?

Suppose in the rest frame, one photon travels in the +y direction and the other in
the −y direction. Then the 4-momenta in the rest frame are

P ′π = P ′γ1 + P ′γ2
mπc

0

0

0

 =


E′γ/c

0

p′γ

0

+


E′γ/c

0

−p′γ
0

.

The primes denote that we are in the rest frame of the pion. For a photon, Eγ = |pγ |c,
so |pγ | = Eγ/c, so 

mπc

0

0

0

 =


E′γ/c

0

E′γ/c

0

+


E′γ/c

0

−E′γ/c
0

.
Energy conservation requires that mπc = E′γ/c+ E′γ/c, so

mπc

0

0

0

 =


mπc/2

0

mπc/2

0

+


mπc/2

0

−mπc/2

0

.

Next we boost to the lab frame. That is, we take S′ to S using the appropriate Lorentz
transformation. In the lab frame, the photons will also have momentum in the z direction.
For the first photon, the 4-momentum in the lab frame will be

Pγ1 =


Eγ/c

0

mπc/2

pz,γ1

,

where pz,γ1 is the z-component of the momentum in the lab frame. From the Lorentz
transformation,

p′z,γ1 = γ

(
pz,γ1 −

vEγ
c2

)
= γ

(
pz,γ1 −

β

c
Eγ

)
.
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But in the pion rest frame, the photon has no momentum in the z direction, so p′z,γ1 = 0.
Setting the left side equal to zero and solving for pz,γ1 gives us

pz,γ1 =
β

c
Eγ .

Alternatively,

pz,γ1 = γ

(
p′z,γ1 +

vE′γ
c2

)
= γ

(
p′z,γ1 +

β

c
E′γ

)
.

Then, since p′z,γ1 = 0, we get

pz,γ1 =
βγ

c
E′γ .

In the lab frame, the photon has momentum pz,γ1 in the z direction and momentum
p′y,γ1 = mπc/2 in the y direction. These form the two legs of a right triangle and their
ratio give the tangent of the opening angle θ.

tan θ =
p′y,γ1
pz,γ1

=
mπc/2

βγE′γ/c
=

1

βγ
=

√
1

β2
− 1.

We can simplify this using β = pπc/Eπ to get

tan θ =

√
E2
π − p2

πc
2

p2
πc

2
=

√
(m2

πc
4 + p2

πc
2)− p2

πc
2

p2
πc

2
=
mπc

pπ
.

For a pion with initial momentum pπ = 5 GeV/c, we have an opening angle of θ ' 1.55◦.
How are energy and momenta of particles measured in practice?

Momentum: The momentum of charged particles can be measured by sending them
through a magnetic field and measuring their radius of curvature.

Energy: One way to measure a particle’s energy is to measure its speed, by measuring
the time it takes to travel from the target to the detector. From that, its kinetic
energy can be calculated. For protons, such time measurements are typically used
to measure the energies. For leptons, typically some kind of calorimeter is used to
measure the energy.

1.5 Cross Section and Particle Exchange

Cross Section

The cross-section of a reaction is just the probability for the reaction to occur. As such, a
cross-section measurement is just a counting experiment. Measuring the cross-section of
a reaction comes down to the number of projectiles sent versus the number that bounce
back or are deflected.

Cross-sections are important because they are observables. We cannot measure,
for example, the coupling constant of an interaction directly, but we can derive it from
measured cross-sections.

The differential cross section is

dσ

dΩ
∝ |M |2,

where M is the scattering amplitude, and.

dΩ = sin θ dθ dφ,
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is the solid angle. For a sphere, the solid angle is

ˆ
dΩ =

ˆ π

0

sin θ dθ

ˆ 2π

0

dφ = 4π.

The probability amplitude for a particle to scatter off of a potential is

M (~q) =

ˆ
d3~r V (~r)ei~q·~r/~.

Here, ~q = ~qi − ~qf is the momentum transfer, and

q2 =
(Ef − Ei)2

c2
− (~qf − ~qi)2,

is the four-momentum transfer or the propagator.
Scattering amplitudes are typically computed using the Born approximation which

is the first term in a perturbative expansion.

Yukawa Potential

In 1935, Hideki Yukawa proposed that interactions occur through the exchange of parti-
cles.

For example, in a generic reaction between particles A and B,

A+B → A+B,

there is an exchange of some particle X as shown in the Feynman diagram below.

Consider the electromagnetic interaction. The electric potential, with the reference
point at infinity, is

V (r) = −
ˆ r

∞

q

4πε0r2
dr.

This gives us the Coulomb potential

V (r) =
q

4πε0r
.

More generally, for an interaction between positively and negatively charged particles e+

and e−, we can write the Coulomb potential as

V (r) = −g
2

r
,

where g2 = q2

ε0
= e2

ε0
. The parameter g is called the coupling constant, and it quantifies

the strength of the interaction.



22 Introduction

Conventionally, the dimensionless parameter

αX =
g2

4π~c
,

is introduced. For the electromagnetic interaction, this parameter is the fine structure
constant

α =
e2

4πε0~c
≈ 1

137
.

The fine structure constant governs the splitting of atomic energy levels.
In an electromagnetic interaction, like the repulsion between two electrons as shown

in the Feynman diagram below, the interaction occurs with the exchange of massless
photons between the electrons.

Interaction Rates

For a scattering process, let’s assume the number of particles in the target is N . Consider
a small surface perpendicular and at rest with respect to the laboratory. The rate per
unit area at which the beam particles cross this surface is the beam flux

J = nbvi,

or the number of particles per unit cross section per second, and nb is the number density
of the particles in the beam, and vi is the velocity of a beam particle with respect to the
rest frame of the target. The reaction rate is then

Wr = Lσr,

where L is the luminosity of the beam, and σr is the cross section.
In particle physics, cross-section areas are measured in barns

1 barn = 10−28 m2.

For a fixed target, the luminosity is

L = JNt,

which gives us a reaction rate of
Wr = JNtσr.

To maximize reaction rate, you want to maximize the luminosity of the beam. However,
the higher the beam intensity, the harder it is to focus.

The luminosity JN contains all the dependencies on the densities and geometries
of the beam and the target. We will write L to mean the instantaneous luminosity, or
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the particles per second. We will write L to mean the integrated luminosity, or the total
number of beam particles. Then

L =

ˆ
Ldt.

Example 1.5.1

Suppose an experiment runs for 8 hours at a luminosity of 300× 1030 cm−2s−1.
Calculate the integrated luminosity.

The experiment was run for 8 hours = 28 800 s. The luminosity is
300× 1030 cm−2s−1 = 300µb−1s−1. The integrated luminosity is

L = 300µb−1s−1 · 28 800 s = 8.64 pb−1.

The total number of events is just Lσ.

Consider a practical example where

Wr = NσrJ = Nσr
I

S
= Iσrntt,

where

I = JS,

is the intensity, S is the cross-sectional area, t is the thickness of the target, and nt is
the number of density of particles in the target. Assuming the target is homogeneous and
contains an isotropic species of atomic mass MA, then

nt =
ρNA
MA

,

where ρ is the density, and NA is Avogadro’s number. Then we can write

Wr = Iσr
ρtNA
MA

.

What we really want is the cross section σr. We actually measure Wr by counting
experiment. Solving for the cross section gives us

σr =
Wr

IρtNA/MA
.

A charged beam is an electric current. Current is then another way to quantify the
intensity of a beam.

For the photoproduction interaction

γ + p→ p+ ω,

we have

σr =
Wr

IρtNA/MA
=

Nω
φρtNA/MA

.

Here, I → φ, and Wr → Nω. Suppose the target is a 5 cm long target of liquid hydrogen.
Then

ρtNA/MA =
2ρ(H2)NAI

Mmol(H2)
,
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where

ρ(H2) = 0.0708 g/cm2

Mmol(H2) = 2.015 88 g/mol

NA = 6.022× 1023 mol−1

t = 5 cm.

The factor of two is there because molecular hydrogen contains two hydrogen atoms.



Chapter 2

Nuclear Phenomenology

2.1 Mass Spectroscopy

In mass spectroscopy, the mass of atoms are measured as follows:
1. First, the atoms are ionized so they become charged and can be accelerated
2. Then they are accelerated and sent through a velocity selector, which selects ions

of a single velocity
3. Finally, they are sent through a uniform magnetic field which causes the charged

particles to curve. The radius of curvature depends on their mass
For the velocity selector, also called a Wien filter, electric and magnetic fields

are applied across the path of the moving ions in such a manner that the electric force
on a charged ion

~FE = q ~E,

is perpendicular to the ions’ direction of motion, and the magnetic force

~FB = q~v × ~B,

is also perpendicular to the ions’ direction of motion and opposite the electric force. If
an ion is moving too slowly, the electric force on it will curve it out of the straight path.
If an ion is moving too fast, the magnetic force will curve it out of the straight path. It
is only when the electric force on the ion equals the magnetic force on the ion

qE = qvB,

that the ion will keep traveling in a straight line. This implies that only those ions with
a speed of

v =
E

B
,

Figure 2.1: Velocity selector (Source: Wikipedia)
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will continue moving in a straight line through the opposing fields. In that way, the
velocity selector selects ions of a single velocity and discards all others.

Example 2.1.1

After having their electrons removed, a sample of pure hydrogen is sent
through a velocity selector with a magnetic field of 0.75 T and an electric field
of 1500 N/C. What is the velocity of the ions that make it through the selector?

v =
E

B
=

1500 N/C

0.75 T
= 2000 m/s.

After selecting ions of a single velocity, they are sent through a region of uniform
magnetic field. A charged particle going through a uniform magnetic field (that is per-
pendicular to its motion) will undergo circular motion. To find the radius of curvature,
we set the magnetic force equal to centripetal force to get

mv2

r
= qvB.

This implies that the radius of curvature is

r =
mv

qB
.

Typically, what is actually measured in a mass spectroscopy experiment is the radius of
curvature. Then we can rearrange the equation above to get the mass-to-charge ratio

q

m
=

v

Br
,

or, since we are measuring the mass of the ions, as

m =
qBr

v
.

Example 2.1.2

Continuing the example above, after going through the velocity selector, the
hydrogen ions are sent through a uniform magnetic field 1.5 mT that is perpen-
dicular to their plane of motion. The ions undergo circular motion, and they land
on the detector at three different points, giving radii of curvature of 2.78 cm, 5.57
cm, and 8.35 cm. What are the masses of the three isotopes of hydrogen?

In all three cases, we know the charge of the hydrogen ion is +e. So the
masses, obtained using m = qBr/v, are

m1 =
e · 1.5 mT · 2.78 cm

2000 m/s
= 3.34× 10−27 kg

m2 =
e · 1.5 mT · 5.57 cm

2000 m/s
= 6.69× 10−27 kg

m3 =
e · 1.5 mT · 8.35 cm

2000 m/s
= 1.00× 10−26 kg.

Converting these to atomic mass units using 1 u = 1.661× 10−27 kg gives us

m1 = 2.01 u

m2 = 4.03 u

m3 = 6.04 u.
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Figure 2.2: Rutherford Scattering (Source: Wikimedia Commons)

2.2 Cross Sections

The rate dWr at which particles scatter from a target into a solid angle dΩ is

dWr = L

(
dσ

dΩ

)
dΩ. (2.1)

where dσ
dΩ is the differential cross section. The total cross section is

σtot =
∑
r

σr,

where σr is the cross-section of the rth possible reaction. We can write

σr =

ˆ 2π

0

dφ

ˆ 1

−1

d(cos θ)
dσr(φ, θ)

dΩ
.

Consider the Rutherford scattering of an alpha particle from a nucleus as shown
above. Angular momentum conservation, ~L = I~ω, implies that

mvb = mr2 dφ

dt
,

where the impact parameter b would be the distance of closest approach if the alpha
particle wasn’t scattered away. We can rotate the image above so that the scattering is
symmetric about the y-axis. That is, the incoming angle is equal to the outgoing angle.
Then the linear momentum in y before scattering is

p = −mv sin

(
θ

2

)
.

The change in the momentum is

∆p = 2mv sin

(
θ

2

)
.

From the impulse theorem,

∆p = F∆t

2mv sin

(
θ

2

)
=

ˆ ∞
−∞

zZe2

4πε0r2
cosφdt =

zZe2

4πε0

(
1

bv

)ˆ π−θ
2

−π−θ2

cosφdφ.
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The force F here is just the Coulomb force between the alpha particle and the nucleus.
This gives us

b =
zZe2

8πε0

1

Ekin
cot

(
θ

2

)
,

where Ekin = mv2/2 is the kinetic energy of the particle.
The intensity at which a flux J of incident particles come in between b and db is

equal to the rate at which particles scatter into a solid angle dΩ. That is,

dW = 2πbJ db.

But from Eq. (2.1) and L = JN , we have that

dW = JN

(
dσ

dΩ

)
dΩ = 2πJ sin θ dθ

dσ

dΩ
.

This implies that
dσ

dΩ
=

b

sin θ

db

dθ
.

We can evaluate the right hand side of this using the equation we found for b. This gives
us the differential cross section for nonrelativistic Rutherford scattering

dσ

dΩ
=

(
zZe2

16πε0Ekin

)2

csc4

(
θ

2

)
.

Notice that the differential cross-section is a function of the angle θ. This means the
outgoing rate varies depending on the angle where your detector is located.

Example 2.2.1

Calculate the differential cross-section using the Rutherford scattering formula
for the scattering of a 20 MeV α particle through an angle of 20◦ by a nucleus
209
83 Bi.

For the α-particle, z = 2. For the bismuth nucleus, Z = 83. We can write
20 MeV = 2× 107 eV, so we can simplify

e2

ε0Ekin
=

e2

ε0(2× 107 eV)
=

e

ε0(2× 107 V)

=
1.602× 10−19 C

(8.854× 10−12 C/Vm)(2× 107 V)

= 9.047× 10−16 m.

Plugging this into the Rutherford formula gives us

dσ

dΩ
=

(
2 · 83

16π

)2

csc4 (10◦) · 8.184× 10−31 m2 = 9.817× 10−27 m2/sr = 98.2 b/sr.

The Rutherford cross-section formula neglects:

• Spin
• Target recoil
• Charge distribution (it assumes the target is a point charge)
• The magnetic moment of the target
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The first correction we make to this formula is by taking spin into account. The
Mott cross-section (

dσ

dΩ

)
Mott

=

(
dσ

dΩ

)
R

(
1− β2 sin2

(
θ

2

))
,

includes a correction for the spin of the incoming particle. It gives an additional term
for angular distribution. Here,

(
dσ
dΩ

)
R

is the Rutherford differential cross-section, and
β = v/c. The Mott cross-section is actually derived from the relativistic Rutherford
cross-section rather than the nonrelativistic version we show above.

Corrections to the Mott cross-section include corrections for target recoil and in-
teraction with the magnetic moment of the target. This gives us the modified Mott
cross-section (

dσ

dΩ

)Mott′

spin−1/2

=

(
dσ

dΩ

)
Mott

E′

E

(
1 + 2τ tan2

(
θ

2

))
,

where E′ is the final energy, M is the target mass, and

τ = − q2

4M2c2
.

Experimentally, the cross-section, which includes spin-1/2 and target volume, is(
dσ

dΩ

)
exp.

=

(
dσ

dΩ

)
Mott

∣∣F (~q 2)
∣∣2 ,

where the form factor
∣∣F (~q 2)

∣∣2 contains everything we are not including—like the tar-
get’s structure. The Rutherford and Mott cross-sections assume the target is a point.
This is the experimentalist’s model.

The theorist’s model for the general cross-section for the scattering of a nonrelativistic
spin-0 particle from a potential is

dσ

dΩ
=

1

4π2~4

q2
f

vivf

∣∣M (~q 2)
∣∣2 ,

where qf is the center-of-mass momentum of the final-state particle and vi and vf are the
relative velocities in the center-of-mass frame. Here again, we are ignoring the size of the
particles. Deriving this model involves

dWr =
2π

~

∣∣∣∣ˆ ψ∗rV (~r)ψi d
3~r

∣∣∣∣ ρ(Ef ),

where ρ(Ef ) is called the density-of-state factor.

2.3 Atomic Form Factors

If ρ(~r) is the spatial charge distribution within a nucleus, then the form factor is defined
to be

F (~q 2) =
1

Ze

ˆ
ei~q·~r/~ρ(~r) d3~r,

where

Ze =

ˆ
ρ(~r) d3~r,

is the total charge and ~q is the 4-momentum. Notice that the form factor, which is a
function of space and time, is the Fourier transform of the charge distribution, and
it is generally the charge distribution that we are trying to deduce. For example, the
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charge distribution of a nucleus tells us how the protons are distributed in a nucleus. So
by measuring the form factors, and then taking the Fourier transform, we can learn how
nucleons are distributed in nuclei.

Recall that q is the momentum transfer. For the nonrelativistic case, and assuming
no target recoil, we use

q = |~pf − ~pi|,
where ~pi is the initial 3-momentum of the projectile, and ~pf is its final 3-momentum.

The Fourier transform is often used to decompose a signal, i.e. a function of time,
into its frequency components. More generally, for an arbitrary number of dimensions n,
the Fourier transform of f(~x) is

f̂(~ξ) =

ˆ
Rn

f(~x) e−2πi~x·~ξdx,

where ~x and ~ξ are n-dimensional vectors. The more concentrated that f(~x) is, the more

spread out its Fourier transform f̂(~ξ) must be. If we squeeze a function in ~x, its Fourier

transform stretches out in ~ξ. One cannot simultaneously concentrate both a function and
its Fourier transform. As such, the Fourier transform naturally describes the uncertainty
principle. If f(x) (e.g. position) is a sharp function, then f̂(x) (e.g. momentum) is very
spread out.

For a spherically symmetric charge distribution, the Fourier transform simplifies to

F (~q 2) =
4π~
Zeq

ˆ ∞
0

rρ(r) sin
(qr
~

)
dr,

where q = |~q| is the momentum.
Suppose the charge distribution is a point charge

ρ(r) =
δ(r)eZ

4π
.

This is the case for an electron, with Z = 1. Then the form factor is a constant

F (~q 2) =

ˆ
ei~q·~r/~δ3(~r) d3~r = 1.

For a proton, we use an exponential charge distribution

ρ(r) =
a3

8π
e−ar,

then the form factor is a dipole

F (~q 2) =

(
1 +

q2

a2~2

)−2

.

For smallish nuclei, such as 6Li, we can model the charge distribution as a Gaussian

ρ(r) =

(
a2

2π

) 3
2

e−
a2r2

2 .

Then the total charge is Ze = 3e, and the form factor is also a Gaussian. To show this,
we start with

F (~q 2) =
1

3e

(
a2

2π

) 3
2
ˆ
ei~q·~r/~e−

a2r2

2 d3~r
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Next, we write ~q · ~r = qxx+ qyy + qzz and r2 = x2 + y2 + z2. Then

F (~q 2) =
1

3e

(
a2

2π

) 3
2
ˆ
e
i
~ (qxx+qyy+qzz)− a

2

2 (x2+y2+z2) dx dy dz

=
1

3e

(
a2

2π

) 3
2
[ˆ ∞
−∞

e
i
~ qxx−

a2

2 x
2

dx

ˆ ∞
−∞

e
i
~ qyy−

a2

2 y
2

dy

ˆ ∞
−∞

e
i
~ qzz−

a2

2 z
2

dz

]

Completing the square in each exponent—this is the trick for taking the Fourier transform
of a Gaussian—allows us to write this as

F (~q 2) =
1

3e

(
a2

2π

) 3
2

A

[ˆ ∞
−∞

e−
a2

2 (x− iqx
~a2 )

2

dx

ˆ ∞
−∞

e
− a22

(
y− iqy

~a2

)2

dy

ˆ ∞
−∞

e−
a2

2 (z− iqz
~a2 )

2

dz

]
.

where we pulled out

A = e
a2

2 ( iqx~a2 )
2
+ a2

2

(
iqy

~a2

)2
+ a2

2 ( iqz~a2 )
2

= e−
1

2a2~2 (q2x+q2y+q2z) = e−
q2

2a2~2 .

The three integrals all have the same form—that of shifted Gaussians. By making the
substitution w = x− iqx/(~a2) which has the derivative dw = dx, we see that this is the
same as the unshifted Gaussian

ˆ ∞
−∞

e−
a2

2 (x− iqx
~a2 )

2

dx =

ˆ ∞
−∞

e−
a2

2 w
2

dw =

√
2π

a
.

So our solution is

F (~q 2) =
1

3e

(
a2

2π

) 3
2

A

[√
2π

a
·
√

2π

a
·
√

2π

a

]
=

1

3e
e−

q2

2a2~2 .

Suppose the charge distribution is a hard sphere of radius a. Then

ρ(r) =

{
C if r ≤ a
0 if r > a

,

for some constant C. The total charge is then Ze = 4πa3C/3, and the form factor can
be obtained by integrating by parts

F (~q 2) =
3~
qa3

ˆ a

0

r sin
(qr
~

)
dr =

3~2

q2a3

[
~
q

sin
(qa
~

)
− a cos

(qa
~

)]
.

So for a charge distribution that is a hard sphere, the form factor is a decaying oscilla-
tion. The charge density of large nuclei can be modeled as hard spheres, but a better
approximation is that of a hard sphere with a diffuse surface.

If we have the form factor, we can, in principle, compute the charge distribution
using the inverse Fourier transform

ρ(~r) =
Ze

(2π)3

ˆ
F (~q 2) e−i ~q·~r / ~d3~q.

2.4 Nuclear Binding Energy

For stable nuclei, the mass of a nucleus containing N neutrons and Z protons is less than
the total mass of N isolated neutrons and Z isolated protons

M(Z,A) < Z(Mp +me) +N(Mn).
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Figure 2.3: Binding energy per nucleon (Source: Wikipedia)

This mass deficit is

∆M(Z,A) = M(Z,A)− Z(Mp +me)−N(Mn),

where M(Z,A) is the actual mass of the atom, and Mp, Mn, and Me are the masses of
the proton, the neutron, and the electron. The missing mass is in the binding energy that
binds the nucleons together in the nucleus.

The binding energy is

EB = −∆Mc2.

Notice that the binding energy per nucleon peaks near iron (A = 56), and then falls
slowly after that. Also notice that the binding energy per nucleon is between 7-9 MeV
over almost the entire periodic table.

A useful quantity is the binding energy per nucleon EB/A shown in the plot below.

2.5 Semi-empirical Mass Formula

The semi-empirical mass formula (SEMF) or Weizsacker formula is used to ap-
proximate the mass and various other properties of an atomic nucleus given the number
of its protons and neutrons. The approach is based on the fact that 1) the interior mass
density of nuclei is approximately the same for all nuclei, and 2) the total binding energy
of a nucleus is approximately proportional to its mass. This is analogous to the classical
liquid drop model wherein the density of a drop of water is independent of the number
of water molecules, and the latent heat of vaporization (i.e. the “binding energy” required
to disperse a water drop into gas) is proportional to its mass.

The SEMF approximates the mass of a nucleus as

M(Z,A) = ZMp +NMn −
EB
c2
,

where the binding energy is

EB = avA− asA
2
3 − ac

Z(Z − 1)

A
1
3

− aa
(A− 2Z)2

A
+ δ(A,Z).

The first term in EB is the “volume term,”

avA.
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This term accounts for the fact that due to the short-range strong force, each nucleon
feels the effect of the nucleons immediately adjacent to it. Since the radius of a nucleus
is proportional to A

1
3 , the volume is proportional to A. Since the strong force affects

protons and neutrons equally, this term is independent of Z.
The second term in EB is the “surface term” which accounts for the fact that nucleons

at the surface of a nucleus do not have as many neighboring nucleons as those in the
interior

−asA
2
3 .

This term is a correction to the volume term. Since the volume is proportional to A, the
surface area is proportional to A

2
3 .

Next, we have the “Coulomb term”

−ac
Z(Z − 1)

A
1
3

.

This term corrects for the electrostatic Coulomb repulsion between protons in the nucleus.
To a rough approximation, the nucleus can be considered a sphere of uniform charge
density. Such a charge density has the potential energy

E =
3

5

1

4πε0

Q2

R
.

In this case, Q = Ze and R = r0A
1
3 , so

E =
3

5

1

4πε0

(Ze)2

r0A
1
3

≈ 3e2Z(Z − 1)

20πε0r0A
1
3

= ac
Z(Z − 1)

A
1
3

.

The next term is the “asymmetry term”

−aa
(A− 2Z)2

A
,

which is a quantum-mechanical correction due to the Pauli exclusion principle. The
Pauli exclusion principle requires that no two identical fermions occupy exactly the same
quantum state. At a given energy level, there are only finitely many quantum states
available for particles. This means that as more particles are added to a nucleus, these
particles must occupy higher energy levels, increasing the total energy of the nucleus and
decreasing the binding energy.

The last term,

δ(A,Z) =


+δ0 if Z and N are even

0 if A is odd

−δ0 if Z and N are odd

,

is called the “pairing term.” This term corrects for the spin-coupling between nucleons.
Commonly, δ0 = apA

kp , where kp is determined empirically.
Commonly used values (in units of MeV/c2 are

av = 15.56

as = 17.23

ac = 0.697

aa = 23.3

ap = 12

kp = −1

2
.
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2.6 Radioactivity

Some nuclei are unstable and decay spontaneously into two or more smaller particles in
a process called radioactive decay. The term refers to both the emission of radiation
(photons) and to the emission of massive particles. Generally, α, β, and γ are all called
“radiation” even though only gamma is a form of electromagnetic radiation.

Gamma ray photons from nuclear transitions have energies on the order of MeV. In
contrast, X-rays from atomic energy transitions are on the order of keV.

In a sample of radioactive material, nuclei decay one at a time, at random times.
It is not possible to predict when a specific nucleus will decay. It can only be defined
probabilistically in terms of the half-life t1/2 of a given nucleus. If there were initially
N0 nuclei present in the sample, then after time t1/2, there will be approximately N0/2
nuclei left. The other half have decayed. After a time 2t1/2, there will only be N0/4
nuclei left. The other three-fourth will have decayed. For example, the half-life of C-14
is 5730 years.

The decay constant λ is defined such that

N(t) = N0e
−λt.

Then

t1/2 =
ln 2

λ
.

The “strength” of a radioactive sample is quantified by its activity. This quantity
is proportional to the number of nuclei that decay in one second, and its SI unit is the
Becquerel (Bq)

1 Bq = 1 decay/s.

Another common unit of activity is the Curie (Ci)

1 Ci = 3.7× 1010 decays/s.

The activity of a radioactive sample does not tell you how dangerous it is. The particle
type and energy define the biological danger. The binding energy of the electron in an
atom is roughly 10 eV. The energy released in nuclear reactions is of the order of MeV.
So a nuclear decay event easily has enough energy to ionize the atoms or break molecular
bonds in your body.

The relation between activity and number of nuclei is given by the differential equa-
tion

A = −dN
dt

= λN.

This is a separable ODE and has the solution

N(t) = N0e
−λt,

and
A = λN0e

−λt.

The mean lifetime is

τ =

´
t dN´
dN

=

´∞
0
te−λt dt´∞

0
e−λt dt

=
1

λ
.

So the half-life can also be written as

t1/2 =
ln 2

λ
= τ ln 2.

For a chain decay where a nucleus A decays to a nucleus B which decays to a nucleus
C, the number of B nuclei remaining at time t is determined by the ODE

dNB(t)

dt
= −λBNB + λANA,
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which has the solution

NB(t) =
λA

λB − λA
NA(0)

(
eλAt − e−λBt

)
.



Chapter 3

Particle Phenomenology

3.1 Leptons

The leptons are spin-1/2 fermions and make up one of the three classes of elementary
particles in the Standard Model. There are six known leptons forming three generations.
Each generation consists of one charged lepton and a neutral neutrino.

First generation: e− and νe

Second generation: µ− and νµ

Third generation: τ− and ντ

Then each particle also has a corresponding anti-particle, of course.
The Standard Model does not predict lepton masses, rather, they are free parameters

in the theory. The Higgs Mechanism explains how some particles get mass, but now how
much mass they get. There’s no indication from either the Standard Model or from
experiments that either the leptons or the quarks have any substructure. For that reason,
we think of them as point particles.

The charged leptons interact only via the electromagnetic and weak forces. They do
not feel the strong force. The uncharged neutrinos interact only via the weak interaction.
The decay modes of the electron, muon, and tau are:

e− stable

µ− → e− + νe + νµ (100 %)

τ− → µ− + νµ + ντ (17 %)

τ− → e− + νe + ντ (18 %)

τ− → π− + ντ (11 %)

Notice that e− is the only stable lepton.
The electron number is Le = +1 for the electron (e−) and Le = +1 for the

electron neutrino (νe). For the antiparticles, Le = −1. The muon number is Lµ = +1
for the muon (µ−) and for the muon neutrino (νµ). For the anti-muon and the anti-muon
neutrino, it is Lµ = −1. The tau number is Lτ = +1 for the tau (τ−) and for the
tau neutrino (ντ ). For the anti-tau particle and the anti-tau neutrino, it is Lτ = −1.
Together, these three numbers are called the lepton numbers.

In the Standard Model, the lepton number is believed to be conserved (overall and
individually) in all reactions. That is, the number of electrons plus electron neutrinos mi-
nus the number of positrons and antielectron neutrinos is constant for any given reaction.
The same is true for the muon and tau numbers.
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Consider a weak reaction like

µ− → e− + νe + νµ.

On the left, we have Lµ = 1 and Le = 0 and total Lepton number L = +1. On the right,
we also have Lµ = 0 + 0 + 1 = 1 and Le = +1 − 1 + 0 = 0 and total lepton number
L = +1− 1 + 1 = +1. A reaction like

νµ + n→ e− + p,

is not observed in nature because although the lepton number L is conserved, Lµ and Le
are not conserved. This also means that a decay like

µ− → e− + γ,

is not allowed. If it were allowed, it would happen quickly since electromagnetic decays
are quick. So if this reaction were allowed, the muon lifetime would be much shorter than
it is observed to be.

In electromagnetic interactions, neutrinos are not involved. In that case, the number
of electrons minus the number of positrons is constant for any given reaction. The same
is true for the muons and the tau particles.

The coupling of leptons to gauge bosons is independent of the kind of (i.e. flavor of)
lepton. This property is called lepton universality. This means the reaction

µ− → e− + νe + νµ,

has very similar properties to the reaction

τ− → e− + νe + ντ .

In fact, lepton universality accounts for the ratio of muon and tau decay rates (and thereby
lifetimes)

Γ (τ− → e− + νe + ντ )

Γ (µ− → e− + νe + νµ)
≈
(
mτ

mµ

)5

.

Neutrinos were first detected in the 1956. For a while, neutrinos were believed to
be massless. However, the solar neutrino problem first noted in the 1960s implied that
neutrinos actually have small masses. The sun produces electron neutrinos (and only
electron neutrinos) in the process

2e− + 4p→2 He + 2νe.

The solar neutrino problem was the observation that the experimentally measured flux
of electron neutrinos from the sun was much less than it should be. This was resolved
by the theory of neutrino oscillation, in which a neutrino of one flavor can later be
observed to be a neutrino of a different flavor.

The Higgs Mechanism explains why quarks have mass, but not why that neutrinos
have masses. In fact, neutrino mass is already physics beyond the Standard Model.

The neutrino states that interact with matter via the weak interaction are the νe,
νµ, and the ντ . These are really just linear superpositions of the mass eigenstates ν1, ν2,
and ν2.

Consider the quantum-mechanical two-type neutrino mixture[
νe

νµ

]
=

[
cos θ sin θ

− sin θ cos θ

][
ν1

ν2

]
.

If we see a muon neutrino, then we are observing the state

|νµ〉 = − sin θij |ν1〉+ cos θij |ν2〉 .
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To get its state at a later time, we have to add time dependence

|νµ〉 = − sin θije
−iEit/~ |ν1〉+ cos θije

−iEjt/~ |ν2〉 .

So there is a nonzero probability of later observing it to be a different neutrino. Suppose
we start off with a pure electron neutrino. Then at some later time, we have the state

A(t) |νe〉+B(t) |νµ〉 ,

where

A(t) = ai cos2 θij + aj sin2 θij

B(t) = sin θij cos θij (aj − ai) .

Then the probability of finding a muon neutrino, where originally there was an electron
neutrino is,

P (νe → νµ) = |B(t)|2 ≈ sin2 (2θij) sin2

(
L

L0

)
,

where

L0 =
4E~c

(m2
j −m2

i )c
4
,

is the oscillation length. This implies that if θij = 0, then there will be no oscillation.
Also, it implies that if the mass eigenstates have equal masses (equal energies) then there
will be no oscillation. Since neutrino oscillation has been observed, we know their masses
are different, which implies that they have mass, even if we don’t yet have any way to
actually measure their masses.

Each neutrino flavor state is the superposition of three different mass states, at least
two of which must have nonzero mass. The oscillation arises from the evolving relative
phases between those states. The oscillation measurements have revealed the difference
between the squares of the masses, but we have not yet been able to determine their
absolute values, or even determine which is larger.

Where do the neutrino masses come from and why are they so small? In the Standard
Model, particles gain mass via the Higgs mechanism, but the Standard Model does not
give mass to the neutrinos. Furthermore, every neutrino that has ever been observed
was left-handed, meaning its momentum and spin are antiparallel. Furthermore, every
neutrino ever observed had a speed indistinguishable from the speed of light. However,
we know that neutrinos have mass, therefore, their speed must be less than that of light.
Therefore, there exists a frame of reference, moving faster than a neutrino, in which a
neutrino would have the opposite helicity from the observer’s point of view—i.e. have
the opposite handedness. So even though right-handed neutrinos must exist, they have
never been seen. Where are they?

One possible solution is called the seesaw mechanism. This is the postulation that
the product of the mass of left-handed neutrinos and the mass of right-handed neutrinos
is fixed. Then, since left-handed neutrinos are much lighter than the other elementary
particles, right-handed neutrinos would be much heavier than the other elementary parti-
cles. They might be so heavy that we cannot detect them with contemporary equipment.
One consequence of the seesaw mechanism is that neutrinos would have to be Majorana
particles, i.e., be their own antiparticles. This would suggest the possibility of neutrino-
less double beta decay where two neutrinos would annihilate each other (since they are
their own antiparticles), leaving the electrons to carry off the entire energy of the double
beta decay.
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3.2 Quarks

The spin-1/2 quarks are another of the three classes of elementary particles in the Stan-
dard Model. Like with leptons, there are three generations.

+ 2
3

− 1
3

[
u

d

] [
c

s

] [
t

b

]

Then of course, there are the corresponding antiquarks with opposite charge.

− 2
3

+ 1
3

[
u

d

] [
c

s

] [
t

b

]

Isolated quarks have never been observed in nature. This property is called quark
confinement. For example, when an electron and positron annihilate to produce a
quark-antiquark pair that flies apart, both the quark and the antiquark pull an opposite
partner from the vacuum to form a meson. Quark masses are inferred indirectly from the
observed masses of their hadron bound states, together with models of quark binding.
In nature, we observe quark-antiquark bound states called mesons and 3-quark bound
states called baryons.

In the early universe (' 10−9 s after the Big Bang) there were free quarks in what
is called a quark-gluon plasma (QGP). This is just a soup of unconfined quarks and
leptons—no hadrons. Around 10−4 s the quark-gluon plasma condensed into nucleons.
Around 102 s nuclei were formed, and at around 3× 105 s full atoms were formed.

In strong and electromagnetic interactions, quarks can only be created or destroyed
as quark-antiquark pairs. This implies conservation of each of the six quark numbers.
For example, for any given strong or electromagnetic reaction, the number of up quarks
minus the number of anti up quarks stays constant. The same is true for the other five
flavors.

However, quark flavor is not conserved in weak interactions. For example, in the
decay

n→ p+ e− + νe,

quark flavor is not conserved. However, total quark number is observed. Conservation of
total quark number is what gives us baryon conservation.

Quark-quark interactions are independent of flavor (once mass and charge are ac-
counted for). For example, the force between us and ds pairs is identical. The same
holds true for quark-antiquark forces. This flavor independence does not apply to the
electromagnetic interaction since quarks have different electric charges.

The quark model models baryons as particles containing three effective quarks.
However, this is a simplification, and these three quarks are considered to be only the
valence quarks in a baryon. All of the other quarks, called sea quarks, form quark-
antiquark pairs.

3.3 Hadrons

As soon as something has substructure (e.g. the hadrons), you can excite that substruc-
ture and map out the energy spectrum.

A consequence of the flavor independence of quarks is that of charge multiplets.
For example, pions (qq mesons) come in a charge triplet: π+, π0, and π−. Nucleons
(qqq baryons) come in a charge doublet: the positively charged proton and the neutral
neutron.
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This is quantified by isospin. Mathematically, isospin (I) is a quantum number
similar to spin. It is a quantity that is conserved in strong interactions. Nucleons are
hadrons with isospin I = 1/2. Since Iz = −1/2,+1/2, there are two nucleons: the proton
and the neutron.

nucleon (I = 1/2)

{
p Iz = + 1

2

n Iz = − 1
2 .
.

For I = 1, which corresponds to the pion, there are three cases since Iz = −1, 0, 1:

pion (I = 1)


π+ Iz = +1

π0 Iz = 0

π− Iz = −1.

.

For I = 3/2, which corresponds to the ∆ baryon, there are four cases since Iz =
−3/2,−1/2,+1/2,+3/2:

∆ baryon (I = 3/2)


∆++ Iz = + 3

2

∆+ Iz = + 1
2

∆0 Iz = − 1
2

∆− Iz = − 3
2 .

.

The ∆ baryon consists of up and down quarks, so it has the same quark content as the
nucleons. As such, they are very similar. We can actually think of ∆ baryons as excited
states of the nucleons. Since we can’t have I > 3/2 for three up and down quarks, there
are no excited states of nucleons beyond the four ∆ baryons. We can also have baryons
composed of an up, down, and a strange quark. For I = 0, it is called the Λ baryon. For
I = 1, they are the three Σ±,0 baryons. A “doubly strange” baryon is one with an up or
down quark and two strange quarks. In this case, for I = 1/2, the result is called the Ξ
or “cascade” baryon. Finally, a baryon consisting of three strange quarks with I = 0, is
the Ω+ baryon.

All matter appears to be composed of mesons |qq〉 or baryons |qqq〉. Why don’t we
see other combinations? Theoretically, you could create pentaquark |qqqqq〉 states, so
why don’t we see them in nature? The Standard Model allows such particles, and we
don’t know why we don’t see them in nature.

Practically, isospin tells you how many charged states there are for a particle. Math-
ematically, it is treated like spin.

The binding energy of hadrons is mostly due to the strong interaction which affects
protons and neutrons in the same way. This leads to the phenomenon of mirror nuclei
which are pairs of nuclei like 11

5 B and 11
6 C such that one nucleus has the same number

of neutrons as the other has protons and vice versa. Mirror nuclei have the same mass
number A, and their binding energies are very similar.

Let’s look at an example of a pion and nucleon state |πN ; I, Iz〉. Consider the decay

∆++ → p+ π+.

The state on the right would be written as∣∣∣∣πN ;
3

2
,

3

2

〉
=
∣∣π+; 1, 1

〉 ∣∣∣∣N ;
1

2
,

1

2

〉
.

On the left, we have I = Iz = 3/2 for the ∆++, and on the right, we have I = Iz = 1 for
the pion and I = Iz = 1/2 for the proton. But what happens if we have something that
can decay in multiple ways? That is, how do we write the right side if there are multiple
decay modes? For example, the ∆+ can decay via

∆+ → π+ + n,
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or via
∆+ → π0 + p.

The ∆+ has isospin I = 3/2 and z-component Iz = 1/2, so we would write the state as
the superposition ∣∣∣∣πN ;

3

2
,

1

2

〉
= A

∣∣π+n
〉

+B
∣∣π0p

〉
.

The π+ has isospin I = 1 and Iz = 1. The neutron has isospin I = 1/2, Iz = −1/2. The
π0 has isospin I = 1, Iz = 0. Finally, the proton has isospin I = 1/2, Iz = 1/2. So we
can expand this as∣∣∣∣πN ;

3

2
,

1

2

〉
= A

∣∣π+; 1, 1
〉 ∣∣∣∣n;

1

2
,−1

2

〉
+B

∣∣π0; 1, 0
〉 ∣∣∣∣p; 1

2
,

1

2

〉
.

To find the coefficients A and B, since isospin is mathematically like spin, we use
the Clebsch-Gordon coefficients (displayed at the end of this chapter) just like we
would if adding spin or angular momentum in quantum mechanics. Recall that a total
spin state |JM〉 can be expanded as

|JM〉 =

j1∑
m1=−j1

j2∑
m2=−j2

|j1m1j2m2〉 〈j1m1j2m2|JM〉 ,

where the 〈j1m1j2m2|JM〉 are the Clebsch-Gordon coefficients.
To find the Clebsch-Gordon coefficients A and B in the case above, we follow this

procedure:
1. In our case, on the right side, we are combining a spin-1 particle and a spin-1/2

particle, so we look at the table labeled 1× 1/2.
2. On the left we have total isospin J = 3/2 and z component M = 1/2, so in this

table, we look at the column with 3/2 and 1/2.
3. For the first term, we have m1 = 1 and m2 = −1/2, so in the subtable containing

the above column, we find the row containing 1 and −1/2. We see that it intersects
the above column at 1/3. This tells us that A =

√
1/3. It is understood that you

take the square root of all the quantities in these tables. If there is a negative sign,
it is put outside the square root. For the second term, we look again at the subtable
of 1× 1/2 containing the column with 3/2 and 1/2 at the top. Then we look at the
row containing 0 and 1/2 to find that B =

√
2/3.

So ∣∣∣∣πN ;
3

2
,

1

2

〉
=

√
1

3

∣∣π+; 1, 1
〉 ∣∣∣∣n;

1

2
,−1

2

〉
+

√
2

3

∣∣π0; 1, 0
〉 ∣∣∣∣p; 1

2
,

1

2

〉
.

So with probability 1/3, we see the decay mode ∆+ → π+ + n and with probability 2/3,
we see the decay mode ∆+ → π0 + p. So isospin invariance predicts the ratio of observed
decay rates to be

Γ (∆+ → π+ + n)

Γ (∆+ → π0 + p)
=

1/3

2/3
=

1

2
,

which is in very good agreement with experiment.
The strong coupling confines quarks and breaks chiral symmetry, and so it defines

the regime of light hadrons. The rich spectrum of hadrons reveals the workings of QCD
in this strong coupling regime.

In addition to charge and spin, quarks also have flavor quantum numbers: strangeness

S = − (ns − ns) ,

where ns is the number of strange quarks, and ns is the number of anti strange quarks.
Then there’s charm

C = (nc − nc) ,
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bottomness (or “beauty”)
B′ = −

(
nb − nb

)
,

and topness (or “truth”)
T = (nt − nt) .

Then hypercharge is defined as

Y = B + S + C +B′ + T,

where B is the baryon number.
Hadrons have radii r on the order of 1 fm. This implies associated time scales

r/c ' 10−23 s. Hadrons that decay strongly, do so on this very short timescale. Hadrons
that cannot decay strongly, are long-lived (at least on this timescale).

Consider the strong decay of an excited, charged kaon to a neutral kaon and a pion

K∗+ → K0 + π+.

In terms of quarks, this reaction looks like

us→ ds+ ud.

On the left side, we have one meson, and on the right side we have two mesons. The
number of mesons in a reaction is not conserved! There is the same number of quarks
in the initial and final state with the exception of the quark-antiquark pair dd that was
produced.

The mean lifetime (τ) of particles that decay via the three different interactions is

weak : 10−7 s to 10−13 s

EM : 10−16 s to 10−21 s

strong : ∼ 10−23 s.

Consider the decays of the different pions:

π+, τ = 2.60× 10−8 s

π0, τ = 8.52× 10−17 s

π−, τ = 2.60× 10−8 s.

The π±, which decay weakly, are essentially stable in comparison to the π0 which decays
via the electromagnetic interaction.

If a hadron can decay strongly, then it will decay strongly, simply because the time
scale for strong decays is many orders of magnitude smaller than for the other decays.

3.4 Accelerators

For our “microscopes”, we need a probe with wavelength less than the size of what we
want to see. Hence, to “see” a particle like a proton, we need high energy accelerators.

3.5 Detectors
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Figure 3.1: Clebsch-Gordon Coefficients (Source: Particle Data Group)



Chapter 4

The Weak Interaction

What is the weak interaction? It is tricky to define.

• Like the other interactions, it has exchange particles—the W± and Z bosons.
• Unlike the other interactions, there are no known bound states. For example, for

the electromagnetic interaction, there are bound states such as nuclei and electrons.
Or for the strong interaction, there are bound states such as nucleons. Or for the
gravitational interaction, there are bound states like solar systems and galaxies.
There are no known bound states due to the weak interaction.
• Unlike the other interactions, it is not a force between particles that are carrying

some kind of charge. For example, it is not like the electromagnetic interaction in
which there is an attractive force between two particles carrying opposite electric
charge or a repulsive force between two particles carrying the same electric charge.
• It is hard to observe in scattering experiments. That is, the reactions have small

cross-sections. To explore the electromagnetic nature of a proton, we would bom-
bard it with e−. To explore the weak nature of a proton, we would bombard it with
ν.
• It is responsible for the decay of quarks and leptons.

The weak interaction takes place only at very short, sub-atomic distances, less than
the diameter of a proton. The weak interaction is the interaction mechanism between sub-
atomic particles that causes things like radioactive decay. It therefore plays an essential
role in nuclear fission.

In the 1960s, the weak and electromagnetic interactions were unified in the elec-
troweak interaction. The new theory makes some remarkable predictions:

• It predicts a heavy, neutral, vector boson Z0, and weak interactions arising from
its exchange. An example interaction would be that of any neutrino and a nucleon
going to the same neutrino and something else

να +N → να +X,

where α = e, τ, µ. This interaction involves the exchange of a Z boson. Since the
Z boson is electrically neutral, its exchange is called a neutral current.
• It predicts the charm quark, which was subsequently discovered in 1974.
• It predicts the masses of the W± and Z0 bosons. The proton/antiproton reaction

can produce all three of these bosons:

p+ p→W+ +X−

p+ p→W− +X+

p+ p→ Z0 +X0.

• It predicts the spin-0 Higgs boson.
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4.1 W± and Z0 Bosons

The W± and Z0 bosons have lifetimes of about 3× 10−25 s, and their masses are

MW = 80.385(15) GeV

MZ = 91.1876(21) GeV.

The W± and Z0 bosons can decay to fermion-antifermion pairs such as up and down
quarks (hadronic jets) or lepton-antilepton pairs (leptonic jets). For example, possible
lepton decays include

W+ → l+ + νl

W− → l− + νl

Z0 → l+ + l−,

where, for example, l+ is any positively charged lepton, and νl is the corresponding
neutrino. Since these decays involve charged leptons, the reactions are called visible. In
contrast, we can also have invisible decays like

Z0 → νl + νl,

so called because it is virtually impossible to detect the two neutrinos coming from this
decay.

4.2 Electroweak Unification

The Standard Model predicts the W+, W−, and W 0 triplet and the B0 singlet. Inter-
actions involving W 0 would have the same strength as those involving W±. However,
we don’t observe the W 0. Instead of seeing the W 0 and B0 particles, we observe the
photon γ and the Z0 bosons. This is because the physical particles γ and Z0 are linear
combinations of the unphysical particles W 0 and B0:

γ = B0 cos θW +W 0 sin θW

Z0 = −B0 sin θW +W 0 cos θW .

The angle θW is called the weak mixing angle or the Weinberg angle. It is an
important free parameter in the Standard Model that characterizes the mixing of the
electromagnetic and weak interactions. It is measured empirically.

This unification of the electromagnetic and weak interactions is seen only at high
energies. At low energies, the weak and electromagnetic components can still be clearly
separated. Note that

M (q2) =
g2~2

q2 −M2
Xc

2
,

where M2
X is the mass of the exchanged particle, and g is the appropriate coupling. At

high momenta

M (q2) ' g2~2

q2
.

For weak interactions, MX is the mass of one of the W± or Z0 bosons. Their masses are
approximately 80 GeV/c2. For the electromagnetic interaction, MX = Mγ = 0. So even
with gweak ∼ gem, the amplitudes for the two interactions only become comparable in
size for |q2| ∼M2

Xc
2, in other words, at high energies.
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4.3 Symmetries

Recall that parity (P ) and charge conjugation (C) are conserved in strong and electro-
magnetic interactions. In the 1950s, it was realized that there was no firm experimental
evidence that these quantities were also conserved in weak interactions. The first indica-
tion of parity violation was the τ -θ puzzle. This was the decays of the τ and θ particles

θ+ → π+ + π−

τ+ → π+ + π+ + π−.

Since pions have a parity of −1, and parity is multiplicative, the two final states above
have opposite parities. Therefore, the θ+ and τ+ should have opposite parity—hence,
two distinct particles. However, further and further experimental evidence showed that
the θ+ and τ+ were really the same particle—today called the kaon (K)—whose parity
is fixed.

In 1957, Wu et al. experimentally showed that parity is violated in the interaction
of polarized cobalt

60Co→ 60Ni∗ + e− + νe.

If parity conservation were true in beta decay, the direction in which the electrons are
emitted would be independent of the direction of the spin of the polarized 60Co nuclei.
However, more electrons were emitted in the direction opposite of the nuclear spin, im-
plying that parity is not conserved in beta decay. Since parity is not conserved, perhaps
it is not a good quantum number after all.

Recall that the parity operator changes the sign of every position vector. For example,
angular momentum is

~L = ~r × ~p = ~r ×md~r

dt
.

Applying the parity operator gives us

P̂ ~L = (−~r)×md(−~r)

dt
= ~r ×md~r

dt
= ~L,

so angular momentum is unchanged under a parity transformation. By analogy, spin is
also unchanged under a parity transformation.

Example 4.3.1

How does the electric field behave under a parity transformation?
We know that the parity transformation of momentum is

P̂~p = P̂m
d~r

dt
= m

d(−~r)

dt
= −~p,

so by Newton’s second law, we know that force transforms as

P̂ ~F = P̂
d~p

dt
=
d(−~p)

dt
= −~F .

We know that electromagnetic force is ~FE = q ~E, so

P̂ ~FE = qP̂ ~E.

Since the parity of force is odd, this implies that the parity of ~E is also odd

P̂ ~E = −~E.
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Consider the decays of polarized muons

µ− → e− + νe + νµ

µ+ → e+ + νe + νµ.

In the rest frame, the angular distributions have the form

Γµ±(cos θ) =
1

2
Γ±

(
1− ξ±

3
cos θ

)
,

where θ is the angle between the direction of the emitted electron or positron and the
direction of the muon’s spin, ξ± are called the asymmetry parameters, and Γ± are the
total decay rates. C invariance implies that the rates and angular distributions of the two
interactions are equal: Γ+ = Γ− and ξ+ = ξ−. Under a parity transformation, the identity
of the particles and their spin directions are preserved, but their momenta are reversed.
So P invariance implies that Γµ±(cos θ) = Γµ±(− cos θ). This implies that ξ± = 0, but
experiment shows that ξ+ = ξ− = 1.00(4), which means both C and P invariance are
individually violated. Under the combined operation of a CP transformation, we require
Γµ+(cos θ) = Γµ−(− cos θ), which implies that Γ+ = Γ− and ξ+ = −ξ−. This agrees with
experimental results.

In weak interactions, both C and P can be violated, but not the combined transfor-
mation CP .

4.4 Helicity

A particle’s helicity is the projection of its spin onto its direction of linear momentum.
The eigenvalues of spin with respect to an axis have discrete values. This means the
eigenvalues of helicity are also discrete. For spin-1/2 particles, we have two possible
helicities. A spin-1/2 particle has right-handed helicity if the direction of its spin is the
same as its direction of motion, and it has left-handed helicity if the direction of its spin
is opposite its direction of motion. A particle has as many possible helicity values as it
has projections of the spin onto the z-axis.

Neutrinos are spin-1/2 particles, so in terms of helicity, we need only two values—
left-handed and right-handed. In nature, only left-handed neutrinos and right-handed
antineutrinos are observed. However, since, for example, νe and νe should have identical
weak interaction, this means C invariance is violated. This also violates P invariance
since a parity transformation reverses momentum but leaves spin unchanged (i.e. a par-
ity transformation would convert a left-handed neutrino into a right-handed neutrino).
However, the observation that there are only left-handed neutrinos and right-handed
antineutrinos is compatible with CP invariance since the combined CP transformation
would convert a left-handed neutrino into a right-handed antineutrino.

4.5 Charged Currents

Previously, we noted that the exchange of a Z0 boson is called a neutral current.
Similarly, the exchange of a W± boson is called a charged current.

In beta decay, a neutron decays into a proton

n→ p+ e− + νe.

In reality, only a single quark is changing flavor. At the quark level, beta decay is

d→ u+ e− + νe.

In this interaction, a down quark decays into an up quark and a W− boson, which
decays into an electron and an anti-electron-neutrino. This interaction is illustrated in
the Feynman diagram shown here:
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When W couples to leptons and quarks as in beta decay, the process is called “semilep-
tonic”. Another example of a semileptonic process is the decay of a pion into an antimuon
and muon-neutrino as shown in the Feynman diagram below:

In contrast, a “leptonic” process, is one in which a W couples onto two leptons in
the form

l + νe → l′ + νe′ .

An example is the decay of a tau into a muon and neutrinos

τ− → µ− + νµ + ντ .

4.6 Lepton-Quark Symmetry

Consider the first two generations of quarks[
u

d

]
,

[
c

s

]
,

and the first two generations of leptons[
νe

e−

]
,

[
νµ

µ−

]
.

According to lepton-quark symmetry, these have identical weak interactions. That is,
given a weak lepton decay like

µ− → e− + νe + νµ,

we can find analogous weak quark decays by substituting quarks for leptons as follows

νe → u

e− → d

νµ → c

µ− → s.
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Tip

Strong interactions be-
tween different quark
families may be allowed.
They are just not allowed
in weak interactions.

By making these substitutions for the lepton decay shown above, we get the quark decay

d→ u+ e− + νe,

which is what happens in the beta decay of a neutron to a proton.
Remember, the exchanged particle is a virtual particle that we generally don’t include

when we write a reaction equation, but which we would show in a Feynman diagram. If
we were to show the virtual particle in the above decay, it would look like

d→ u+W− → u+ e− + νe.

That is, the down quark decays into an up quark and a virtual W−, which then decays into
an electron and neutrino. A virtual particle is so short-lived that energy and momentum
are not necessarily conserved.

For the two families of quarks and leptons, weak interactions between particles of
the same family are allowed, but weak interactions between particles of different families
are not allowed. For example, the following vertices are allowed

d+ u→W−

s+ c→W−

e− + νe →W−.

Forbidden vertices include

s+ u→W−

d+ c→W−

e− + νµ →W−.

For example, the decay
K− → µ− + νµ,

is forbidden. The K− is a s u meson, so at the vertex, this reaction would be s+u→W−.

4.7 Quark Mixing

We can make sense of allowed/forbidden weak interactions with the idea of quark mixing.
Especially given that forbidden reactions are not truly forbidden. We still see them in
nature, just at very suppressed rates.

We define two new quarks d′ and s′, which are linear combinations of the d and s
quarks

d′ = d cos θC + s sin θC

s′ = −d sin θC + s cos θC ,

where θC is the Cabbibo angle. The d′ and s′ quarks are what appear in nature. The
pure d and s quarks are unphysical.

We now apply lepton-quark symmetry to[
u

d′

]
,

[
c

s′

]
.

This implies that interactions like

K− → µ− + νµ,
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are allowed but suppressed.
The Cabbibo angle is a free parameter, and its empirically measured value is θC ≈

13◦. Interactions that were previously allowed, such as d ↔ u and c ↔ s are now
multiplied by a factor cos2 θC ≈ 0.95, and interactions that were previously forbidden,
such as c↔ d and s↔ u are now only suppressed, since they are multiplied by sin2 θC ≈
0.05.

The above is for the first two quark families. Once we include the third quark family,
things become a little more complicated. Now, instead of the two mixing equations above,
we have the Cabbibo-Kobayashi-Maskawa (CKM) matrix

d′

s′

b′

 =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



d

s

b

.
The d′, s′, and b′ are “eigenstates” of the weak interaction.

4.8 Selection Rules

The following two reactions appear similar:

Σ− → n+ e− + νe

Σ+ → n+ e+ + νe.

However, the second one is strongly suppressed, which we can see by the ratio of the
reaction rates

(Σ+ → n+ e+ + νe)

(Σ− → n+ e− + νe)
< 0.005

We can understand why if we look at the quark content. The Σ− has dds quarks, the
Σ+ has uus quarks, and the neutron has udd quarks. So in the first reaction, we have
a strange quark turning into an up quark. In the second reaction, we have a strange
quark turning into a down quark and an up quark turning into a down quark. Since the
second reaction requires two quark transitions (and hence requires the emission of two
W bosons), it is strongly suppressed relative to the reaction that only requires a single
quark transition.

We can characterize allowed and forbidden decays, like the pair above, by empirical
selection rules. If ∆S is the change in strangeness, and ∆Q is the change in total charge
of quarks, then there are two types of allowed processes:

• ∆S = 0 and ∆Q = ±1
• ∆S = ∆Q = ±1. That is, ∆S and ∆Q have the same sign.

Recall that the charge of the u, c, and t quarks is +2/3, and the charge of the d, s,
and b quarks is −1/3. The s quark has strangeness S = −1, s has strangeness S = +1,
and the other quarks have strangeness S = 0.

Examples of the allowed case ∆S = ∆Q = −1 include

u→ s+W+

W− → s+ c.

Examples of the allowed case ∆S = ∆Q = +1 include

s→ u+W−

W+ → s+ c.
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Recall the two reactions given at the beginning of this section. The first one,

Σ− → n+ e− + νe,

has ∆S = ∆Q = 1, so it is allowed by the selection rules. The second one,

Σ+ → n+ e+ + νe,

has ∆S = 1 and ∆Q = −1, so it is not allowed.
For example, the Ω baryon, which is an sss quark state with strangeness S = 3

ultimately decays into a proton. However, it cannot do so directly—it would violate the
selection rules. Hence, it decays via a succession of steps like:

Ω− (sss)→ Ξ0 (ssu) + π0, ∆S = 1 (weak decay)

Ξ0 (ssu)→ Λ (sud) + π0, ∆S = 1 (weak decay)

Λ (sud)→ p (uud) + π−, ∆S = 1 (weak decay).

In this section, we detailed selection rules for strangeness. Similar selection rules can
be obtained for charmness and/or bottomness.

4.9 Identifying Weak Interactions

Identifying weak interactions:

Hadrons: An interaction that involves only hadrons is not necessarily a strong interac-
tion. An interaction that involves only hadrons and if quark flavors are conserved,
then it is a strong interaction.

Neutrinos: An interaction involving neutrinos can only be a weak interaction.

Electric Charge: Charge is conserved in all interactions

Lepton number: Lepton number is conserved in all interactions

Baryon number: Baryon number is conserved in all interactions

Quark flavors: Quark flavors are conserved in all but the weak interaction

Parity: Parity is conserved in all but the weak interactions

C-Parity: C-parity is not conserved in weak interactions

Selection rules: For weak interactions, consider the selection rules for strangeness and
electric charge of the quarks



Chapter 5

The Strong Interaction

5.1 Color

Quantum chromodynamics (QCD) is the quantum field theory that describes strong
interactions.

In the early 1950s, the ∆ baryon with isospin I = 3/2 were discovered. The ∆++

is a |uuu〉 system. The problem is, the ∆++ consists of three quarks of identical flavor,
and all of their spins are aligned: |u↑u↑u↑〉. This results in a symmetric wave function
which violates the Pauli exclusion principle. According to the Pauli exclusion principle, a
system of identical fermions must have an antisymmetric wave function. That is, it must
be antisymmetric under the exchange of any two particles.

To resolve this problem, a new quantum number was posited—the strong charge:

• Any quark (and antiquark) can exist in three different color (and anticolor) states
• The accepted dogma is that only color singlets (i.e. white/colorless particles) exist

in nature. It is called a “dogma” because empirically, it has not been shown false,
however, it doesn’t derive from the theory (QCD).
• Color confinement implies that there are no free quarks

A quark can consist in any of three different color states: r, g, and b. Any given
quark exists in a superposition of color states. E.g. all up quarks do not have a given color
charge. Each of the color states is characterized by two different strong charges—color
isospin IC3 and color hypercharge Y C . These are the strong interaction analogues of
the electric charge. Their values for quarks are listed below.

Quarks IC3 Y C

r 1
2

1
3

g − 1
2

1
3

b 0 − 2
3

For antiquarks, we have the three color states r, g, and b. These have the same charges
IC3 and Y C as the r, g, b states, but with opposite sign. The dogma that hadrons are
color singlets requires that

IC3 = Y C = 0,

for all hadrons.
The Pauli exclusion principle is now applied to the full wavefunction of a system,

which is the product of the spatial part, the spin part, and the color part

Ψ = ψspace(~r)ψspinψcolor.
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Now, symmetric space/spin wavefunctions like |u↑u↑u↑〉 are allowed provided that the
color part is antisymmetric under color exchange.

For mesons, which are |qq〉 states, the color wavefunction has the form

ψcolor =
1√
3

(
rr + gg + bb

)
.

For baryons, which are |qqq〉 states, the color wavefunction has the form

ψcolor =
1√
6

(r1g2b3 + g1b2r3 + b1r2g3 − r1b2g3 − b1g2r3 − g1r2b3) .

In electromagnetism, photons couple to electric charges. In QCD, gluons couple to
color charges. That is, it’s the color of a quark that drives strong interactions—not the
flavor of the quark. Since the different quark flavors (u, d, s, c, b, t) exist in the same three
color states, these different quark flavors have identical strong reactions. This is called
flavor independence. A second consequence is isospin symmetry, which explains,
among other things, why the proton and neutron have nearly equal masses.

Recall that for two spin-1/2 particles (2⊗2 = 3⊕1), the four possible spin combina-
tions gives us three symmetric states called a “triplet” and one singlet state that is spinless
(i.e. invariant under SU(3) spin transformations). This is can be generalized. Whenever
you couple two particles each with the same two-valued property, you get an antisym-
metric singlet and a symmetric triplet. Analogously, a meson (a quark-antiquark system)
has 3 ⊗ 3 = 8 ⊕ 1 color symmetry. That is, a quark-antiquark pair can be decomposed
into an antisymmetric octet of color states and a symmetric singlet color state. A singlet
color state is colorless, meaning it has zero color quantum numbers (IC3 = Y C = 0), and
it is invariant under SU(3) color transformations.

The accepted dogma is that all particles in nature are color singlets. That is, only
white states exist in nature. This implies two possibilities:

1. A particle consists of a color and its anticolor (e.g. red + antired = white)
2. A particle consists of three different colors (e.g. red + green + blue = white)

This dogma also explains color confinement. We cannot have isolated quarks, because a
single quark would have net color.

Any color plus its anticolor is colorless. Consider the color wavefunction for a π+

meson |ud〉. There are really three possible (i.e. colorless) color combinations:

|urdr〉 , |ugdg〉 , |ubdb〉 .

For a baryon, like a proton |uud〉, to be color neutral each quark must have a different
color:

|uburdg〉 , |urugdb〉 , · · ·

A quark carries a single color. Two quarks in a hadron can exchange colors via a
gluon which carries a color-anticolor pair. In this process, the flavor of the quark does not
change. This color exchange between the quarks in a hadron is happening continuously
and at nearly the speed of light. Effectively, the colors are mixing.

How do we know that quarks exist in just three color states? That is, how do we
know there are three colors, and not two colors or ten colors? To answer this, we consider
electron-positron annihilations. In an electron-positron annihilation, what may happen
is that a quark-antiquark pair is created that then fragments into hadrons. What can
also happen is that a muon-antimuon pair is created. The ratio of the cross-sections for
electron-positron annihilation to hadrons versus electron-positron annihilation to muons
is

R ≡ σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
.
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These interactions are electromagnetic and well understood. If there are no colors, then
R is proportional to the electric charge squared of the quarks which are allowed by the
energy of the interaction

R ≡
σ(e+e− → qfqf )

σ(e+e− → µ+µ−)
= e2

f .

where qf denotes a quark of flavor f , and ef is the electric charge of a quark of flavor
f . So if the energy of the interaction is large enough to produce u, d, and s quarks, we
should find

R = e2
u + e2

d + e2
s =

4

9
+

1

9
+

1

9
.

If the energy is increased so that c and b quarks can also be produced, we should find

R = e2
u + e2

d + e2
s + e2

c + e2
b =

4

9
+

1

9
+

1

9
+

4

9
+

1

9
.

As the energy is increased and more flavors of quarks can be produced, one should see
that R as a function of the energy is a step function. Indeed, experimentally, one does see
this step function as shown in the image (source unknown) below. However, the values
are not correct. They are off by a factor of three. The values are corrected if one modifies
the formula to include the additional “types” of quarks that can be produced due to them
having different possible colors. Our modified R is

R ≡
σ(e+e− → qfqf )

σ(e+e− → µ+µ−)
= NCe

2
f ,

where NC = 3 is the number of quark colors.

5.2 Gluons

One important piece of evidence for the Standard Model was the discovery of the J/ψ(3097)
particle (pronounced “jay-sigh”). The J/ψ is a |cc〉 meson. Since the charm quark is a
heavy quark, the J/ψ meson is a “heavy-quark” bound state. In a heavy-quark bound
state, the quarks are heavy enough (i.e. they move slowly enough) that they can be
treated non-relativistically. The |cc〉 system is often called “charmonium”, much like the
|e+e〉 system is called “positronium”.

In the 2S+1LJ notation, the J/ψ is 3S1, and it has JPC = 1−−. Its preferred decay
mode would be

J/ψ → D0 +D
0
,
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where D0 is the lightest meson with nonzero charm: |cu〉. However, this is forbidden by
energy conservation because the mass of the J/ψ is less than the mass of two D mesons.
The only hadronic decays that are allowed are those like

J/ψ → π+ + π0 + π−.

None of the mesons on the right contain charm quarks. Furthermore, all of the pions
are color singlets, so the J/ψ and the pions can only be connected by the exchange of
a colorless combination of gluons. Since the J/ψ is known to have charge conjugation
C = 1, the minimum number of gluons is three:

J/ψ → g + g + g → π+ + π0 + π−.

Moreover, each gluon creates a quark-antiquark pair, so the quarks from the gluons must
be mixed to form the pions:

J/ψ → g |uu〉+ g |dd〉+ g |dd〉 → π+ |ud〉+ π0 |dd〉+ π− |du〉 .

As noted before, two quarks can exchange colors via the exchange of a gluon. Con-
sider the interaction

ur + sb → ub + sr,

where a red up quark and a blue strange quark exchange colors. In such a reaction, the
color states change, but the quark flavors (e.g. up or strange) do not change. In this case,
the exchanged gluon must either be of the form grb or grb. In this example, the red up
quark may change to a blue up quark while emitting a red-antiblue gluon (ur → ub+grb)
that is then absorbed by the blue strange quark and converting it into a red strange quark
(grb + sb → sr). Either way, the gluon must carry both color and anticolor, and those
colors must be different. E.g. a gluon might carry blue and antired, but not blue and
antiblue. In other words, gluons are not white (i.e. colorless).

Since there are three colors and three anticolors,

3⊗ 3 = 8⊕ 1,

we know that eight gluons exist in nature. The color singlet

1√
3

(
rr + gg + bb

)
,

is symmetric and has no effect in color space. That is, the singlet color state cannot be
exchanged between color charges, so it cannot represent a gluon. Only the octet gives us
gluons.

In QED, the quantum field theory of electromagnetism, a photon propagating through
space can turn into an electron and positron pair, which quickly annihilates back into a
photon. This process is represented by the loop shown below. In that interval when
the electron and positron are separated, the vacuum is briefly polarized, and so this
phenomenon is part of vacuum polarization effects.

A propagating electron can emit virtual photons which return to the electron. While
such a virtual photon exists, it can turn into an electron-positron pair, which annihilate
back into a photon again. As such, we can think of an electron as being surrounded by
a cloud of virtual electron-positron pairs. The vacuum polarization created by this cloud
of electron-positron pairs is the source of an electron’s magnetic moment.
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In QED, a photon does not couple to a photon. However, in QCD, a gluon does
couple to a gluon. So a propagating gluon can create a gluon-gluon pair which quickly
annihilates back into a single gluon. This vacuum polarization effect is analogous to a
photon creating an electron-positron pair, which quickly annihilates back into a photon.

Since gluons couple to gluons, there could exist bound states composed entirely of
gluons. These hypothesized bound states are called glueballs. The problem is, low
energy glueballs would be experimentally indistinguishable from mesons. The lowest
energy glueball would look like a pion. At high energies, they may become distinguishable
from mesons. A physically large glueball would quickly disintegrate into pions, so any
glueballs one might find would be very small.

What other bound states might exist? Why do we see only two types of hadrons in
nature: mesons and hadrons? Why don’t we see 4-quark states or even 6-quark states?
These are not forbidden by the Standard Model. There are even predictions for hadronic
“molecules” like baryon-meson bound states. However, if we found a baryon(qqq)-meson(qq)
bound state, we would not be able to distinguish it from a 5-quark system, which would
also be new. We do know of baryon-baryon bound states. These are simply the nuclei of
atoms.

In electron-positron annihilation, a photon is produced, which often decays to a
quark-antiquark pair as illustrated below. The creation of the quark-antiquark pair is
an electromagnetic process that is well understood. Each of these quarks then fragments
into a jet of hadrons. This hadronization process is less well understood. Each hadron
jet has an average direction of motion (i.e. total momentum) that closely matches the
momentum of the parent quark. These two-jet events are one of the pieces of evidence
for the existence of quarks.

A quark can radiate off a gluon just like an electron can radiate off a photon (e.g.
in Bremsstrahlung). Such a gluon can then disintegrate into a jet of multiple hadrons.
So in the process depicted above, we would expect occasionally to find that the quark
or antiquark would radiate off a gluon before hadronizing. Then in total, we would have
three jets—the quark, antiquark, and gluon would all fragment into hadrons. Indeed,
we do occasionally see this three-jet event. Furthermore, the angular distributions of
the jets agreed with the theoretical prediction for spin-1 gluons (as opposed to gluons of
other spin). Thus, these three-jet events provided our first unambiguous evidence for the
existence of gluons, and we can conclude that gluons are spin-1 particles.
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5.3 The Coupling Constant

The strong interaction depends on the distance between the two interacting particles.
In particle physics, short-distance interactions are associated with large momentum

transfers |~q| between the interacting particles, and long-distance interactions are asso-
ciated with small momentum transfers. The strong interaction becomes stronger when
the two interacting particles are further from each other (i.e. small q2). This is the phe-
nomenon called color confinement since it “confines” quarks in hadrons. The strong
interaction becomes weaker when the two interacting particles come very close to each
other (i.e. large q2). This phenomenon is called asymptotic freedom.

αs

q2

This behavior of the strong interaction is very different from, for example, the elec-
tromagnetic interaction. In the electromagnetic interaction, the interaction gets stronger
as the particles come closer together. The strong interaction acts more like a rubber
band—weak when the two ends are close and stronger as the ends are pulled further
apart.

In QCD, strong processes at larger distances (like those between quarks in hadrons)
can only be understood by applying non-perturbative methods such as lattice QCD. Inside
a proton, for example, quarks are very far apart and q2 is small, which means the coupling
constant is very large. Strong phenomena like confinement and hadrons, are thus studied
using lattice QCD.

Asymptotic freedom can be derived from QCD. Color confinement is a property of
QCD, but it has not yet been derived from the theory.

In QED, the Coulomb potential has the form

V (r) =
α~c
r
.

In QCD, the potential has the form

V (r) = −a(~c)
r

+
br

~c
,

where the first term is called the short-range term, and the second term is called the
confinement term. So in QCD, we have a Coulomb-like term and a linear term. As a
pair of interacting quarks is pulled further apart, the potential grows linearly. At some
point the energy becomes large enough that a new quark-antiquark pair is created out of
the vacuum.

We now define a new variable

µ2 =

∣∣∣∣∣~q 2 −
E2
q

c2

∣∣∣∣∣ ,
where ~q is the momentum transferred between the two interacting particles, and Eq is
the energy transferred. Note that as Eq → 0, µ2 → |~q|2. The quantity µ2 is Lorentz
invariant.
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Figure 5.1: QCD Phase Diagram (Source: Wikipedia)

It can be shown that the QCD coupling constant αs depends on µ, and when µ2 >>
1 (GeV/c)2, it is approximately

αs(µ) =
αs(µ0)

1 + (αs(µ0)/6π)(33− 2Nf ) ln(µ/Λ)
,

where Nf is the number of quark flavors, and Λ ≈ 0.2 GeV/c is an experimentally de-
termined scale parameter. The quantity αs(µ0) is the value of the coupling at a chosen
reference value, usually µ0 = MZc, where MZ is the mass of the Z boson. Since αs
depends on µ, it is sometimes called the running coupling constant.

If the coupling constant is small, we can solve problems using perturbation theory.
Otherwise, we have to use nonperturbative approaches like lattice gauge theory.

Note that QCD does not predict the value of the strong coupling constant αs. It only
gives its dependence on µ. The strong scale factor Λ must be determined experimentally.

Recall the vacuum polarization effects of QED and QCD. In QED, when an electron
emits photons, some of the photons briefly turn into electron-positron pairs which tend to
align in the original electron’s negative field. This alignment cancels some of the original
electron’s effective charge, creating a screening effect, which further weakens the original
electron’s electric field as seen from a distance. An analogous phenomenon occurs in QCD
but with gluons instead of photons. If the distance between the interacting particles is
small, then the exchanged gluons may briefly turn into quark-antiquark pairs. This creates
a screening effect which reduces the strength of the strong field. However, if the quarks
are far apart, an exchanged gluon may briefly turn into a gluon pair. This produces an
anti-screening effect that strengthens the strong field.

If a high enough energy density can be created, a large volume of deconfinement
can occur. In this region, deconfined quarks exist in a quark-gluon plasma. The
quark-gluon plasma behaves like a liquid with a very low viscosity rather than as a dilute
gas.

5.4 Deep Inelastic Scattering

How do we know that quarks have spin-1/2?
A very high energy lepton, like an electron, has such a small wavelength that we can

use it to probe inside the proton. Instead of scattering from the proton as a whole, the
electron scatters from a quark inside the proton. This process is called deep inelastic
scattering, and in the 1960s, deep inelastic scattering experiments provided the first
evidence that nucleons have a substructure of point-like, charged constituents.

In a deep inelastic scattering process, the electron is scattered away, transferring
some of its energy to the proton. The electron is measured afterwards to determine how
much energy was imparted to the proton.
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Let’s consider the scattering of an electron from a proton

e+ p→ e′ +X ′,

with momenta
p̃+ P̃ → p̃′ + P̃ ′.

Here, p̃ is the initial 4-momentum of the electron, P̃ = (Mpc, 0) is the initial 4-momentum
of the proton (which is the target), and the primed letters represent the final momenta
of the particles. We will denote the energy change in the reaction by ν = E − E′. The
invariant mass squared of the final state hadron is

W 2c2 = P̃ ′2 = (P̃ + q)2 = M2c2 + 2P̃ q + q2.

Then

P̃ q =

[
Mc

0

][
E−E′
c

~q

]
= M(E − E′).

So
P̃ q

M
= E − E′ = ν.

We can now write
W 2c2 = M2c2 + 2Mν −Q2,

where q2 = −Q2 (for some reason).
We now define a new dimensionless variable

x ≡ Q2

2Mν
,

called the Bjorken variable. Note that

2Mν = W 2c2 +Q2 −M2c2.

For elastic scattering, W = M , then 2Mν = Q2, which gives us x = 1. For
inelastic scattering, W 6= M , and then 2Mν > Q2, which means x < 1. So the
Bjorken variable is a measure of the elasticity of a reaction:

• Elastic scattering: x = 1
• Inelastic scattering: 0 < x < 1

Recall the form of the experimental differential scattering cross-section(
dσ

dΩ

)
exp

=

(
dσ

dΩ

)
Mott

∣∣F (~q 2)
∣∣2 ,

where the form factor
∣∣F (~q 2)

∣∣ contains the unknown physics. We now write the exper-
imental cross-section in the form(

dσ

dΩ

)
exp

=

(
dσ

dΩ

)
Mott

[
W2(Q2, ν) + 2W1(Q2, ν) tan2

(
θ

2

)]
.

Now, the unknown physics is contained in the two structure functions W2 and W1. The
function W1 is related to the magnetic interaction, which will be important later. The
functions W1 and W2 are functions of two variables Q2 and ν. However, for elastic
scattering, (P + q)2 = M2, so the two variables are not independent. Rather, Q2 = 2Mν.

For W ≤ 2.5 GeV/c2, experiments show considerable structure due to the excita-
tion of nucleon resonances, but above this mass, they vary smoothly. This phenomenon
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is called a scaling behavior, which basically means it depends only weakly on some
parameter.

It is more common to work with two dimensionless structure functions defined as

F1(x,Q2) =
M

c2
W1(Q2, ν)

F2(x,Q2) = νW2(Q2, ν).

At fixed x, these structure functions have only a very weak dependence on Q2. That
is, they are essentially constant. Recall that form factors give us the charge distribution
inside of an object. These structure functions are form factors, and so they give us
the charge distribution inside of nucleons. For electrons scattering (deep inelastic) from
nucleons, the structure functions are nearly flat in Q2 implying that the probing electrons
are being scattered off of point charges. Since nucleons are extended objects, it follows
that nucleons have substructure—i.e. nucleons have point-like constituents.

The F1 structure function results from the magnetic interaction. For spin-0 particles
it vanishes. For electron-nucleon deep inelastic scattering, the Callan-Gross relation

2xF1 = F2,

implies that quarks have spin-1/2.
How do we know that quarks have fractional charges?
Define qf (x) to be the momentum distribution of a quark of flavor f . Then qf (x) dx

is the probability of finding in the nucleon a quark of flavor f with momentum fraction
in the interval [x, x + dx]. Similarly, the momentum distributions of antiquarks and the
gluons are denoted by qf (x) and g(x) respectively.

Then the structure function F2 is the sum of all the momentum distributions weighted
by x and the squares of the quark charges ef for a given quark flavor. The sum is over
all the types of quarks and antiquarks

F2(x) = x
∑
f

e2
f

[
qf (x) + qf (x)

]
.

Now we are considering the entire “sea” of quarks, and not just the three valence quarks.
If we assume the charges of the quarks, then for lepton-proton scattering (and considering
only the light quarks u, d, and s) we have

F lp2 = x

[
1

9
(dp + d

p
) +

4

9
(up + up) +

1

9
(sp + sp)

]
,

where, for example, dp = dp(x) is the distribution of up quarks in the proton. Similarly,
for lepton-neutron scattering, we have

F ln2 = x

[
1

9
(dn + d

n
) +

4

9
(un + un) +

1

9
(sn + sn)

]
.

If we apply isospin symmetry, we can change a neutron into a proton by changing an up
quark into a down quark. So

up(x) = dn(x) ≡ u(x).

Similarly,

dp(x) = un(x) ≡ d(x)

sp(x) = sn(x) ≡ s(x).
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Then if our target has the same number of protons as neutrons, we can write its approx-
imate structure function as

F lN2 (x) =
1

2

[
F lp2 (x) + F ln2 (x)

]
=

5

18
x
∑
f=u,d

[q(x) + q(x)] +
1

9
x [s(x) + s(x)] .

Then we perform deep inelastic scattering with neutrinos instead of leptons. Now there is
no electric charge in the structure function because neutrinos do not interact with quarks
electromagnetically

F νN2 (x) = x
∑
f=u,d

[q(x) + q(x)] .

Thus, from the structure functions of lepton-nucleon scattering and neutrino-nucleon
scattering, one expects

F νN2 (x)

F lN2 (x)
' 18

5
.

Indeed, this is what we find experimentally, verifying our initial assumption that quark
charges are +2/3 and −1/3. Note: This assumes that the term in F lN2 (x) coming from
the s quarks is small.

Knowledge of the charges of quarks is what gives us the “three valence quark model”.
There has never been experimental evidence of the number of quarks in a proton.

If we integrate the momentum distributions of the quarks and antiquarks over all x,
we obtain only about half of the total momentum of a nucleon. This implies that the
gluons carry about half of a nucleon’s momentum.



Chapter 6

Nuclear Models

When we study hadrons, our degrees of freedom are the quarks. When we go up a
level and study nuclei, our degrees of freedom are the nucleons. In both cases, these are
just models. We can model lone nucleons as quarks and gluons, but already with the
deuteron (a two-nucleon system), the quark-gluon model fails. We don’t even understand
the connection between QCD and the quark model. So to try to understand nuclei, we
are forced to use simple models.

The exchange particles of the nuclear force that binds nucleons in nuclei are colorless
mesons composed of the sea quarks (not the valence quarks) from the nucleons. When
this exchange occurs, the two nucleons are so close to each other and their wavefunctions
overlap so much, that a sea quark in one nucleon may be closer to a sea quark in the other
nucleon than to the valence quarks in its home nucleon. Essentially, the two nucleons
are so close to each other that the system can be thought of as a 6-quark bound system
where all the quarks are shared.

We only know of two nucleons—the proton and the neutron. These are composed
only of up and down quarks. So all nuclei seem to be composed only of up and down
quarks. What if there were strange and charm quarks in nuclei? Such hypothetical nuclei
are called hypernuclei.

There are several nuclear models, which we will look at:

Liquid Drop Model: Assumes that all nuclei have similar mass densities and that the
binding energy of a nucleus is proportional to its mass. It gives us the semi-
empirical mass formula, which gives a good description of the average masses
and binding energies.

Fermi Gas Model: This is a statistical model that assumes nucleons move indepen-
dently in a net nuclear potential. It ignores the spin interactions between the parti-
cles. This model successfully predicts the depth of the potential and the asymmetry
term in the semi-empirical mass formula.

Shell Model: This is a fully quantum mechanical model that assumes spherical nuclei,
but with strong spin-orbit coupling. It predicts nuclear magic numbers, spins and
parities of ground state nuclei, and it gives us pairing term of the semi-empirical
mass formula.

6.1 Liquid Drop Model

**Add Material**

6.2 Fermi Gas Model

**Add Material**
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6.3 Atomic Shell Model Review

Before introducing the nuclear shell model, we will review the atomic shell model from
chemistry. The atomic shell model tells us that electrons orbiting an atom exist in certain
shells. An electron in an atom can be uniquely specified with four quantum numbers:

Principal quantum number: This quantum number is denoted n and has values n =
1, 2, 3, . . .. As n increases, the average distance between the electron and the nucleus
increases. States with a particular value of n are called a “shell”. The principal
quantum number determines the energy of the system.

Orbital quantum number: The orbital quantum number is denoted ` and has values
` = 0, 1, 2, . . . , n − 1. The angular momentum of the electron is proportional to `,
and states with ` = 0 have zero angular momentum. Such states are spherical and
are also called s-orbitals. States with ` = 1 are called p-orbitals. States with ` = 2
are called d-orbitals, and so on.

Orbital magnetic quantum number: The orbital magnetic quantum number is de-
noted m and has values m = −`, . . . , `. This quantum number can be thought of
as specifying the direction of the angular momentum of an electron in a particular
state. The rotational symmetry of the Coulomb field implies that all sub-states are
energy degenerate. That is, changing an electron’s m does not change its energy.

Spin quantum number: The spin quantum number is denoted s and has values s =
±1/2. This quantum number gives the direction of an electron’s spin angular mo-
mentum. Typically, s = 1/2 is referred to as “spin up.” and m = −1/2 is referred
to as “spin down”.

To find the quantum numbers for the single electron in hydrogen, we would start
with n = 1. Then the only allowed orbital quantum number is ` = 0, corresponding to
an s-orbital. The only allowed orbital magnetic quantum number is m = 0. The allowed
spin quantum numbers are s = ±1/2. So we would write the electron configuration for
the hydrogen ground state as

1s1,

where the first number is n = 1, the “s” because ` = 0, and the exponent of 1 because it
is the first electron in the orbital.

Similarly, the electron configuration of the carbon ground state would be written as

1s22s22p2.

The quantum numbers `, m, and s are energy degenerate, meaning that changing
any of them does not change the energy of the system. So for a given n, there are

nd = 2

n−1∑
`=0

(2`+ 1) = 2n2,

degenerate energy levels. This degeneracy can be broken by, for example, placing the
atom in a magnetic field. This can occur in spin-orbit coupling where the electron spin
interacts with the magnetic field of the atomic nuclei. This coupling breaks some of the
degeneracy, and the energy of the system can now depend on m and s. The corrections
to the energy levels of an electron due to this coupling is called the “fine structure” of
electron energy levels. The corrections are small in atomic physics and can typically be
neglected.

For atoms beyond hydrogen, we have multiple electrons and these repel each other
due to the Coulomb force. These electron-electron Coulomb interactions also break some
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of the energy level degeneracy. Now, the energy level can depend on `. However, they
are still degenerate in m and s assuming we neglect the fine structure corrections.

If an atom has closed (i.e. completely filled) shell and subshells, then all electrons
are paired off, and there are no valence electrons available. Such atoms are called “noble
gases” and are chemically inert. They occur at atomic numbers

Z = 2, 10, 18, 36, 54, . . . .

These are called magic numbers.

6.4 Nuclear Shell Model

Experimentally, we find also find magic numbers of protons and neutrons

Z = 2, 8, 20, 28, 50, 82

N = 2, 8, 20, 28, 50, 82, 126.

For example, for example, oxygen with Z = 8 is particularly stable, since Z = 8 is
a magic number. Magic nuclei have more stable isotopes and are more spherical, which
means they have small electric quadrupole moments. Nuclei with magic numbers of both
protons and neutrons are “doubly magic,” and have even greater stability. This and
other phenomena suggest a shell structure for nucleons in nuclei much like the atomic
shell structure for electrons in atoms. For the nuclear shell model, we will use the same
quantum numbers and the same notation.

The nuclear shell model pertains to a single nucleon moving in the general potential
generated by all the other nucleons.

The Woods-Saxon central potential

V (r) = − V0

1 + e(r−R)/a
,

where V0, R, and a are constants, describes the effective potential for medium and heavy
nuclei. It provides an explanation for the smaller magic numbers, but not for the larger
ones. In 1949, Mayer and Jensen solved this problem by adding a spin-orbit term to the
potential, to get an overall potential of

V (r) = − V0

1 + e(r−R)/a
+ Vls(r)

(
~L · ~S

)
.

Here, ~L and ~S are the orbital and spin angular momentum operators for a single nucleon,
and Vls(r) is an arbitrary function of r. Note that “spin-orbit coupling” means there is an
interaction between the nucleon’s spin and its motion inside the potential. The coupling
between the ~L and ~S of the nucleon means m and s are no longer good quantum numbers.

Recall that ~J = ~L+ ~S. Squaring both sides gives us

~J 2 = ~L 2 + ~S 2 + 2~L · ~S.

Rearranging this gives us

~L · ~S =
1

2

(
~J 2 − ~L 2 − ~S 2

)
.

Then the expectation value of ~L · ~S is

〈~L · ~S〉 =
~2

2
[j(j + 1)− l(l + 1)− s(s+ 1)] .
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Since we are always dealing with a single nucleon, s = 1/2. For j = l+ 1/2, this becomes

〈~L · ~S〉 =
~2

2
l.

For j = l − 1/2, this becomes

〈~L · ~S〉 = −~2

2
(l + 1).

The splitting between the energy levels is then

∆E~L·~S =
2l + 1

2
~2 〈V~L·~S〉 .

Via experiment, it has been found that V~L·~S(r) is negative. This implies that the state
with j = l + 1/2 has lower energy than the state with j = l − 1/2. This is the opposite
of what happens in the atomic shell model.

As with the atomic shell model, we again use four quantum numbers. The first is
the overall energy shell n = 1, 2, 3, . . .. The second is the orbital angular momentum
l = 0, 1, 2, . . ., which are typically written as s, p, d, f, and so on. Note, unlike for the
atomic shell model, there is no longer a restriction on the values of l for a given n. That
is, l can go larger than n− 1. The third quantum number is j = l + s. For both protons
and neutrons, we know that s = 1/2. A given subshell is denoted nlj . For example, 2s1/2

means n = 1, l = 0, and j = 1/2. The final quantum number is mj , and its possible
values are mj = −j, . . . , j. These are energy degenerate. Each subshell can hold up to
2j + 1 nucleons. Since s = 1/2, and l is an integer, j = l + s is a half-integer, and so
2j + 1 is always an even number.

We can now draw the energy levels for nucleons in the nuclear shell model as shown
in the graphic below. This shows the single particle energy levels for either the neutrons
in a nucleus or the protons in a nucleus. The magic numbers 8, 20, 28, and 50 appear
just before large gaps between the energy levels. This diagram is useful for nucleons in
the outermost shells. To the right of each subshell, a number indicates the number of
nucleons that will fit in that subshell. For example, we can fit 6 nucleons in the 1d5/2

subshell since 2j + 1 = 2(5/2) + 1 = 6.
Much like we learned to write the electron configuration for atoms in chemistry, we

can now write the nucleon configurations for nuclei. For example, for the nucleus 17
8 O,

we have Z = 8 protons and N = 9 nucleons. Let’s consider the protons first. We can put
two protons in the lowest level (1s1/2), four into the next level (1p3/2), and the remaining
two in the third level (1p1/2). So we would write the proton configuration for this nucleus
as

(1s1/2)2(1p3/2)4(1p1/2)2.

For the neutrons, we do the same filling process to get

(1s1/2)2(1p3/2)4(1p1/2)2(1d5/2)1.

Using the diagram, we can predict the spin of ground state nuclei. Experimentally,
it is found that all nuclei with even Z and even N have zero nuclear spin (i.e. J = 0).
This leads to the pairing hypothesis which states that pairs of neutrons in a subshell
and pairs of protons in a subshell always couple to give a combined angular momentum of
zero. In nuclei with odd A, there will be a single unpaired nucleon, and it is this nucleon
which determines the net nuclear spin. For the 17

8 O example, we have no unpaired protons
and a single unpaired neutron, and so we predict this nucleus to have a nuclear spin of
J = 5/2 since this last nucleon is in a j = 5/2 subshell. For even A nuclei with odd Z
or odd N , it is not this simple because we would have both an unpaired neutron and an
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Figure 6.1: Nuclear shell model (Source: Wikipedia)

unpaired proton. All we can say is that the net nuclear spin is between |jp − jn| and
(jp + jn).

We can also predict the parity of ground state nuclei. A single nucleon has intrinsic
parity +1, and a total parity of (+1)(−1)l = (−1)l. For two nucleons with the same l, we
know that the parity is P = (+1)(+1)(−1)2l = +1. So paired nucleons will always have a
parity of +1. Thus, we can predict the total parity of a nucleus simply by multiplicatively
combining the parities of the unpaired proton and unpaired neutron. For the 17

8 O example,
we have a single unpaired neutron in a subshell with l = 2, thus we predict a parity of

+1 for this nucleus. Combining this with our prediction for its spin gives us JP = 5
2

+
.

We can predict the parity of all ground state nuclei in this manner—even the odd/odd
nuclei.

For nuclei with nonzero spin, we expect them to also have magnetic moments. This
is because both the proton and the neutron have intrinsic magnetic moments, and fur-
thermore, an electrically charged proton in motion would produce a magnetic moment
due to its orbital motion. The nuclear magnetic moment is

µ = gjjµN ,

where

µN =
e~

2mp
,

is the nuclear magneton, gj is the Lande g-factor, and j is the nuclear spin quantum
number.
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For even/odd nuclei, we expect paired nucleons to contribute nothing to the magnetic
moment, so the magnetic moment should only come from the single unpaired nucleon.
For j = l + 1/2, it turns out that

gj =
l

j
gj +

1

2j
gs.

For j = l − 1/2,

gj = gl

(
1 +

1

2l + 1

)
− gs

(
1

2l + 1

)
.

For protons, gl = 1 and gs ≈ 5.6, so

jgj =

{
j + 2.3 for j = l + 1

2

j − 2.3j
j+1 for j = l − 1

2

.

For neutrons, gl = 0 and gs ≈ −3.8, so

jgj =

{
−1.9 for j = l + 1

2
1.9j
j+1 for j = l − 1

2

.

This works somewhat to predict the nuclear magnetic moment for even-odd nuclei, but
it doesn’t work at all for odd-odd (i.e. odd Z and odd N) nuclei.

We can also use the nuclear shell model to predict properties of excited states. This
works well for the first one or two excited states, but not for higher excited states. Let’s
predict the spin and parity of the first excited state for the 17

8 O example. We found the
ground state proton and neutron configurations earlier. For the first excited state, there
are multiple possibilities. For example, we could promote a proton in the 1p1/2 subshell
to the 1d5/2 subshell, we could promote one of the 1p1/2 neutrons to the 1d5/2 subshells,
or we could promote the unpaired neutron in the 1d5/2 subshell to the 2s1/2 subshell.
Examining the diagram, we see that the third option has the smallest energy shift, so we
predict this option to be the first excited state.

We know that hadrons have different properties when they exist within dense nuclear
matter. Since nucleons in nuclei are within dense nuclear matter, this may explain why
the shell model isn’t better than it is.
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Problem Solving

7.1 Terminology and Concepts

You should be able to succinctly define and/or describe the significance of the following:

• Activity
• Asymptotic freedom
• Barn (unit)
• Baryon
• Baryon number
• Beam flux
• Beam intensity
• Beam luminosity
• Bethe-Bloch formula
• Binding energy
• Bjorken variable
• Bohr magneton
• Bohr model
• Boson
• Bremsstrahlung
• C Parity
• Cabibbo angle
• Cerenkov radiation
• Charge conjugation
• Charged currents
• CKM matrix
• Color singlet
• Coupling constant
• Cross-section
• Decay constant
• Deep inelastic scattering
• Electromagnetic production
• Electroweak interaction
• Exchange particle
• Fermion
• Fine structure constant
• Flavor independence
• Form factor
• Gauge invariance
• Glueball

• Gluon
• Gold-foil experiment
• Hadron
• Hadronization
• Half-life
• Helicity
• Hypercharge
• Isospin
• Jets
• Lepton
• Lepton number
• Lepton universality
• Lepton-quark symmetry
• Magic numbers (of nucleons)
• Magnetic moment
• Mandelstam variable
• Mass deficit
• Meson
• Momentum transfer
• Neutral currents
• Neutrino
• Noethers theorem
• Nucleon
• Opening angle
• Parity
• Pauli exclusion principle
• Photoproduction
• Planetary model of the atom
• Plum pudding model
• QCD
• QED
• Quark
• Quark confinement
• Quark mixing
• Quark-gluon plasma



7.2. Classifying Interactions 69

• Radioactive decay
• Reaction rate
• Scalar boson
• Semi-empirical mass formula
• Spin
• Stern-Gerlach experiment
• Strong interaction

• Structure function
• Symmetry breaking
• Vacuum polarization effects
• Vector boson
• Weak interaction
• Weinberg (weak mixing) angle

Can you answer the following questions?
1. How can the mass of a charged particle be measured?
2. How can we measure the momentum of a charged particle if we know its mass?
3. How can we measure the energy of a moving particle.
4. What are the three primary ways in which photons interact with matter, and what

are the associated energy regimes?
5. How is a reaction cross-section measured?
6. In general, what does an accelerator use to accelerate a charged particle? How does

it focus and steer the beam?
7. How could you create a high-energy photon beam?
8. How does a velocity selector work?
9. How does a mass spectrometer work?

10. What is the difference between invariant and conserved?
11. Describe the famous experiment that showed that electrons have spin (i.e. Stern-

Gerlach experiment)
12. Compare and contrast the Rutherford, Mott, and experimental cross-sections.
13. How can scattering experiments be used to determine the shape of extended parti-

cles, such as nuclei? That is, how are form factors related to charge distributions?
14. What does the nuclear binding energy curve look like, and what does this mean for

the energetics of fission and fusion?
15. What is the evidence that neutrinos have mass?
16. What is the evidence for neutrino oscillation?
17. What is the 3-quark model as opposed to the theory of QCD.
18. How do the different fundamental particles in the Standard Model interact?
19. What verified predictions does electroweak theory make?
20. Describe the famous experiment that showed parity violation in the weak interac-

tion.
21. Why did we need to posit the color charge quantum number?
22. How do we know that there are exactly three color states?
23. What is our evidence for the existence of quarks?
24. What is our evidence for the existence of gluons? Why do we know they are spin-1

particles?
25. How do we know that quarks have spin-1/2?
26. How do we know that quarks have fractional charge?
27. Describe and contrast the liquid drop, Fermi gas, and nuclear shell models of the

nucleus.

7.2 Classifying Interactions

Universal Rules

Energy Conservation: This is a particularly useful check for decays (i.e. the initial side
contains a single particle). Then, in the rest frame of the particle, we know that the
total momentum on both sides is zero. This means the mass on the right must be
less than the mass on the left. For interactions involving multiple initial particles,
this is less useful, because the probe particle may have high enough momentum that
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the products may have more mass than the rest masses of the particles on the left
side.

Electric charge: Electric charge must always be conserved in all interactions.

Lepton number: Lepton number is conserved in all interactions.

Baryon number: Baryon number is conserved in all interactions.

Spin: Angular momentum (spin) is conserved in all interactions. For example, one reason
the interaction

n→ p+ e−,

is not allowed is because spin is not conserved. On the left it is 1/2 and on the right
there are two spin-1/2 particles meaning the total spin is 0 or 1. A fermion cannot
decay into a boson or a bosonic system. In general:

• The total spin of two bosons is an integer
• The total spin of two fermions is also an integer
• The total spin of a fermion plus a boson is a half-integer

If the total spin of one side of an interaction is an integer, then the total spin of the
other side must also be an integer.

Identifying Interactions

Hadrons: An interaction that involves only hadrons is not necessarily a strong interac-
tion. An interaction that involves only hadrons and if quark flavors are conserved,
then it is a strong interaction.

Neutrinos: An interaction involving neutrinos can only be a weak interaction.

Photons: If an interaction involves a photon, it must be electromagnetic. However, not
all EM interactions involve real photons. Some may involve virtual photons which
are not written.

The mean lifetime of particles that decay via the three different interactions is

weak : 10−7 s to 10−13 s

EM : 10−16 s to 10−21 s

strong :∼ 10−23 s.

Further Rules

After excluding the strictly forbidden interactions given above, follow these steps to de-
termine whether interactions of a specific type are forbidden or not.

Quark flavors: Quark flavors are conserved in all but the weak interaction. Remember,
you have to add all the flavor numbers. For example,

π+ |ud〉+ π− |du〉 ,

has a total upness of zero and a total downness of zero since, for example, the up
quark from the π+ cancels with the anti-up quark from the π−.

Parity: Parity is conserved in all but the weak interaction. Applying parity conservation
can be tricky. The parity of some particles is given here:
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• Photon: P = −1
• All leptons: P = +1
• All quarks: P = +1

Antileptons and antiquarks have opposite parity from leptons and quarks. Bosons
and antibosons have the same parity. For a two-particle system (like either side of
many simple reactions), the parity is

P = P1P2(−1)l,

so regardless of what the parities P1 and P2 of the individual particles are, the pair
of particles can have any possible parity depending on the angular momentum l of
the binary system.

C-Parity: C-parity is conserved in all but the weak interaction. For multi-particle in-
teractions, C-Parity is tricky. For example, for a pair of mesons, the C-Parity is
obtained not just by converting each particle to its anti-particle, but also by con-
sidering the momentum L of the system

Ĉ(π+π−) = (−1)L.

For two fermions, it is even more complicated because it also depends on the spin

Ĉ(f + f) = (−1)L+S .

Isospin: Isospin I is conserved in strong interactions but not in EM interactions. The
third component I3 is conserved in both strong and EM interactions. However,
remember that isospin additions follow the rules of angular momentum addition.
Verifying I conservation requires following the rules for finding the total magnitude
of the sum of two angular momenta, but the I3 just add arithmetically.

Selection rules: For weak interactions, consider the selection rules for strangeness and
electric charge of the quarks. There are two types of allowed weak interactions:

• ∆S = 0 and ∆Q = ±1
• ∆S = ∆Q = ±1. That is, ∆S and ∆Q have the same sign.

Strangeness: Strangeness is conserved in strong and electromagnetic interactions. Con-
versely, if a hadronic interaction occurs weakly, then strangeness must not be con-
served. Otherwise, it would have occurred strongly since strong interactions occur
more quickly.

Quark and Lepton Families: Weak interactions between different families of quarks
or leptons are not allowed. Strong interactions between different quark families is
allowed.

7.3 Feynman Diagrams

**Add Material**
At each vertex in a Feynman diagram, the quantum numbers are conserved.

7.4 Interaction Kinematics

The 4-momentum of a particle is defined as

P =

(
E

c
, ~p

)
.
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The total 4-momentum of a system is the same before and after an interaction.
The scalar product of two 4-vectors a and b is

ab = a0b0 − ~a ·~b.

The relativistic energy-momentum relation for a particle is

E2 = m2
0c

4 + ~p 2c2.

Remember that the energy of a photon is always E = pc.
In general, given an interaction of the form

a+ b→ c+ d,

we:
1. Set it up in terms of 4-momenta as[

Ea

~pa

]
+

[
Eb

~pb

]
=

[
Ec

~pc

]
+

[
Ed

~pd

]
.

2. Each component of the total 4-momentum on each side is the same, so we apply
energy and momentum conservation to relate the two sides together.

3. For each particle, we relate the energy and the 3-momentum by applying the rela-
tivistic energy-momentum relation.

The Mandelstam variable
s ≡ m2.

is the invariant mass of a system. For an interaction

a+ b→ c+ d,

the Mandelstam variable is

s =
(Pa + Pb)

2

c2
=

(Ea + Eb)
2 − (~pac+ ~pbc)

2

c4
,

where the Pi are the relevant 4-momenta, and the ~pi are the 3-momenta. The Mandelstam
variable is both invariant and conserved.

7.5 Cross-sections and Reaction Rates

**Add Material**

7.6 Binding Energy and the SEMF

For stable nuclei, the mass of a nucleus containing N neutrons and Z protons is less than
the total mass of N isolated neutrons and Z isolated protons. This mass deficit is in the
binding energy that binds the nucleons together in the nucleus.

The semi-empirical mass formula (SEMF) approximates the mass of a nucleus as

M(Z,A) = ZMp +NMn −
EB
c2
,

where the binding energy is

EB = avA− asA
2
3 − ac

Z(Z − 1)

A
1
3

− aa
(A− 2Z)2

A
+ δ(A,Z).

You should know the following about the different terms in the SEMF:
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• The first term in EB is the “volume term,” and it accounts for the fact that due to
the short-range strong force, each nucleon feels the effect of the nucleons immediately
adjacent to it. Since the radius of a nucleus is proportional to A

1
3 , the volume is

proportional to A. Since the strong force affects protons and neutrons equally, this
term is independent of Z.

• The second term in EB is the “surface term” which accounts for the fact that
nucleons at the surface of a nucleus do not have as many neighboring nucleons as
those in the interior. Since the volume is proportional to A, the surface area is
proportional to A

2
3 .

• The third term is the “Coulomb term.” This term corrects for the electrostatic
Coulomb repulsion between protons in the nucleus.

• The fourth term is the “asymmetry term,” which is a quantum-mechanical correc-
tion. The Pauli exclusion principle implies that if there is an asymmetry between
the numbers of protons and neutrons in a nucleus, the energy of the nucleus must
be higher than if there was less asymmetry.

• The last term, is called the “pairing term.” This term corrects for the spin-coupling
between nucleons.

7.7 Particle Properties

You should memorize the particle properties which are given in this section.

Particle JPC/JP Mass (MeV/c2) Quark Content

γ 1− 0 —

e− 1
2

+
0.511 —

ν 1
2

+
small —

p 1
2

+
938.27 uud

n 1
2

+
939.57 udd

π0 0−+ 134.98 uu or dd

π± 0− 139.57 ud or du

η 0−+ 547.85 uu, dd, and ss combo
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Figure 7.1: The Standard Model of Particle Physics (Source: Wikipedia)
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