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Chapter 1

Mechanics

1.1 Introduction

The purpose of physics is essentially to accurately
predict the results of future experiments. Mathematics
provides a bridge between theory and experiment.

In classical mechanics, which concerns the motion of
objects much larger than atoms and moving at speeds
much lower than the speed of light, we use only three
fundamental quantities: length (m) based on the speed of
light, mass (kg) based on a specific cylinder, and time (s)
based on the vibrations of cesium atoms. All other quan-
tities in mechanics can be expressed in terms of these.

How do we define matter? As something material
(something that has mass)? That’s not inclusive enough.
For example, light doesn’t have mass. That which is phys-
ical?

Macro-world

The macro-world contains everything that we can see, ba-
sically. We use three dimensions to describe the motion
of objects in the macro-world. So, we use a 3D refer-
ence frame (x, y, z). There’s only one set of equations we
need to describe objects in the macro-world: Newton’s
law ~F = m~a. With Newton’s law and a 3D reference
frame, we can predict, with complete certainty, the mo-
tion of an object.

Describing objects at this level requires second order
differential equations.

Micro-world

This includes essentially, any object not in the macro-
world. Examples include molecules, atoms, nuclear par-
ticles, electrons, all elementary particles, photons, and so
on.

The behavior of the objects in the micro-world can-
not be described by Newton’s law. Quantum mechanics
studies these objects and gives probabilistic rather than

certain predictions. Things in the micro-world are mod-
eled by Schrodinger’s equation:

i~
∂

∂t
Ψ = ĤΨ

Describing objects at this level requires partial dif-
ferential equations.

Universal

Time exists both in the macro and the micro worlds.
Length (space) exists in both worlds. Light phenomena
exists in both the macro (e.g. incidence and reflection)
and the micro worlds.

Einstein, with his special and general theories of rel-
ativity, single-handedly gave us the equations for this
model.

Describing objects at this level requires partial dif-
ferential equations.

We have been unable to unify gravitational force with
electrical force due to the vast difference of scale. It’s
analogous to using a handheld calculator to add 10 to
1038. The 10, is simply negligible in comparison, much
like gravitational force is negligible at the scale at which
electricity is powerful.

Note, the physics chapter of this handbook assumes
familiarity with dimensional analysis (found in the Math-
ematical Modeling chapter) and vectors (found in the Cal-
culus chapter), both of which can be found in other chap-
ters.

1.2 1D Kinematics

Kinematics is the physics of describing motion.
1



2 CHAPTER 1. MECHANICS

Displacement is change in position over some in-
terval of time, and it can be positive or negative

displacement =
change in position

change in time
.

This is not the same as the distance traveled. The ab-
solute value of the displacement of a particle is less than
or equal to the distance traveled by the particle. Dis-
placement is a vector quantity and distance is a scalar
quantity.

The distance traveled by a moving particle is the
length of its path—it is always positive. When dealing
with one-dimensional motion along the x-axis, keep in
mind that the distance traveled ∆x is simply xf − xi.

Always diagram the problem—especially if you’re
asked to find the distance a particle has traveled. It’s
so easy to confuse displacement with distance traveled,
and diagramming the problem explicitly helps to see
how many times the particle oscillated before coming
to rest.

Tip:

Velocity

Average speed is distance traveled divided by the
change in time

average speed =
distance traveled

change in time
.

Average velocity is the displacement divided by the
change in time

average velocity =
displacement

change in time
.

Mathematically,

vavg =
∆x

∆t
.

Notice that average speed is a scalar quantity whereas av-
erage velocity is a vector quantity. Average speed is not
simply the magnitude of the average velocity. For exam-
ple, you could travel a long ways and end up having zero
displacement, and so your average velocity is 0 despite
having an average speed throughout your travels.

The instantaneous velocity of a particle is the limit
of the average velocity as the change in time approaches
zero

v = lim
∆t→0

∆x

∆t
=
dx

dt
.

In other words, it is the derivative of the position function
with respect to time. When referring to “velocity” the
instantaneous velocity is usually what is meant. The in-
stantaneous speed is the magnitude of the instantaneous

velocity. When referring to “speed,” the instantaneous
speed is usually what is meant.

For a particle at constant velocity, the position at
any point in time is given by the initial position plus the
velocity times the elapsed time

x = x0 + vxt,

where vx is the velocity of the particle in the x-direction
and x0 is the particle’s initial position. Since velocity is
defined as the time rate of change of position, if you plot
the particle’s position on the vertical axis and time on
the horizontal axis, then velocity will be the slope of the
resulting curve. For a particle at constant velocity, the
position function will be a straight line with slope v and
y-intercept x0.

Acceleration

Acceleration occurs when the velocity of a particle
changes with time. Average acceleration is the change
in velocity divided by the change in time

average acceleration =
change in velocity

change in time
.

Mathematically,

aavg =
∆v

∆t
.

Instantaneous acceleration is the limit of the average
acceleration as the change in time approaches zero

a = lim
∆t→0

∆v

∆t
=
dv

dt
.

Acceleration is the time time rate of change of the ve-
locity, that is, it is the derivative with respect to time of
the velocity function. This means acceleration is also the
second time derivative of the position function. When
referring to “acceleration” we usually mean the instanta-
neous acceleration.

The velocity function for a particle at constant ac-
celeration is

v = v0 + at. (1.1)

The average velocity of a particle in constant acceleration
is

vavg =
1

2
(v0 + v).

Negative acceleration doesn’t necessarily mean some-
thing is slowing down. If velocity is negative too, then
the object is actually speeding up... just in the direc-
tion chosen as negative. An object is speeding up if its
velocity and acceleration have the same sign.

Tip:

How do we derive a position function for a particle
under constant acceleration, and therefore, non-constant
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velocity? We can’t simply combine the two equations
above because in the first case, velocity is constant, un-
like in the second case. To do this, we use two different
definitions/equations for average velocity. Average veloc-
ity is defined as displacement divided by change in time,
vavg = ∆x

∆t . At constant acceleration, velocity is linear,
so its average can also be computed as vavg = v+v0

2 . We
have that ∆x = x − x0 and ∆t = t − t0. Letting t0 = 0,
and combining the two definitions and rearranging, we
get

x = x0 +
1

2
(v0 + v) t.

Now we can combine this equation with equation (1.1),
and we find that position as a function of time is given
by

x = x0 + v0t+
1

2
at2.

This can also be derived using calculus by solving the
differential equation v = dx

dt using separation of variables
after substituting v0 + at for v.

Solving equation (1.1) for t and substituting it into
x = x0 + 1

2 (v0 + v) t gives us the velocity of a particle un-
der constant acceleration in one dimension as a function
of position

v2 = v2
0 + 2a(x− x0).

Keep in mind the sequence position > velocity > ac-
celeration > jerk. To move toward the right, you differ-
entiate. To move toward the left, you integrate.

• Acceleration function = the derivative of the veloc-
ity function = the second derivative of the position
function.

• Velocity function = the derivative of the position
function = the integral of the acceleration function.

• Position function = the integral of the velocity func-
tion = the second integral of the acceleration func-
tion.

So to find the velocity of a particle when given the posi-
tion as a function of time or to find the acceleration of a
particle given the velocity as a function of time, you use
differentiation. To go the other way, you use integration.
For example, the definite integral of the velocity function
gives the displacement of the particle.

Make an effort to understand the concepts of posi-
tion (i.e. distance traveled), velocity, acceleration, and
time and their relationships with each other in an intu-
itive manner. Velocity can be thought of as meters per
second and acceleration can be thought of as meters per
second per second.

Another way to think of it is that velocity is the rate
of change of position and acceleration is the rate of change
of velocity.

2 4 6 8 10

2

4

6

8

10

t, time

x, position

Consider the position versus time plots for three dif-
ferent particles shown above. The horizontal black line
represents a particle sitting still at the x = 5 position.
Such motion is described by an equation of the form
x = x0. It has no velocity or acceleration because its po-
sition doesn’t change. Now consider the linear red line. It
represents a particle with a constant velocity. Such mo-
tion is described by an equation of the form x = x0 + v0t.
The position is changing linearly, which means the veloc-
ity is constant and there is no acceleration. Now consider
the blue quadratic plot. This line represents a particle
moving along the x-axis with increasing rapidity. Not
only is the particle moving—it is moving faster and faster.
This particle’s velocity is changing linearly because it has
a nonzero constant acceleration. Such motion is described
by an equation of the form x = x0 + v0t+ 1

2at
2.

If acceleration is constant, then velocity changes lin-
early, and position changes as a quadratic. If velocity is
constant, then the position changes linearly, and the ac-
celeration is zero. If jerk is constant, then acceleration
changes linearly, velocity changes as a quadratic, and the
position changes as a cubic.

When the question asks for a velocity or an accelera-
tion, don’t forget to include the direction since these
are vector quantities.

Tip:
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The velocity function of a car moving along the x-
axis is v(t) = −10 + 6t. Answer the following questions
for ti = 0s and tf = 10s and the car’s initial position is
at x = 0. Position is measured in meters:

What is the car’s acceleration? The acceler-
ation can be determined by differentiating the velocity
function: a = 6 m/s2.

Give a function for the position of the car
with respect to time. The position function can be
obtained by integrating the velocity function and given
the fact that the initial position of the car is at x = 0,
we know that the constant of integration is zero. The
position function is x = −10t+ 3t2.

What is the car’s displacement? Since dis-
placement is the difference between the initial position
and the final position, we can simply plug t = 10 into
the position function, and we find that the car’s dis-
placement is 200 m.

What is the distance traveled by the car? In

our case, the displacement is not the same as the dis-
tance traveled because the car initially goes backward
but ends forward of where it started. We can visualize
this by graphing the position function and noting that
where it is negative, the car is going in the negative
x direction. Differentiating the position function and
setting it equal to zero, we find that the car changes
direction at t = 1.67 s. Plugging this into the position
function, we find that the car’s position at that time
was −8.33 m. So the car initially went backwards 8.33
m. Then it went forward 8.33 m back to zero before go-
ing on forward to x = 200 m. So the car’s total distance
traveled was 200 + 8.33 + 8.33 = 217 m.

What is the average velocity of the car? Re-
call from calculus that the average of a function is given
by

fave =
1

b− a

ˆ b

a

f(x) dx.

In our case, the average velocity was

vave =
1

10

ˆ 10

0

(−10 + 6t) dt = 20 m/s.

Example:

Be careful with your units. If you have a velocity
function and you plug in a specific time and cancel units
properly, you should end up with the units m/s. If your
solution doesn’t make sense, check your units. Include
your units through every step of your solution process to
make sure you don’t make a mistake. Always be aware of
the units. Sometimes, in a difficult multiple choice ques-
tion, some answers can be eliminated because they don’t
have the right units. Even if the answers are given in
variables, you can figure out what the final units would
be for that answer. If the question is, ”How long...” then
the answer will not have the units m/s—it will have units
of time only.

Given the velocity function

v(t) = 8 m/s3t2 + 7 m/s cos

(
2

s
t

)
,

find the velocity at t = 3 s. Note: Use degrees, not
radians.

Plugging in t = 3 s and simplifying, we get

v(3 s) = 8 m/s3(3 s)2 + 7 m/s cos

(
2

s
(3 s)

)
= 8 m/s3 · 9 s2 + 7 m/s cos (6)

= 72 m/s + 7 m/s · 0.9945

= 79 m/s.

Notice that the units cancelled in the argument of
the cosine function. This must happen when you plug
in specific values for trigonometric functions since the
arguments of the trigonometric functions are unitless.
So when writing your functions, double-check that the
arguments of any trigonometric functions will be unit-
less once a specific value is plugged in.

Example:

A common model used in one-dimensional kinemat-
ics is that of a particle moving in the x-direction under
constant acceleration. The equations for the position and
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velocity of such a particle are as follows

v(t) = v0 + at

x(t) = x0 + v0t+
1

2
at2.

Other equations, which can be derived are

vavg =
v0 + v

2

v(t) = ±
√
v2

0 + 2a(x− x0)

v(t) = v(t0) +

ˆ t

t0

a(t′) dt′

x(t) = x0 +
1

2
(v0 + v) t

x(t) = x(t0) +

ˆ t

t0

v(t′) dt′.

It’s important to understand what each part of these
equations means. Consider the last equation for exam-
ple. t is the variable, t0 is not a variable—it’s a number,
a specific time, and t′ is the integrated variable. All three
of these are different. Make sure you distinguish them as
you go along.

Keep in mind, if the particle’s acceleration is not
constant, then these equations do not apply. To derive
such equations in general, use the calculus definitions of
velocity and acceleration

v =
dx

dt

a =
dv

dt
=
d2x

dt2
.
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Find the position function and the acceleration
function given the following velocity function and initial
conditions

v(t) = 8 m/s3t2 + 7 m/s cos

(
2

s
t

)
, x(0) = 5 m.

To find the acceleration function, we simply differ-
entiate the velocity function

a(t) =
dv

dt

= 2 · 8 m/s3t+ 7 m/s

[
− sin

(
2

s
t

)
· 2

s

]
= 16 m/s3t− 14 m/s2 sin

(
2

s
t

)
.

Remember to use the chain rule when dealing with com-
posed functions. In this case, we had to take the deriva-
tive of the cosine function and then take the derivative
of its argument. To double-check the solution, make
sure that you get units of m/s2 (since this is an acceler-
ation function) if you plug in a specific time. The first
term has a factor of t, which will have units of s, which
will cancel one of the s’s in the denominator, leaving us
with units of m/s2 for the first term. The units in the
sine function will cancel, so the second term will also
have units of m/s2, so we are good.

To find the position function, we integrate the ve-
locity function

x(t) = x(ti) +

ˆ t

ti

Vx(t′) dt′

= 5 m +

ˆ t

0

[
8m/s3t′2 + 7m/s cos

(
2

s
t′
)]

dt′

= 5 m + 8m/s3

ˆ t

0

t′2 dt′ + 7m/s

ˆ t

0

cos

(
2

s
t′
)
dt′

= 5 m +
8

3
m/s3t′3

∣∣∣t
0

+
7

2
m/s sin

(
2

s
t′
) ∣∣∣t

0

= 5 m +
8

3
m/s3t3 +

7

2
m sin

(
2

s
t

)
.

Notice that we did a definite integration even though
we derive a function rather than a number. In the case
of a function, you simply use the variable as the upper
limit of the derivative.

Alternatively, we can use indefinite integration to
find the position function.

x(t) =

ˆ
v(t′) dt′

=

ˆ [
8 m/s3t2 + 7 m/s cos

(
2

s
t

)]
dt

= 8 m/s3

ˆ
t2 dt+ 7 m/s

ˆ
cos

(
2

s
t

)
dt

=
8

3
m/s3t3 +

7

2
m sin

(
2

s
t

)
+ C.

To find the value of the integration constant C we use
the initial conditions x(0) = 5 m. With these initial
conditions, we are given the value of x(t) at t = 0 s.
Plugging t = 0 s into our equation above and solving
for C gives us

x(0) = 5 m =
8

3
m/s3(0 s)3 +

7

2
m sin

(
2

s
(0 s)

)
+ C

C = 5 m.

So our final answer for the position function is

x(t) =
8

3
m/s3t3 +

7

2
m sin

(
2

s
t

)
+ 5 m.

Example:

All objects near the surface of earth feel a constant
downward acceleration due to the mass of the earth that
is approximately equal to g = 9.80 m/s2. For free-fall
objects, substitute −g for a in the equations above. Be
consistent with your signs. Typically, for free-fall objects,
we consider height above ground as the positive x-axis.
Therefore, the gravitational acceleration being toward the
ground is −9.80 m/s2 rather than 9.80 m/s2. If the initial
velocity is toward the ground, then it also has a negative
sign in the equation.

The velocity of a projectile at the top of its arc is zero,
but not the acceleration. The acceleration is a con-
stant g throughout the objects motion.

Tip:

When dealing with a problem that you’re not sure
of how to approach, list the given variables as well as the
asked for variables. For example, for the question, “What
is the deceleration experienced in going from 500 mph to
0 mph in 2 seconds on a straight road?”, you would write
a = t, vi, vf since the problem is asking for the (negative)
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acceleration, and is giving the time and the initial and fi-
nal velocities. Then you would use a formula or equation
in those variables. If you don’t have one, you’ll have to
derive one from other known equations. Remember to
encode the details of the problem carefully. For example,
“starting from rest” implies that vi = 0.

Do lots of problems. At some point you suddenly re-
alize that it’s mostly a matter of remembering a few key
equations, so that you can derive new ones by solving for
different variables, and then plugging in the data from
the problem. Always try to recall the relevant equations
from memory. Only refer to the ones in your notes after
you’ve actually tried to remember and/or derive it.

Find the position function for a particle traveling
with constant jerk.

If jerk is constant, then acceleration is linear, ve-
locity is quadratic, and position is cubic. If jerk, J is
constant, then

af = ai + Jt

and

vf = vi + ait+
1

2
Jt2,

for the same reason that there are similar functions
for vf and xf when acceleration is constant. To find
the function for displacement, start with the defini-
tion v = dx

dt . Rearranging, we get v dt = dx. Putting

it into integral form, we get
´ t

0
v dt = xf − xi. Now

we substitute our vf to get

ˆ t

0

vi + ait+
1

2
Jt2 dt = xf − xi,

which simplifies to

xf = xi + vit+
1

2
ait

2 +
1

6
Jt3.

Example:

The equations given above only work in restricted
cases, even for one-dimensional motion. What if instead
of being given the initial position and initial velocity,
you’re given non-initial values of position and velocity?
What if the acceleration is not constant? It is essential
to be able to derive equations on-the-spot using calculus.
All that you really have to remember are the calculus
definitions for acceleration and velocity

v =
dx

dt

a =
dv

dt
=
d2x

dt2
.

Here, we go through several examples of using calculus to
derive the equations we want.

Example 1: Given a constant acceleration and the

initial conditions

x(0) = x0

v(0) = v0,

find the position function.

We know that acceleration is defined as

a =
dv

dt
.

Multiplying both sides by dt to form a differential equa-
tion gives us

a dt = dv.

Integrating both sides gives us

at+ C = v.

Notice that we need only one constant of integration C
since the differential equation is first order. Since our
function gives velocity in terms of time, C must be the
initial velocity, so C = v0. To think of this graphically,
notice that at+C = v defines velocity as a linear function
of time. That is, the velocity function is a line and C is
the vertical intercept which corresponds to the value of
v(t) at t = 0. So our velocity function is

v(t) = v0 + at.

To find the position function, we have to know how po-
sition relates to velocity so we can work with the above
equation. We know that

v =
dx

dt
,

and now that we found a function for v, we can substitute
it into the equation to get

v0 + at =
dx

dt
.

Multiplying both sides by dt gives us

(v0 + at) dt = dx.

Integrating both sides gives us

v0t+
1

2
at2 + C = x.

This is now a quadratic function with vertical intercept
C corresponding to the value of x(t) when t = 0, so

x(t) = x0 + v0t+
1

2
at2,

which is the familiar function for position at constant ac-
celeration.

Example 2: Find the position function given that
acceleration is constant and

x(t1) = x1

v(t1) = v1.
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This means that at some time t1, we are given the posi-
tion x1 and velocity v1. These are not the initial values
(i.e. t = 0 values), but we can find the position function
in a manner similar to what we did above. We start with
the definition of acceleration

a =
dv

dt
,

separate the variables and integrate to get

v(t) = at+ C.

Plugging in t1 for t gives us

v(t1) = at1 + C.

But we know that v(t1) = v1, so equating the two and
solving for C gives us

C = v1 − at1.

Substituting this value for C in our equation for v(t) gives
us

v(t) = at+ v1 − at1.

To find the position function x(t), we use the defini-
tion of velocity

v(t) =
dx

dt
.

Substituting in our known velocity function, separating
variables, and integrating, gives us

dx

dt
= at+ v1 − at1

dx = (at+ v1 − at1)dt

x(t) =

ˆ
(at+ v1 − at1) dt

=
1

2
at2 + v1t− at1t+ C.

Remember, the variable is t. The quantity t1 is just some
constant. Plugging in t1 gives us

x(t1) =
1

2
a(t1)2 + v1t1 − at1t1 + C.

However, we are given that x(t1) = x1, so we can solve
for C to get

C = x1 − v1t1 +
1

2
at21.

Plugging this into the equation for x(t), we get our posi-
tion function

x(t) =
1

2
at2 + v1t− at1t+ x1 − v1t1 +

1

2
at21

=

(
x1 − v1t1 +

1

2
at21

)
+ (v1 − at1)t+

1

2
at2.

Example 3: Given constant acceleration and

x(t1) = x1

v(t2) = v2,

find the position function. Notice that this is different
from the previous example in that we are given the posi-
tion at one time and the velocity at another time. In the
previous example, we were given the position and velocity
at some specific time.

Again, we start with the differential equation defini-
tion of acceleration, and integrate it to get v(t) = at+C.
Plugging in t2 and setting it equal to the given value
v(t2) = v2 allows us to solve for C and get C = v2 − at2,
so

v(t) = at+ v2 − at2.
We know that v(t) = dx

dt , so

dx

dt
= at+ v2 − at2ˆ

dx =

ˆ
at+ v2 − at2 dt

x(t) =
1

2
at2 + v2t− at2t+ C.

Using the given value x(t1) = x1, we solve for the con-
stant to get C = x1− 1

2at
2
1 + v2t1− at2t1, so our position

function is

x(t) = x1 + v2t1 − at2t1 −
1

2
at21 + v2t− at2t+

1

2
at2.

Example 4: Find the position function if accelera-
tion is constant and

v(t2) = v2

v(t3) = v3.

Again, we start with the differential equation definition of
acceleration, and integrate it to get v(t) = at+ C. Plug-
ging in t2 and setting it equal to the given value v(t2) = v2

allows us to solve for C and get C = v2 − at2, so

v(t) = at+ v2 − at2.

We know that v(t) = dx
dt , so

dx

dt
= at+ v2 − at2ˆ

dx =

ˆ
at+ v2 − at2 dt

x(t) =
1

2
at2 + v2t− at2t+ C.

We are not given a value of x(t) at any point, so there
is no way to calculate the value of C. The above is the
position function that satisfies the two measurements of
velocity at the beginning of the problem, but C could be
anything.

Example 5: Find the position function if

x(0) = x0

v(0) = v0

a = bt.
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Notice that acceleration is not constant—it is a linear
function of time. We still use the same general process.

We know that acceleration is defined as

a =
dv

dt
,

Substituting in a = bt and separating the differentials
gives us

bt dt = dv,

which we can integrate to get

ˆ
dv =

ˆ
bt dt

v(t) =
1

2
bt2 + C.

Using the given value v(0) = v0, we plug t = 0 into v(t)
and find that the value of the constant is C = v0, so our
velocity function is

v(t) =
1

2
bt2 + v0.

We know that

v =
dx

dt
,

and substituting this in our equation, we have that

dx

dt
= v0 +

1

2
bt2.

Multiplying both sides by dt turns it into the differential
equation (

v0 +
1

2
bt2
)
dt = dx.

Integrating both sides gives us

x(t) = v0t+
1

6
bt3 + C.

Plugging in t = 0 gives us x(0) = C, but we are given in
the beginning that x(0) = x0, therefore, C = x0. So our
position function is

x(t) = x0 + v0t+
1

6
bt3.

What is the average velocity of the particle with
the position function

x(t) = x0 + v0t+
1

6
bt3,

between t = 1 s and t = 5 s if x0 = 4 m, v0 = 5 m/s,
and b = 6 m/s3?

Recall that average velocity is defined as

vavg =
∆x

∆t
=
xf − xi
tf − ti

.

To find the average velocity, we simply plug in the
values

vavg =
x(5)− x(1)

4
.

We can also do this with the calculus definition
of the average value of a function

favg =
1

b− a

ˆ b

a

f(x) dx.

In our case, we get

vavg =
1

4

ˆ 5

1

(
v0 +

1

2
bt2
)
dt.

Example:

Example 6: The acceleration of an object moving
along the x-axis is, a(x) = 2 s−2x. If the velocity is zero
when x = 1m, what is the speed when x = 3m? Note
that the acceleration is given as a function of x rather
than as a function of time.

Recall that is defined as the rate of change of position
with respect to time

a =
dv

dt
.

In our case, the acceleration is a function of position x
rather than a function of time. In other words, that ac-
celeration of the particle does not depend directly on the
time, but rather on the position of the particle.

To replace dt with dx, we apply the chain rule to get

a =
dv

dt
=
dv

dx
· dx
dt
.

Notice that v = dx
dt , so we have

a =
dv

dx
· v,

which can be rewritten as the differential equation

a dx = v dv.
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However, we know that a(x) = 2 s−2x, so we have

2x dx = v dv.

Integrating both sides gives us

x2 + C =
1

2
v2.

We are told that the velocity is zero when x = 1, so

(1)2 + C = 0 =⇒ C = −1,

so

2x2 − 2 = v2.

To find the speed at 3m, we just plug it in

v2 = 2(3)2 − 2

v2 = 16

v = 4 m/s

Since it asks for speed, we don’t have to worry about the
negative sign that comes from the square.

How long does it take for the particle described
above to travel from x = 1 m to x = 3 m? Since
the velocity is not constant, we can’t just plug in our
value of 4 m/s. We want to find ∆t and our equation
doesn’t contain it so we use the definition

v =
dx

dt
.

Rearranging it into a differential equation gives us

v dt = dx.

However, we want to solve for t rather than x. We
want to integrate v with respect to x rather than t, so
we have to rearrange our differential equation into

dt =
1

v
dx.

Substituting our function for v and setting up the in-
tegral, we have

ˆ
dt =

ˆ
1√

2x2 − 2
dx.

We want the time interval from x = 1 m to x = 3, so
our solution is given by

∆t =

ˆ 3

1

1√
2x2 − 2

dx.

The integral on the right side yields a natural log.

Example:

1.3 2D and 3D Kinematics

Two-dimensional kinematics is the study of motion in two
dimensions. For one-dimensional motion, our function
describing a particle’s motion is a scalar function. For
two-dimensional motion, we use vector functions to ac-
complish the same thing.

The vector functions of two-dimensional motion are
very similar to the scalar functions of one-dimensional
motion:

~vavg =
∆~r

∆t

~v =
d~r

dt

~aavg =
∆~v

∆t

~a =
d~v

dt
.

Note, ~r is the position of the object, ~v is its velocity, and
~a is its acceleration.

For constant acceleration, the position and velocity
functions become

~v = ~v0 + ~at

~r = ~r0 + ~v0t+
1

2
~at2.

Keep in mind that constant acceleration can only occur
for objects moving in a straight line. Any objects follow-
ing a curved path are necessarily accelerating since their
direction of motion is changing.

A key principle is that horizontal and vertical mo-
tion can be analyzed separately. This means you can
treat horizontal components in a one-dimensional fashion
and do the same with the vertical components and then
combine the results in a single vector function. In other
words, we can write the vector form of the equations of
motion in cartesian form as

~v = (vx0 + axt) î+ (vy0 + ayt) ĵ

~r =

(
x0 + vx0t+

1

2
axt

2

)
î+

(
y0 + vy0t+

1

2
ayt

2

)
ĵ,

and then consider the direction components separately as

rx = x(t) = x0 + vx0t+
1

2
axt

2

ry = y(t) = y0 + vy0t+
1

2
ayt

2

vx = vx(t) = vx0 + axt

vy = vy(t) = vy0 + ayt

Given the motion of a particle in parametric form,
for example, x = 10t and y = 3t − 4.90t2 in meters with
t in seconds, it’s a simple matter to put it into vector
form as ~r = 〈10t, 3t − 4.90t2〉m. Then the velocity and
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acceleration vector functions are found by simply dif-
ferentiating this vector function once and twice to get
~v = 〈10, 3− 9.80t〉m/s and ~a = 〈0,−9.80〉m/s2.

Whenever you’re given information about the x di-
rection of a particle and are asked for information about
the y direction, or vice versa, you must use the parameter
t to go between them. In other words, you must solve for
t using the given information and then plug t into some
relationship about y in order to answer the question.

Remember that vector equations are parametric
equations of the form ~r = 〈x(t), y(t)〉. It’s easy to find the
path of these particles in the xy-plane—just eliminate the
parameter by solving for t in one equation and plugging
this into the second equation.

Remember that average velocity is displacement over
time, so average velocity is independent of the path taken.

Projectile Motion

An object thrown upward or outward in the presence of
Earth’s gravity will have a parabolic trajectory. That is,
its equation of motion is a simple quadratic. To solve
such problems,

1. Draw a picture of the situation with a consistent
reference frame (i.e. coordinate system)

2. Analyze the motion by breaking it into components
x and y.

The simplifying factor of projectile motion is that there
is no horizontal acceleration and the vertical acceleration
is a constant −g. Simplify the horizontal and vertical
components individually as much as you can by applying
the equations of one-dimensional motion to each of them.
Keep in mind that the highest point that the projectile
reaches occurs where vy = 0 and for a projectile start-
ing and impacting at the same y-level, the high point is
exactly halfway between the origin and the impact.

When doing projectile motion, we assume that
the acceleration (gravitational attraction) is constant
throughout the motion, and that air resistance is neg-
ligible.

In general, for projectile motion, our equations be-
come

x(t) = x0 + vx0t

y(t) = y0 + vy0t− 4.90t2

vx(t) = vx0

vy(t) = vy0 − 9.80t.

The initial velocity of a projectile allows us to de-
termine the angle from the horizontal at which it was
launched. From the relations x = r cos θ and y = r sin θ,

we have that

vx0 = v0 cos θ0

vy0 = v0 sin θ0.

Note, at its highest point, a projectile does not have
zero acceleration. It may have zero velocity in the
vertical direction, but the acceleration is a constant
−g. Also, the horizontal velocity remains constant
throughout the trajectory because there’s no horizon-
tal acceleration.

Tip:

The maximum height of a projectile occurs when
the vertical velocity is zero. The maximum range oc-
curs when the vertical position is zero. For a symmetric
path—starting at the origin and returning to the x-axis,
the height and range of a projectile can be found using
the equations

h =
v2

0 sin2 θ0

2g

R =
v2

0 sin 2θ0

g
.

The key to solving projectile motion problems is
to start with the position function ~rf = 〈xf + vxit +
1
2axt

2, yf + vyit+ 1
2ayt

2〉, and see how much you can sim-
plify it given the specifics of the problem. Usually, multi-
ple variables will be zero—greatly simplifying the position
function.

Sometimes, we don’t care about the height of a pro-
jectile as a function of time, but we want to know the
path or trajectory followed by the projectile. That is,
we want to know the height as a function of position. For
a projectile starting at the origin with initial angle θ0, the
trajectory is given by

y(x) = x tan θ0 −
g

2v2
0 cos2 θ0

x2.

Relative Motion

A reference frame is basically just a coordinate system
with an observer at the origin. Different observers in ref-
erence frames that are in relative motion will measure the
velocity of an object differently. To convert a measure-
ment from one reference frame into a measurement from
another, we use Galilean transformation equations.
These equations allow us to transform equations of mo-
tion from one reference frame to another even if they’re
in constant velocity relative to each other.

Suppose you are given the position function of a par-
ticle in another reference frame and you want the position
function of the particle in your own reference frame given
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that the other reference frame is moving with a constant
velocity relative to yours. Then you would use

~rPA = ~rPB + ~vBAt,

which states that the position of point P with respect
to reference frame A is the position of P with respect to
reference frame B plus the velocity of reference frame B
with respect to reference frame A times time.

For velocity, we have

~vPA = ~vPB + ~vBA,

which, in words, is that the velocity of P with respect to
A is the velocity of P with respect to B plus the velocity
of B with respect to A.

1.4 Forces

An incomplete definition of a force is “that which causes
a change in an object’s velocity.” This is incomplete be-
cause it fails to explain forces summing to zero, for ex-
ample, gravitational versus the normal force, which does
not cause a change in my motion.

Contact forces transmit force by contact. Exam-
ples include kicking a ball or pulling a wagon. Field
forces can act at a distance. Examples include gravita-
tional force and electrical force. In reality, all forces are
field forces because even contact forces work by way of
electric forces at atomic ranges.

The four fundamental forces of nature, which are all
field forces, are

• Gravitational force (between objects)
• Electromagnetic force (between electrical charges)
• Strong force (between subatomic particles)
• Weak force (certain radioactive decays)

In Newtonian mechanics, we have the four forces

• Gravitational (or weight) force
• Tension force
• Normal force
• Friction force

Of these forces, only the gravitational force is truly a fun-
damental force. The others are manifestations or combi-
nations of the fundamental forces.

Forces obey the rules of vector addition, so you must
use the rules of vector addition when calculating net
forces. That is, when calculating the net force, both the
magnitudes and directions of the forces matter.

Gravitational Force

Gravitational force acts between any two objects m1 and
m2, and its magnitude is

Fg =
Gm1m2

r2
,

where G = 6.67× 10−11 Nm2/kg2 is the universal grav-
itational constant, and r is the distance between the
two objects. The vector form is

~F g = −Gm1m2

r2
r̂.

There is a negative sign because the direction of the force
is from one mass toward the other.

The gravitational force on a mass m at Earth’s sur-
face is often called the weight force and has magnitude

Fg = w = mg,

where g = 9.80 m/s2. The direction of this force is
straight down, and the vector form is

~F g = ~w = m~g,

where ~g has magnitude g and points downward.

The Earth is not a true sphere—rather, it is an oblate
spheroid. This means that if you’re at the poles, you’re
slightly closer to the center of the Earth, and therefore,
weigh a little more than you would at the equator. The
centripetal force that occurs at the equator, also serves
to reduce your weight slightly at the equator.

Fg = Gm1m2

r2 is the gravitational force between two
objects m1 and m2. The weight force Fg = mg is also
the gravitational force between two objects. It is the
force between object m and Earth.

Tip:

Tension Force

The magnitude T of the force that a rope exerts on some-
thing is called tension. Notice that tension is a scalar
quantity, however, we denote the tension force which has
a magnitude and direction by the vector ~T .

m

~T

~w
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When analyzing a particular object attached to a
string, the tension force in the string is directed away
from the object. The string is always pulling away from
the object. For a pair of objects connected by a string,
the tension force is directed away from whichever object
we’re considering. When considering a static system, such
as a non-moving object that is dangling from strings, all
the forces cancel out.

Normal Force

An object at rest on a surface remains at rest against
Earth’s gravitational force due to the normal force ex-
erted upward by the table. Whenever a force is exerted
on a surface, without breaking through or deforming the
surface, the surface exerts a reaction force called the nor-
mal force. The normal (i.e. perpendicular) force has a
direction perpendicular to the surface. In the case of an
object resting on the Earth’s surface, the normal force is
~N = −m~g. This is not always the case, however. When
the surface is inclined or being accelerated, the normal
force will not be −m~g. To be safe, always apply New-
ton’s second law to find the normal force.

Remember that for an object at rest on a surface, the
normal force is the force exerted by the surface on that
object. In other words, the normal force is what prevents
the object from moving through the surface if another
force would direct it in that direction. The normal force
is always perpendicular to the surface, and for a horizon-
tal surface, it is equal to the gravitational force acting on
the object.

The existence of the normal force is an example of
Newton’s third law, which will be examined in the next
section.

The normal force is always perpendicular to the con-
tact surface. If you’re leaning against a wall, then the
wall exerts a normal force against you.

~w

~N

~N

If you work it out, it turns out that the normal force
on a mass m on an incline of degree θ is:

~N = mg cos θ.

For an object resting on surfaces inclined at different an-
gles, we have

• Normal force on flat surface: mg cos 0 = mg
• Normal force on vertical surface: mg cos 90 = 0
• Normal force on 45◦ angle surface: mg cos 45 =

0.707mg

Friction Force

The force of friction arises from a moving object’s in-
teractions with its surroundings. When a small sideways
force is applied to an object on a surface, the force of
static friction is what prevents the object from moving.
This force is equal to the applied force when the object is
not moving. If enough force is applied to get the trash-
can moving the force of kinetic friction is what slows it
down.

Friction arises from the nature of the surfaces in con-
tact. A “peak” on one surface may come into contact
with a peak from the other surface–physically blocking
the motion. Part of friction even comes from chemical
bonding between the two surfaces. At the fundamental
level, however, all friction is the result of electrical inter-
actions between atoms and molecules.

~w

~N

~v~fn m

The force of static friction is what opposes the
movement of an object when a force is applied, but the
object isn’t moved. As long as the object doesn’t move,
the static friction force equals the applied force (but is
in opposite direction). The static friction force increases
(as the other force increases) to a maximum of fs = µsN
where µs is the coefficient of static friction and N is the
normal force. In general, then, the magnitude of static
friction force is given by

fs ≤ µsN.

Note that the left side equals the right side only at the
point of “impending motion”. At the moment that µsn is
exceeded, the object slips and the friction force becomes
kinetic friction whose magnitude is

fk = µkN,

where µk is the coefficient of kinetic friction.
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The coefficient of kinetic friction is generally less
than the coefficient of static friction

µs > µk,

and likewise, the force of kinetic friction is generally less
than the force of static friction. This is because it takes
less energy to keep a moving object moving than it takes
to get a stationary object to begin moving.

The direction of the friction force vector is parallel
to the surface the object is in contact with and in the
opposite direction of the object’s motion or impending
motion.

Perhaps counterintuitively, the coefficients of friction
are nearly independent of the area of contact between sur-
faces. If you put the large side down, the weight becomes
spread over a larger area.

Drag Force

An object moving through air or water tends to slow down
due to a drag force. The drag force of a fluid acting on
an object moving through the fluid is similar to friction
force.

The drag force depends on velocity. The faster an
object is moving through the fluid, the larger the drag
force. The drag force also depends on the shape of the
object. A sphere will fall faster through the air than an
irregularly shaped object of the same mass.

If an object falls far enough, it will eventually reach
terminal speed. This is the speed at which the magni-
tude of the weight force equals the magnitude of the drag
force.

When working with projectile motion, we ignore drag
forces in introductory physics.

1.5 Newton’s Laws

Kinematics explains the how of motion, but not the why.
Dynamics, explains the why of motion. Why does an
object accelerate, for example?

In the macro-world, we have only one set of laws—
Newton’s Laws.

Newton’s First Law

Newton’s first law states that if an object is not being
acted upon by a net external force, then there exists an in-
ertial reference frame in which the object moves at a con-
stant velocity. That constant velocity could be zero. For
example, if an object is at rest in some reference frame,
and no external force is applied to the object, then it will
remain at rest. The only difference between a constant

velocity and a state of rest, is your reference frame. Sim-
ilarly, if the object is moving at constant velocity in some
reference frame, then it will continue to move at the same
velocity unless acted upon by an external force. Newton’s
first law is also sometimes called the law of inertia.

Another way to think of Newton’s first law is that if
there is no net force on an object then the object cannot
be accelerating.

A frame of reference can be described by a Carte-
sian coordinate system where the observer is at rest with
respect to the origin. An inertial frame is a special
frame of reference in which this first law of Newton holds
true. A noninertial reference frame is any frame of
reference in which this first law seems to be violated. A
noninertial reference frame may require the addition of
fictitious forces, such as the Coriolis force, to explain mo-
tion with Newton’s laws. In other words, if you see accel-
eration in the absence of force, then you’re in a noninertial
reference frame.

The Earth isn’t really an inertial frame because of its
rotation and its orbit around the sun. However, in most
cases, the small amount of acceleration experienced due
to these facts is negligible relative to Earth’s gravity, so
we generally model the Earth as an inertial frame.

Mass is typically thought of as the amount of mat-
ter an object has, but more importantly, it is an object’s
resistance to acceleration. Inertia is the tendency of an
object to resist a change in its velocity. Mass specifies how
resistant an object is to a change in its velocity. When
acted on by a given force, the magnitude of acceleration
of an object is inversely proportional to its mass. For
example, the same force acting on a 5-kg object and a
10-kg object, will cause the less massive object to accel-
erate twice as much as the more massive object. Mass is
not weight. Weight is the magnitude of the gravitational
force exerted on an object.

In Newton’s time, mass was not a well-defined quan-
tity as it is today. With his first law, Newton was essen-
tially defining mass.

Newton’s Second Law

Newton’s second law states that the acceleration of an
object is proportional to the net force acting on it and
inversely proportional to its mass. That is,

~F net = m~a,

The direction of ~a is the same as the direction of the net
force. Since force and acceleration are vectors, this equa-
tion can be broken into three separate equations—one for
each component of the vectors. Note, this form of New-
ton’s law is only valid when velocity is much less than the
speed of light, and when the mass m is constant. A more
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fundamental form of Newton’s law is

~F net =
d~p

dt
,

where ~p = m~v is the linear momentum of the object.

To compute the acceleration of a mass m, sum the
forces acting on the object (vectors) then divide by the
object’s mass

~a =
~F net
m

The net (or resultant) force is the vector sum of all
the forces acting on an object. Many forces may be acting
on one object, but there is only one acceleration.

Force isn’t the cause of motion, rather, force is the
cause of changes in motion as measured by acceleration.
The SI unit of force is the Newton, which produces an
acceleration of 1ms2 for a 1-kg object. So

N = kg · m
s2
≈ 1

4
lb.

The gravitational force exerted on an object by the
Earth is ~F g. Its magnitude is the weight of the object,
and its direction is toward the center of the Earth. Weight
is equal to mg where g is free fall acceleration

~Fg = m~g.

Notice that this equation does not directly contain ac-
celeration. Previously we defined m as the amount of
an object’s resistance to motion (i.e. inertial mass),
but the equation above does not contain motion. In this
sense, the m is gravitational mass. Although the two
are different in behavior, experiments conclude that they
have the same value.

An interesting thing happens in lower gravity. Al-
though a mass weighs less in lower gravity, it still con-
tains the same mass, and so it still has the same inertia—
the same resistance to motion. So 200lb. backpack (on
Earth) will have a manageable weight on the moon, but
it will still be hard to move—since changing its motion
requires you to accelerate it.

Use the following points, to gain a better understand-
ing of Newton’s second law:

1. A point particle equation (like Newton’s equation),
is volume independent. The point is the object’s
center of mass. The calculated position, velocity,
and acceleration, are all with respect to this single
point.

2. This law is a vector equation.
a) It determines the relationship between the re-

sultant force vector and the acceleration vec-
tor.

b) It can be written in a set of component equa-
tions ∑

~F x = m~ax∑
~F y = m~ay∑
~F z = m~az.

3. This law is consistent with the first law. The first
law defines the concept of mass. If the net force
on an object is zero, then acceleration must also be
zero because it can’t be the object’s mass that is
zero.

4. Force and acceleration occur simultaneously, that
is, time is hidden. There is no notion of some time
passing between the application of a force and the
resulting acceleration. To say that an object accel-
erates after you apply a force, is incorrect because
they happen simultaneously.

5. Acceleration is directly proportional to the force. A
large force causes a large acceleration.

6. Acceleration is inversely proportional to mass. A
large mass obtains a small acceleration.

7. By looking at the equation, we can obtain the unit
of force. ma = F has units

kg · m

s2
= N

Newton’s laws are second order differential equa-
tions. Acceleration, for example, is a function of time,
velocity, and position. Alternately, it’s a function of time,
position, and the derivative of position

~a =
d2~r

dt2
,

where ~r is the position vector.

Newton’s Third Law

Newton’s third law states that the force exerted by one
object on a second is equal in magnitude and opposite in
direction to the force that the second object exerts on the
first. That is, for objects 1 and 2,

~F 12 = −~F 21.

This is also called the action-reaction law. The forces
are the same in magnitude, but have opposite sign.

Forces don’t act on single objects—they’re interac-
tions between two objects. For example, a small object
exerts the same gravitational force on Earth that Earth
exerts on it. However, due to the great difference in mass,
the small object is accelerated far more than the Earth
is.

The notation ~F 12 means the force that object 1 ex-
erts on object 2. The interaction between two objects is
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sometimes called action force or reaction force, de-
pending on which object you’re referring to. Note, how-
ever, that action and reaction forces act on two different
objects. So, gravitational and normal forces on an ob-
ject canceling each other out is not an example of an
action/reaction pair.

Applying Newton’s Laws

To analyze the forces acting on an object, use a free-
body diagram and model the object as a particle, with
all relevant forces drawn as vectors. When analyzing mul-
tiple objects, draw a free-body diagram for each object.
Draw only the forces acting on the object. Do not include
forces exerted by the object on the surroundings.

Given the mass of an object and the forces acting
on it, you can find the magnitude and direction of the
resulting acceleration of the object as follows

1. Sum the forces acting on the object to find the re-
sultant (net force). This yields the direction of ac-
celeration and the magnitude of the net force.

2. Plug the magnitude of the net force and the mass of
the object into Newton’s second law and solve for
~a.

For two objects in a collision, by Newton’s third law,
the forces experienced by the two objects will be the same.
Given the mass of each object and the collision force, ap-
ply Newton’s second law to each of them to determine
how much each will be accelerated by the force.

Static equilibrium occurs when there are forces
acting on an object that does not move as a result of
those forces. In other words, the forces all cancel out.
That is, the sum of forces in the vertical direction is zero
as is the sum of forces in the horizontal direction. For an
object in equilibrium, model it using a free body diagram
and use the fact that

∑
~F = 0 for objects in equilibrium.

Even when the object only moves in one direction,
knowing that the sum of forces in the perpendicular di-
rection sums to zero often allows us to calculate the value
of a certain force and plug it into the sum of forces of
the other direction in order to solve for the acceleration
in the other direction.

Remember that if the sum of forces is not zero, the
result is an acceleration that is inversely proportional to
the mass of the object.

For an object under a net force, model it as a particle
in a free body diagram and use the fact that

∑
~F = m~a.

For an object on a frictionless inclined plane, let the
inclined plane be the x-axis, so that the weight force
points straight down and the normal force points upward
at a 90◦ angle to the x-axis. The force of gravity acting

on the object will be ~F = m~g. If no other forces are
acting on the object, the normal force will be equal to
the y-component of the gravitational force. The net force
will be the sum of these two forces. Use Newton’s law to
solve. The acceleration of a mass on a frictionless inclined
plane turns out to be

a = g sin θ,

where θ is the angle of the incline.

Think conceptually about problems. For example,
when asked to calculate what a spring scale shows for a
mass when in an accelerating elevator, reason out whether
the scale will show more or less than the true weight when
the elevator is accelerating upwards. Think of holding a
weight by a string. If you jerk the string upward, the
tension will suddenly be a lot more. Likewise, the scale
will show higher than the true weight of a mass when the
elevator is accelerating upwards.

In general, to solve dynamics problems, we can use
the following procedure:

1. Identify the object of interest. For a system with
multiple objects, we have to go through this process
for each of the objects.

2. Identify all forces in contact with the object. These
could be gravitational, tension, normal, and friction
forces.

3. Isolate the object and draw a free-body force dia-
gram.

4. Choose your reference frame, and create a force ta-
ble in your reference frame (i.e. coordinate system).
Every force should be relative to your coordinate
origin. Since we’re considering the object as a point
particle, we put this point at the origin of our co-
ordinate system and move all vectors to the origin.
For some systems (e.g. Atwood machine), it’s use-
ful to have one coordinate system upside down to
make the system easier to solve. In your force table,
fill in everything that you can and use variables for
any unknowns.

5. Write down Newton’s equations in vector compo-
nent forms.

6. Solve each component equation for the unknown
variables. In some cases, you may be able to equate
some forces, thereby simplifying your equations.
For example, in the Atwood machine, the tension
on one portion of the string is equal to the tension
on the other portion. Also, the acceleration of one
object is equal in magnitude but opposite in sign to
the acceleration of the other force. In the end, we
may have to solve a system of equations with our
calculator.

Now the dynamics part of the problem is solved and you
can use your equations to solve for kinematics questions.

The hard part about these application problems is
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that there’s no easy way of checking your work. It’s im-
portant to develop an intuitive sense of whether or not
your answers are reasonable.

If you run into a problem where a simple equa-
tion seems unsolvable because values cancel out when
they’re not supposed to or denominators become zero,
chances are, you made a mistake with the coordinate
system orientation. It could be as simple as you hav-
ing the wrong signs for the direction of forces for one
of your objects.

Tip:

If you’re having trouble with the conceptual aspect of
the setup, mess with it in your head and imagine what
would happen. If you tilted the inclined plane all the
way up to 90 degrees, would it suddenly turn into an
Atwood machine?

Tip:

When solving dynamics problems involving multiple
objects, we have to follow the above procedure for each
object. Choosing the best orientation of the coordinate
system for the second object can help simplify the process.
However, it’s not awfully important. If you have your
first coordinate system with the positive y-axis pointing
up, then you shouldn’t get different answers for the sys-
tem if you have your second coordinate system with the
y-axis pointing down or to the right, provided that you
keep track of all the signs. Either way, if the system is
solvable, you should get the same answers. Sometimes,
you may want to choose your coordinate systems so that
your final answer has the sign that you’re looking for.

When doing the force tables, make a habit of leaving
this data in the form of variables such as ~N and ~T
instead of evaluating them right away. Wait to eval-
uate these variables until you’ve set up the system of
equations. This will become helpful later on.

Tip:

In application problems, why do we disregard the
pulley and the ceiling it is attached to? For a fixed ob-
ject, the forces acting on it sum to zero, so we completely
disregard it. A pulley for example has two tension forces
being applied to it by the rope that goes through it, but
this net force is canceled out by the tension force holding
the pulley to the ceiling.

Pulleys

The more pulleys you have, the better your mechani-
cal advantage, but the tension throughout is the same
assuming frictionless pulleys and massless ropes.

The key to remember is that a pulley really only
changes the direction of the tension force. So in a mul-
tiple pulley setup, the magnitude of the tension force
is still the same in every section.

Tip:

M

~Fm~g

~T

In the picture above, we have a weight being sup-
ported by a force pulling a rope across a pulley. The forces
acting on the weight are the gravitational force and the
tension force. Remember that tension forces always point
away from the object of interest. The pulley redirects the
direction of the force exerted on the end of it (by some-
one pulling on the rope) and turns it into the tension force
acting on the weight. If the weight isn’t moving, that is,
there is no acceleration, then the force F being applied
to the end of the rope has the same magnitude as the
tension force T acting on the weight.

m1 m2

~T

~T ~T ~T

m1~g

2~T

m2~g

~T

In the second picture, we have two weights in static
equilibrium. Mass m1 is supported by two ropes and
mass m2 is supported by one rope. The tension is the
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same everywhere, so for the masses to be unmoving, then
m1 = 2m2.

The more pulleys you have in the system, the greater
the mechanical advantage. This is demonstrated by the
second picture in that the weight on the right is only half
as massive as the one in the middle. In other words, with
this setup, we can lift m1 by applying just over half of its
weight at m2.

If you’re having trouble understanding how the sys-
tem works—that is, how to apply the math, try sim-
pler versions of the problem. Try taking the pulley out
and imagining how the system changes. Try fixing a
movable part or a frictionless object. How would the
system behave differently? Can you model the simpler
system mathematically? How does adding the pulley
back into the system change things?

Tip:

Remember that all a pulley really does is change the
direction of a force. The key to pulleys and ropes is un-
derstanding that no matter how many pulleys the rope
is wound around, its tension is the same everywhere.

Tip:

1.6 Circular Motion

Uniform Circular Motion

A particle moving at a constant speed in a circle is un-
dergoing uniform circular motion. Since the direction
portion of the velocity vector is constantly changing, there
is acceleration. In this kind of motion, the direction of
the velocity vector is tangential to the curve and the di-
rection of the acceleration vector is perpendicular to the
velocity vector and toward the center of the circle.

In any circular motion, there is centripetal force.
Since the velocity of an object in uniform circular motion
is constantly changing, there must be an acceleration, and
therefore, there must be a force acting on the object to
cause that acceleration. This force we call centripetal
force

Fc = mac = m
v2

r
.

Centripetal force is a concept rather than a fundamental
force. In the case of a ball on a string, the centripetal force
is supplied by tension. In the case of the moon orbiting
Earth, the centripetal force is supplied by gravitational
force. In the case of a car on a curve, the centripetal force
is supplied by a combination of the normal force (since
curves are banked) and the friction force. Centripetal
force always points toward the center of the circle.

This acceleration is called centripetal accelera-
tion because it is center seeking. The acceleration must
be toward the center because if it had a component in
the direction of the velocity, then the speed of the parti-
cle would be affected, and we are only considering uniform
circular motion here. The magnitude of the centripetal
acceleration is given by

ac =
v2

r
,

where r is the radius of the circle. Centripetal accelera-
tion is not constant because its direction is always chang-
ing, however, it has constant magnitude.

The period, T , is the time it takes for the particle to
undergo a single revolution. It is given by

T =
2πr

v
.

The speed of the object times its period gives the circum-
ference or path length.
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If the sun has a mass of 1.99×1030kg, the Earth’s
mass is 5.98 × 1024kg, and the distance between the
two is 1.50 × 1011m, then assuming uniform circular
motion, what is the velocity of Earth? What is its
orbital period?

In this case, the gravitational force supplies the
centripetal force that keeps the Earth in orbit, so

Fc = G
m1m2

r2

= 6.67× 10−11N
m2

kg2

·1.99× 1030kg · 5.98× 1024kg

(1.50× 1011m)2

= 3.53× 1022N.

Solving Fc = m v2

r for v gives us (Note: Use Earth’s
mass here because it is the object experiencing the
centripetal force)

v =

√
rF

m

=

√
1.50× 1011m · 3.53× 1022N

5.98× 1024kg

= 29, 800
m

s
.

Using the equation for the period, we get

T =
2πr

v

=
2π1.50× 1011m

29, 800m
s

= 31, 600, 000s

= 366 days.

Example:

Suppose you are a road engineer. You want a
curve of radius r, and you want it safely navigable at
a speed v without relying on friction. That is, a car
should be able to navigate the curve at speed v even
if it µ = 0. What angle should the curve be banked?

We want the curve to be banked enough that the
necessary centripetal force is supplied entirely be the
normal force on the car. This requires

Fc = m
v2

r
= N sin θ,

where
N =

mg

cos θ
,

is the magnitude of the normal force on the car. This
gives us

θ = tan−1

(
v2

gr

)
,

for the necessary bank angle.

Use this value for the angle of a banked curve
if the problem includes the hint that the curve was
designed for a certain speed.

Example:

When doing calculations for satellites orbiting Earth,
be sure to take into account both the Earth’s radius
and the height of the satellite above Earth.

Tip:

Tangential and Radial Acceleration

When an object moves in a curved path (that is not nec-
essarily a circle), the velocity vector remains tangential
to the curve, but the acceleration vector is no longer nec-
essarily perpendicular to the velocity vector. Now, the
acceleration arrow has a component in the direction of
the tangent (i.e. tangential acceleration) parallel to
the velocity, and a component in the direction toward the
center of the curve (i.e. radial acceleration) perpen-
dicular to the velocity, so the acceleration can be broken
into radial (toward the center of curvature) and tangential
(toward the direction motion) components.

Because tangential acceleration causes a change in
speed of the particle, its magnitude can be defined as the
rate of change of the speed of the particle with respect to
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time.

Total acceleration: ~a = ~ar + ~at

Total acceleration: a =
√
a2
r + a2

t

Tangential acceleration: at =

∣∣∣∣dvdt
∣∣∣∣

Radial acceleration: ar = −ac = −v
2

r

Recall that the velocity vector is always tangential to
the path, so it is parallel to the tangential component of
acceleration. The radial and tangential vectors are per-
pendicular. The radial component of the acceleration is
negative by the convention that the origin of the coordi-
nate system is at the center of the radius of curvature.

Spiral Motion

For spiral motion, there are at least two ways of solv-
ing the problem. An example of spiral motion is an ant
crawling from the center of the surface of a turntable to
its perimeter at a constant speed all while the turntable is
rotating at a constant rate. The path of bug will appear
a spiral to a nonrotating observer above the turntable.

For example if you’re asked for the x and y compo-
nents of the bug’s velocity when it reaches the perimeter:

Method 1: Given the information in the problem,
you can determine the state of the system at the moment
of interest. By using the rotation rate and other informa-
tion, you can calculate through what angle the turntable
rotated until the bug reached the perimeter and therefore
deduce its instantaneous position in the xy-plane at that
moment. Then the total velocity of the bug will be its
velocity relative to the turntable and the turntable’s (or
at least the point directly under the bug) velocity rela-
tive to the xy-plane and add them together. This gets
complicated.

Method 2: Just draw the spiral on the xy-plane, but
treat it using polar coordinates. At any time, the bug’s
position can be specified as a distance r from the origin
and an angle θ from some initial direction. Then you are
given the bug’s speed relative to the turntable dr

dt and
the turntable’s revolution rate which allows you to calcu-
late dθ

dt . Then you can integrate both of these to get r(t)
and θ(t), after which, using the coordinate transforms
x = r cos θ and y = r sin θ you can write the position
function of the bug in vector form as ~r(t) = 〈x, y〉. Then
differentiating this gives you the bug’s velocity function.

1.7 Work and Energy

Some problems are difficult to solve using only Newton’s
laws as we have been doing. Another way of solving them
is by thinking in terms of the energy of the system. The

reason that it’s often easier to solve it in terms of en-
ergy, is that work and energy are scalar quantities, and
so we don’t have to deal with as many vectors in our
calculations. What is energy? It is abstract—sort of an
accounting method. Every physical process involves the
energy and its transfer or transformation.

Energy is like the currency of nature.

There are many different forms of energy, and all of
then have units of joules. What we study are the funda-
mental forms of energy.

Work

Work is one way that the environment (of some system)
can influence a system—bringing energy into a system or
taking it out. Work is done on a system by the environ-
ment or by the system on the environment.

The work done on an object by a force ~F (~r) to move
it along a path from ~r1 to ~r2 is the line integral

W =

ˆ ~r2

~r1

~F (~r)· d~r.

This is the definition of work, and it works even for a
curved path in multiple dimensions with a force ~F (~r)
that varies in magnitude and direction along this path.

We can often use much simpler formulas to calculate
work depending on the problem. If it is a one-dimensional
problem, that is, the path is a straight line and the force
depends on the position along the path then

W =

ˆ x2

x1

F (x) dx.

In other words, work is the area under the force curve. If
there are multiple forces acting on the object and the ob-
ject can be modeled as a particle, then you just integrate
the net force function.

If the force is constant along the entire path, then

W = ~F ·∆~r,

where ∆~r is the displacement of the object. If the force
is constant, and the motion is in one dimension (i.e. the
path is a straight line), we can further simplify this to

W = Fx∆x = F∆x cos θ,

where ∆x is the displacement, and θ is the angle between
the direction of the force and the direction of the dis-
placement. In the simplest case, if the motion is in one
dimension and the force is in the direction of motion, then

W = F∆x.

The SI unit of work is the Newton-meter (N·m), com-
monly called a joule (J). Like energy, work is a scalar
quantity.
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When a force depends on position, make sure you in-
tegrate when calculating the work done.

Tip:

For example, if a force ~F causes a straight-line dis-
placement ~D in an object m, then the work done on
the object by the force is the magnitude of the force
times the magnitude of the displacement times the co-
sine of the angle between the force and the displacement:
W = FD cos θ.

m ~D

~F

θ

W = FD cos θ

Keep in mind that work is an energy transfer, and it
can be positive or negative depending on the angle. If
the work done on a system is positive, then energy was
transfered to the system. If the work done on a system
is negative, the energy is taken from a system.

Tip:

If a force on an object makes an acute angle with its
direction of motion, the work done by that force is pos-
itive, that is, the force is reinforcing the motion. If the
force is perpendicular to the direction of motion, the
work is zero. If the force makes an obtuse angle with
the direction of motion, the work is negative. That is,
the force is inhibiting the motion.

Tip:

If the displacement is zero, then the work done is
zero. Consider a spring for example. If the object at the
end of a spring returns to its starting position, then no
work has been done by the spring on the object. If an
orbiting object returns to its starting position, then no
work has been done by the centripetal force.

If the applied force is perpendicular to the displace-
ment of the object, then the work done by that force is
zero. This can be deduced from the definition of work and
the fact that the dot product of perpendicular vectors is
zero. For example, when a box slides horizontally, then

the work done by gravity is zero, as is the work done by
the normal force.

The work done by a spring on an object is an exam-
ple of work done by a varying force. The force imparted
by the spring is varying because it is proportional to the
distance of the object from the equilibrium position. This
is expressed as Hooke’s law

Fs = −kx,

where x is the distance of the object from the equilibrium
position, and k is the spring constant related to the stiff-
ness of the spring. The negative sign indicates that the
force being exerted by the spring is opposite the direction
that the object is moved from equilibrium. If you pull on
the spring extending it by a distance x, then the work
you did is found by integrating

W =

ˆ x

0

(kx) dx =
1

2
kx2.

We use F = kx instead of F = −kx since the latter is
the force exerted by the spring on you. The former is the
force exerted by you on the spring. Keep in mind that for
springs, if the mass ends where it began, then net work
is zero. Also, if the mass starts from one end and goes to
the other end, then the net work is zero because of the
sign change that occurs when it passes the equilibrium
position.

Kinetic Energy

Kinetic energy is the energy of motion.

Recall from Newton’s law that F = ma. If we take
the integral definition of work and replace the Fx with
max our result is W = 1

2mv
2
f − 1

2mv
2
i . We call the quan-

tity

K =
1

2
mv2,

kinetic energy. Notice that the net work done on an
object is equal to its change in kinetic energy

W = Kf −Ki = ∆K.

This is true provided that the only change to the system
caused by the work is in the speed of the object. This is
called the work-energy theorem.

A constraint force does no work. For example, in uni-
form circular motion, no work is done by the central
force because the speed of the object in circular mo-
tion is constant. Similarly, the normal force exerted
by a table on an object resting on the table does no
work since there is no displacement of the object.

Tip:
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Power

Power is the rate at which work is done with respect to
time. The average power is

P =
∆W

∆t
.

If the work varies with time, then the instantaneous power
is given by

P =
dW

dt
.

The unit of power is the watt and it is a joule per
second.

If we are given power and we want to calculate the
work done, we can separate variables and integrate to get

W =

ˆ t2

t1

P dt.

If the power is constant, this simplifies to

W = P∆t.

Since dW = ~F · d~r, we can also write the power
needed to keep an object moving at velocity ~v against a
force ~F as

P = ~F · ~v.

Conservative Forces

Conservative forces have the two properties

• The work done by the force on a particle moving
between any two points is independent of the path
taken by the particle.

• The work done by the force on moving a particle
through any closed path is zero.

The gravitational force and ideal spring forces are ex-
amples of conservative forces. A nonconservative force is
any that doesn’t have the above two properties. Friction
is an example of a nonconservative force, since more work
is done in pushing a box from A to B along a curved path
than if a straight path is taken.

The energy associated with the temperature of a sys-
tem is the system’s internal energy. When something
slides to a stop on a surface due to friction, the object’s
initial kinetic energy has been transformed into heat, i.e.
internal energy.

Potential Energy

Potential energy is the energy of position. Note that po-
tential energy requires a system. A single object cannot

have a potential energy, but a system of two or more ob-
jects can have potential energy. A better phrasing would
be—potential energy is the energy of relative position.
You can think of potential energy as the potential for
kinetic energy.

When work is done against a conservative force, the
energy is stored in the system as potential energy. Poten-
tial energy can be defined only for conservative forces.

The potential energy difference for an object between
two points ~r1 and ~r2 is the negative of the work done to
move the object from A to B

∆U = −W = −
ˆ ~r2

~r1

~F (~r)· d~r.

This is a completely general definition of potential energy.

The exact value of the potential energy of the system
depends on the initial configuration you choose, which is
arbitrary. It doesn’t matter because what we’re always
interested in is the change in potential energy.

Potential energy can manifest itself in different types
of systems. What is required is at least two objects, and
a force that acts between the objects that tends to change
the system’s configuration.

If we have a one-dimensional problem, that is, if the
force and the displacement are in the same direction (or
in opposite directions), then the potential energy can be
calculated as

∆U = −
ˆ x2

x1

F (x) dx.

For example, the potential energy of a spring/object sys-
tem can be calculated as

∆U = −
ˆ x2

x1

(−kx) dx =
1

2
kx2.

This is the same as the work required to extend the spring
by x.

If the problem is one-dimensional and the force is
constant, the calculation becomes even simpler

∆U = −F∆x.

For example, for the system consisting of Earth and some
object of mass m, the gravitational potential energy
of the system is given by

Ug = mgh,

where Ui is taken to be at the surface of Earth and h is
the distance of the object above the surface. Notice that
this is just the weight mg of the object times its height
above Earth’s surface. This formula is only valid near
the Earth’s surface where the gravitational force does not
vary much. This is also the work done to move a mass
m a vertical distance h. The work done to lift an object
(that is, the work done to increase the distance between
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Earth and the object) is the difference in potential energy
for the starting and ending positions

W = ∆Ug.

Notice that the gravitational potential energy depends
only on the height. Therefore, the work done by lifting
an object to a certain height is the same as the work done
in sliding the object up a long frictionless incline to the
same height.

Given a potential function U(x), you can easily cal-
culate the x-component of the force acting on an object
at position x by differentiating

Fx = −dU
dx

.

The graph of the potential energy function U(x) can tell
us a number of things. Since the derivative of the poten-
tial energy function with respect to x is Fx, the slope of
the potential energy function at any point along x gives
us the negative of Fx at that point.

Equilibria

Anywhere along x where Fx = 0, the particle is in equi-
librium. In other words, wherever the first derivative of
the potential energy function is zero, there is an equilib-
rium point. The minima of the potential energy function
correspond to stable equilibrium points. Examples
of stable equilibrium points include spring systems and
a ball in a bowl. The ball is in stable equilibrium be-
cause whenever it is displaced from the center, a force di-
rected towards the center acts on it—accelerating it back
toward the center of the bowl. The maxima of the po-
tential energy function correspond to unstable equilib-
rium points. An example is a ball resting on top of an
upside-down bowl.

Given a potential function U(x), equilibria occur
wherever

dU

dx
= 0.

To check the stability of an equilibrium, take the
second derivative of U and evaluate it at the equilibrium
point. An equilibrium point is stable if

d2U

dx2
> 0.

An example of a stable equilibrium is that of a ball at
the bottom of a bowl. Displacing it in either direction
causes it to roll back toward the equilibrium point. If

d2U

dx2
< 0,

the equilibrium point is unstable. An example of unsta-
ble equilibrium point is that of a ball at the top of a

hill. A slight displacement causes it to go further from
the equilibrium point. If

d2U

dx2
= 0,

the equilibrium point is said to be neutrally stable. An
example of a neutrally stable equilibrium is that of a
ball on a flat surface. Another kind of equilibrium point
is the metastable equilibrium. Such an equilibrium
point is stable for small disturbances but unstable for
large disturbances. An example is that of a ball in a
small bowl. A small displacement causes it to return to
the center of the bowl, but a large displacement causes it
to leave the bowl entirely.

Conservation of Energy

The mechanical energy of a system is the sum of its
kinetic and potential energies

E = K + U.

If you’re dealing only with conservative forces, then the
mechanical energy of a system is conserved

∆E = ∆K + ∆U = 0.

This comes from the work-energy theorem W = ∆K and
the definition of potential energy ∆U = −W .

If you’re also dealing with nonconservative forces
such as friction, then mechanical energy is not conserved.
With friction, some of the mechanical energy is converted
and lost as heat energy.

A flying or falling object contains both kinds of en-
ergy. The kinetic energy corresponds to the object’s ve-
locity and the potential energy corresponds to its position
above Earth. Its total energy can be given as

E = K + U =
1

2
mv2 +mgh,

where h is the object’s height above Earth.

If we know only the total energy of a system, then
we don’t know the exact values for kinetic and potential
energy, but we can still do a lot with it.

In a falling object, potential energy is being con-
verted into kinetic energy.



24 CHAPTER 1. MECHANICS

Imagine a person standing on an 18 meter high
building. If he steps off of the building, what will
be his velocity at the moment prior to impacting the
ground?

The person’s initial and final energy is the sum
of his potential and kinetic energies:

E = K + U =
1

2
mv2 +mgh.

Since energy is conserved

Ef = Ei,

so
1

2
mv2

i +mghi =
1

2
mv2

f +mghf .

Since his initial velocity is zero and his final height is
zero, and mass cancels from each term, so this equa-
tion simplifies to

ghi =
1

2
v2
f .

His velocity just prior to hitting the ground is found
by solving for vf :

vf =
√

2ghi =
√

2 · 9.80m/s · 18m = 18.8 m/s.

Example:

Consider the image below with a ball at the top of
a hill. If the friction can be neglected, that is, if work
is zero, then no matter where on that hill the ball is, its
total energy remains the same. As it starts down the first
part of the hill, for example, its potential energy decreases
by the same amount that its kinetic energy increases.

y

In the image below, if we can neglect friction, then
the total energy of ball A will be the same at the top of the
incline and when it reaches the bottom of the incline (B).
At the top of the incline, the ball has potential energy but
no kinetic energy. As it slides down the frictionless incline
the potential energy is converted into kinetic energy. By
the time it reaches the bottom, all of its potential energy
has been converted into kinetic energy.

y

A

B

Perhaps counterintuitively, the ball reaches the same
velocity whether it takes the short route straight toward
the ground or whether it takes a longer route down a
frictionless incline.

An isolated system is one in which no energy is
exchanged across the boundary. The total energy is con-
stant for these systems, and if all the forces are conser-
vative, then we can use the conservation of mechanical
energy to solve the problems. An nonisolated system is
one in which energy is transferred across the boundary of
the system.

In a nonisolated system, work is the how energy is
typically transferred across the boundary of the system.
From the work-energy theorem, we know that ∆K = W .
If we have both conservative and nonconservative forces
acting on the system, we can write ∆K = Wc+Wnc. We
know that the potential energy is the negative of the work
done by conservative forces ∆U = −Wc, so we can write

∆E = ∆K + ∆U = Wnc,

whereWnc is the work done by the nonconservative forces.

For example, friction is a nonconservative force. The
work done by the kinetic friction force ~fk acting on a
mass sliding a straight distance d is W = −fkd. It is
negative since the direction of friction force is opposite
the direction of motion. So for an object that is moved a
distance d in a straight line by some conservative force(s)
and in the presence of friction we have

∆E = ∆K + ∆U = −fkd.

1.8 Simple Machines

A simple machine is a mechanical device that changes
the direction or magnitude of a force. What we typically
think of as a machine, like a bicycle or gasoline engine,
is simply a compound machine composed of many simple
machines.

Remember that

• Force = anything that causes a change in the veloc-
ity of a mass. Has unit N .

• Energy = energy is the capacity to do work. Has
unit J .

• Work = force times distance. Has unit N ·m or J .
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• Power = the rate at which work is done. Has unit
J
s or N m

s .

Mechanical advantage (i.e. “leverage”) is the fac-
tor of force amplification achieved. If the input force is F
and the output force is 2F , then the mechanical advan-
tage would be 2. This is all possible because work is force
times distance

W = Fs, so

Finsin = Foutsout

By these equations, it’s apparent that the same amount
of “work” is done whether one applies a large amount of
force over a small distance or a small amount of force over
a large distance.

Note, force amplification does not mean energy am-
plification. By the law of conservation of energy, we can-
not amplify energy. In the case of an ideal simple ma-
chine, the input energy equals the output energy. As long
as F1s1 = F2s2, energy is conserved, even if F1 6= F2.

The Lever

A lever is a simple device capable of amplifying a force.

m1 m2

a b

For a balanced lever, as in the image above

m1a = m2b,

and the mechanical advantage is

MA =
a

b
.

“Assuming the lever does not dissipate or store en-
ergy, the power into the lever must equal the power out of
the lever. As the lever rotates around the fulcrum, points
farther from this pivot move faster than points closer to
the pivot. Therefore a force applied to a point farther
from the pivot must be less than the force located at a
point closer in, because power is the product of force and
velocity.” 1

Levers do not break the law of conservation of en-
ergy because you’re doing the same amount of work. For

a lever to reduce the required force by half, you have to
push the free end of the lever down twice as far to raise
the weight the same distance.

Pulley

A single fixed pulley, changes the direction of force, but
does not amplify it.

A fixed pulley used to raise a weight, changes the
direction of the applied force, but does not change its
magnitude. Be careful though, depending on the setup,
a fixed pulley can change the magnitude of applied force.
For example, consider the case of a bucket attached to
one end of the rope instead of a weight. If you step into
the bucket and pull the other end of the rope (the one
not attached to the bucket), you’ve created a setup with
a mechanical advantage of two. In other words, you only
need to apply half as much force to pull yourself up as
you would if you had just a rope attached to the ceiling.
The difference is, in the bucket case, the tension you’re
applying to the rope is coming back to you instead of to
some weight that is not connected to you.

M

MA = 1

For a single movable pulley, the mechanical advan-
tage is two. That is, you only need to apply half as much
force to lift the weight as you would if there was no pul-
ley. Think of it this way, if the setup is in equilibrium,
that is, you’re applying enough force to the free end of
the rope to keep the weight in a static position off of the
ground, then this is no different than if the free end of
the rope was also attached to the ceiling. So in essence,
you have two ropes holding the weight instead of a single
rope. Therefore, the weight supported by each rope is
half of the weight of the object.

1http://en.wikipedia.org/wiki/Lever#Law of the lever
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M

MA = 2

Pulleys do not break the law of conservation of en-
ergy because you’re doing the same amount of work. If
a pulley setup reduces the required force by half, then
you’ll have to pull the free end of the rope twice as far
to raise the weight the same distance. A pulley operates
on the same principle as a lever. Think of a rope and a
pulley as an infinitely flexible lever and a fulcrum.

25 kg 100 kg

Mechanical Advantage = 4

1.9 Linear Momentum and Collisions

Center of Mass

The center of mass of a system can be thought of as the
average position of the system’s mass. For a system of n
particles with masses mi and positions ~ri, the center of
mass is at

~Rcm =
1

M

n∑
i

mi~ri,

where M is the total mass of the system of particles. For
a continuous mass, the sum turns into an integral

~Rcm =
1

M

ˆ
~r dm,

where the integral is over the entire continuous mass.

Volume density (such as for a box) is denoted ρ = M
V ,

surface density is denoted σ = M
A (such as for a disk), and

linear density (such as for a wire) is denoted λ = M
L . If

you’re given the density ρ of a continuous object in 3D
and asked to compute its center of mass, you would be-
gin by noting that an infinitesimal mass dm can be rep-
resented by the volume dx dy dz times the density. That
is, dm = ρ dx dy dz. If, instead of a 3D object, you had a
flat 2D object, then you would use dm = σ dx, dy.

Instead of calculating the center of mass vector di-
rectly, we can also calculate the components separately.
For example, the x-coordinate of the center of mass of a
system of n particles is

Xcm =
1

M

n∑
i

mixi,

where mi is the mass of the ith particle and xi is its x-
position. We can extend this to continuous masses by the
integral

Xcm =
1

M

ˆ
x dm.

You could use similar equations to calculate the y and z
coordinates of the center of mass. Then the vector point-
ing to the center of mass would be ~R = 〈X,Y, Z〉.

To compute the center of mass of an object, use the
following tips:

1. Calculate the center of mass by components. That
is, compute the x, y, and z coordinates of the center
of mass separately.

2. Make use of any symmetry of the problem. Often,
you can easily tell by symmetry what one or more
of the components of the center of mass are.

3. If it helps, break the problem into pieces, compute
the center of mass of each piece then add them to-
gether. For example, if you break the problem into
two pieces and you find that x1 is the x-coordinate
of the center of mass of the first piece and x2 is
the x-coordinate of the center of mass of the second
piece, then X = x1 + x2 is the x-coordinate of the
center of mass of the entire object.

The translational motion of the center of mass of
a system is the same as if all the external forces acting on
the system are directed at the center of mass. In other
words, the center of mass allows us to treat many ex-
tended systems as point particles. From Newton’s law,
then

~F net = M~acm.

That is, the net external force acting on a system of par-
ticles is equal to the total mass of the system times the
acceleration of the center of mass. For example, if you
throw a complicated mass upward, the center of mass
will follow the parabolic trajectory of projectile motion.
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If there is no external force acting on a system then
the center of mass of the system does not accelerate,
no matter how complicated the internal forces and mo-
tions. If the system is initially stationary and there is
no external force acting on the system, then its center
of mass stays fixed no matter how the pieces of the
system move around.

Tip:

Linear Momentum

Collisions are very difficult to model using only Newton’s
laws, but linear momentum makes them a lot easier to
model. Linear momentum is defined as

~p = m~v.

Linear momentum is a vector quantity, and its direction
is along ~v. Its units are kg ·m/s. Newton’s law gives us
the relationship between the net force acting on an object
and its linear momentum

~F net = m~a = m
d~v

dt
=
d~p

dt
.

This relationship allows us to use momentum to study
phenomena such as rocket propulsion in which the mass
of the system changes.

For a system of particles, the total momentum is

~P = M~vcm,

where M is the total mass of the system and ~vcm is the
velocity of the center of mass. The net external force act-
ing on a system of particles is related to the change in the
total momentum of the system via

~F net ext =
d~P

dt
.

For an isolated system (i.e. the net external force is
zero), the total linear momentum is conserved

~P = constant,

regardless of the internal interactions of the system. Con-
servation of linear momentum can be applied to systems
of particles to solve problems. Although this applies only
to isolated systems, if the outside forces (such as gravity
and normal force) are perpendicular to the direction of
motion, this principle still applies.

When two objects collide, by Newton’s third law, the
net force is zero. By the previous equations, total momen-
tum is conserved. In other words, the total momentum
before the collision equals the total momentum after the
collision. Consider a bomb. Before the explosion, its ve-
locity may be zero. After the explosion, there are many

high-velocity pieces going in many different directions.
However, the net momentum is still conserved.

The kinetic energy K of a system of particles can be
written as

K = Kcm +Krel,

where Kcm is the kinetic energy of the center of mass of
the system, and Krel is the internal kinetic energy of the
system. This is the sum of the kinetic energies of the
particles in the system relative to the system’s center of
mass.

Impulse

Impulse is a measure of the degree to which an external
force changes a particle’s momentum. That is to say, it
is a measure of how much momentum crosses the system
boundary for a nonisolated system.

An impulse, ~J , is a force times the time that it is
applied. In a collision, the force varies dramatically, so
we often deal with average force. Given an average force
~F avg applied for a time ∆t, the impulse is

~J = ∆~p = ~F avg∆t.

The impulse on an object from a force acting over a du-
ration of time equals the change of momentum for the
object. This is derived from F = ma and a =

vf−vi
∆t ,

then F = m
(
vf−vi

∆t

)
. Multiplying both sides by ∆t, we

get F∆t = m (vf − vi) = mvf −mvi, so from the defini-

tion of momentum, we have that ~F∆t = ~pf − ~pi.

If you’re given the actual force F (t) on the object
as a function of time, then impulse is the area under the
curve

~J =

ˆ t2

t1

~F (t) dt = ∆~p = ~p2 − ~p1.

Recall that work is the integral of force with respect to
displacement. Impulse is the integral of force with respect
to time.

In many situations such as collisions between hard
objects, most of the forces (such as gravitational) are ne-
glected because impulse caused on one particle by the
other is much greater than that caused by the other forces.
This is impulse approximation.

When total work is zero, energy is conserved. When
total impulse is zero, momentum is conserved. In other
words, if ~J = 0, then ~pf = ~pi.

Inelastic Collisions

In an inelastic collision such as between deformable
objects, kinetic energy is not conserved. A perfectly
inelastic collision occurs when the two objects stick to-
gether after the collision and have the same final velocity.
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Momentum is conserved in all collisions. We assume
this even if there are outside forces such as gravity in play
because of the impulse approximation. Given two objects
m1 and m2 initially moving with velocities ~v1 and ~v2 in-
volved in an inelastic collision, conservation of momentum
gives us

~pi = ~pf

m1~v1 +m2~v2 = (m1 +m2)~vf .

Notice that the masses of the objects have the same ve-
locity in the end since they are stuck together after an
inelastic collision.

Elastic Collisions

The other type of collision is the elastic collision. An
elastic collision is one in which no kinetic energy is trans-
formed into other forms of energy. In an elastic collision,
the two colliding objects bounce off of each other with no
loss of energy. Two billiard balls colliding with each other
are an example of this. Again, momentum is conserved,
but this time, the two objects do not stick together in the
end, so now we have

~pi = ~pf

m1~v1i +m2~v2i = m1~v1f +m2~v2f .

Since ~p is a vector quantity, these equations hold true for
one or multiple dimensions. When working with a 2D or
3D collision, you can break these equations into one for
each component direction.

For elastic collisions, kinetic energy is also conserved,
so we also have

1

2
m1v

2
1i +

1

2
m2v

2
2i =

1

2
m1v

2
1f +

1

2
m2v

2
2f .

Imagine a 4,000 kg truck traveling at 22 m/s in
the positive x direction. It collides with a solid wall.
The collision lasts for 0.15 seconds and then the truck
is traveling at −5 m/s. What force does the wall exert
on the truck?

F = m

(
vf − vi

∆t

)
= 4, 000kg

(
−5 m/s− 22 m/s

0.15s

)
= −720, 000 N.

Notice that the force is negative because the wall is
acting in the negative x direction.

Example:

For elastic collisions in 1D, we can manipulate the
equations for conservation of linear momentum and ki-
netic energy to get the following equations to calculate

final speeds for each object

v1f =

(
m1 −m2

m1 +m2

)
v1i +

(
2m2

m1 +m2

)
v2i,

v2f =

(
m2 −m1

m1 +m2

)
v2i +

(
2m1

m1 +m2

)
v1i.

In a 1D collision between a moving object m and a
stationary object M , there are three qualitatively inter-
esting cases:

1. If m << M , that is, the moving object is much
smaller than the stationary object, then in the col-
lision, the heavy stationary mass’s movement is neg-
ligible. The smaller mass m effectively strikes the
stationary masses and bounces back with no change
in speed.

2. If m = M , that is, the moving object and the sta-
tionary object have the same mass, then at the mo-
ment of impact, the colliding object m stops com-
pletely and M flies off with the speed that m had
before the collision.

3. If m >> M , that is, the moving object is much
more massive than the stationary object, then after
the collision, the collision has no effect on the mas-
sive object and the light object flies off with twice
the speed of the massive object.

1.10 Rotation of Rigid Bodies

We could understand the rotation of rigid bodies by ex-
amining the linear motion of each particle making up the
rigid body, but that quickly becomes very complicated. It
is much easier to work with analogous quantities. In 1D
linear motion we have position x of of a particle. In ro-
tation we have the analogous angular position (or angle)
θ.

For a rigid rotating object, the arc length s is related
to the angle θ that the object has rotated through via

s = θr.

Remember that when dealing with angular stuff in this
chapter, everything must be expressed in radians!

Angular Velocity

The average angular speed is the change in angle (or
angular displacement) divided by the change in time

ωavg =
∆θ

∆t
.

The instantaneous angular speed is the limit of this
quantity as ∆t approaches zero.

ω =
dθ

dt
.
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Keep in mind that angular speed gives radians per
second—it is not rotations per second! To find that, you
must work out the period T of the rotation

ω =
2π

T
.

Note that angular velocity is a vector quantity

~ω =
d~θ

dt
.

In many cases, you can get by with thinking of the di-
rection of angular velocity as either clockwise or counter-
clockwise. The actual direction of the vector, however, is
parallel to the rotation axis. The direction of ~ω can be
determined by the right-hand rule. If you curl your fin-
gers in the direction of rotation, then your thumb points
in the direction of ~ω.

Consider a rotating disk. Any point on the disk has
the same angular speed ω but different points on the disk
have different linear speeds depending on their distance
from the axis of rotation. A point near the center of the
disk is moving much slower in terms of linear speed than
a point on the edge of the disk. The linear speed of a
point on a rotating object is

v = rω,

where r is the distance from the axis of rotation. This
is obtained by differentiating s = θr with respect to time
since ds

dt = v and dθ
dt = ω. Note that the same relationship

holds for the linear speed of the center of mass of a rolling
object

vcm = rω.

Angular Acceleration

The average angular acceleration of a rotating body
is the change in angular velocity divided by the change in
time

α =
∆ω

∆t
.

The angular acceleration is the limit as ∆t goes to
zero.

α =
dω

dt
.

Note that angular acceleration is actually a vector
quantity

~α =
d~ω

dt
.

The direction of ~α is in the direction of the change of ~ω.

Just as we have a set of kinematics equations for
1D motion with constant acceleration, we have analogous

equations for rotational motion with constant accelera-
tion α. They are

ω = ω0 + αt

θ = θ0 + ω0t+
1

2
αt2

ω2 = ω2
0 + 2α∆θ

θ = θ0 +
1

2
(ω0 + ω)t

ωavg =
1

2
(ω0 + ω).

Notice that these equations have the same form as that
of a particle in translational motion undergoing constant
acceleration. The only differences are that for angular
motion, the axis or rotation must be specified, and that a
point on the object will keep returning to the same spot.

The linear or tangential acceleration of a particle
on the rim of a rotating object is its translational acceler-
ation in the instantaneous direction of motion. It is given
by

at = rα.

Note that the same relationship holds for the translational
acceleration of the center of mass of a rolling object

acm = rα.

The radial acceleration of a particle on the rim of a
rotating object is its translational acceleration in the di-
rection toward its axis of rotation. Recall that this is its
centripetal acceleration

ac =
v2

r
= rω2.

Since the translational acceleration of a point on the rim
of a rotating object has both tangential and radial com-
ponents and they are perpendicular, the magnitude of the
total acceleration is a =

√
a2
t + a2

c .

Torque

Torque is the rotational analog of force. It is what causes
changes in rotational motion. To change the linear mo-
tion of an object, a force has to be applied. Similarly, to
change the rotational motion of an object, a torque has
to be applied.

The vector definition of torque is the cross product
of the vector from the origin to the point of application
of the force with the force vector

~τ = ~r × ~F .

Remember that the cross product is not commutative, so
the order of the vectors matters. The direction of the
torque can be determined by the right-hand rule.

The magnitude of the torque is

τ = rF sin θ,
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where θ is the small angle between the two vectors. Use
this equation when finding torque in two dimensions.

~r

~F

θ

d

If ~r, the vector from the object’s axis of rotation to
the point of application of the force and ~F are perpen-
dicular, then sin θ = 1 and the magnitude of the torque
is

τ = rF.

The torque is also equal to the magnitude of the force
times the shortest distance d between the axis of rotation
and the infinite line that runs through the force vector

τ = Fd.

This distance d is often called the lever arm.

When doing 3D torque applications, you may be
shown a diagram of an object showing various forces be-
ing applied at different places. Then you’ll be asked to
calculate the torque about a specific point on the object.

1. Set up a coordinate system. It’s usually easiest to
have the point of interest at the origin—the point of
interest being the point at which you want to know
the torque.

2. Pick a force. The vector drawn from the point of
interest to the point where the force is being applied
is the ~r vector.

3. The torque on the point of interest caused by the
force being considered is ~τ = ~r × ~F .

4. Repeat this process for each force being applied to
the object.

5. Sum all the torques (one for each force) using a force
table. The resultant vector is the net torque on the
point of interest.

6. The magnitude of the net torque is τ =√
τ2
x + τ2

y + τ2
z .

7. The right-hand-rule is only applicable to 2D
torques. To get the three angles of the net 3D

torque, use

α = cos−1
(τx
τ

)
,

β = cos−1
(τy
τ

)
,

γ = cos−1
(τz
τ

)
.

Remember when summing the torque on a body that
any forces going through the axis of rotation (usually the
center of mass) do not contribute to the torque. For a
sphere on an incline, for example, the gravitational force
and normal force do not contribute to the torque—only
the frictional force does.

Moment of Inertia

The net torque on a rigid body is proportional to the an-
gular acceleration of the body, and the constant of propor-
tionality is the moment of inertia. Notice that this is
the rotational analog of Newton’s second law Fnet = ma

τnet = Iα.

In translational motion, mass is the resistance to a
change in the motion. In angular motion, moment of in-
ertia is the resistance to change in angular motion. The
larger the moment of inertia of a rigid body, the harder
it is to get it to rotate or to stop it once it is rotating.
The moment of inertia depends on the distance the mass
is from its axis of rotation. It is easier to get a mass to
rotate if it is close to its axis of rotation. For such a mass,
its moment of inertia is small.

For a system of particles, the moment of inertia is

I =
∑
i

mir
2
i ,

where r is the distance from the axis of rotation. In other
words, the moment of inertia is the sum of each element of
mass times its distance from the axis of rotation squared.
Notice that the moment of inertia of a single particle is
just I = mr2. For a continuous rigid object, the moment
of inertia can be calculated as

I =

ˆ
r2 dm.

When dealing with a 3D object, we let dm = ρ dx dy dz
as usual where ρ = M

V is the density of the object.

The moment of inertia for some common shapes ro-
tating about an axis through their center of mass is given
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here

Thin Cylindrical Shell: ICM = MR2

Hollow Cylinder: ICM =
1

2
M(R2

1 +R2
2)

Solid Cylinder or Disk: ICM =
1

2
MR2

Rectangular Plate: ICM =
1

12
M(a2 + b2)

Long Thin Rod: ICM =
1

12
ML2

Solid Sphere: ICM =
2

5
MR2

Spherical Shell: ICM =
2

3
MR2

The moment of inertia for a cylinder rotating about
its symmetry is independent of the length of the cylinder.
That is, if every particle in the cylinder was crushed down
to disk, the moment of inertia would be the same.

The parallel axis theorem tells us that the mo-
ment of inertia for an object rotating about an axis par-
allel to the axis through the center of mass is

I = Icm +Md2,

where Icm is the moment of inertia of the object about
the axis through its center of mass, M is its total mass,
and d is the distance between the two axes.

Rotational Energy

An object rotating in place has no overall translational
motion, but each bit has tangential speed, and so a ro-
tating object has a kinetic energy associated with its ro-
tation. It is given by

Krot =
1

2
Iω2.

Notice the similarity with translational kinetic energy.
The moment of inertia takes the place of mass and angu-
lar speed takes the place of translational speed.

If an object is rotating and has translational mo-
tion, such as a ball rolling down a hill, then it has regular
kinetic energy and rotational kinetic energy. The total
kinetic energy of such a body is the rotational kinetic en-
ergy of the center of mass plus the translational kinetic
energy of the center of mass

K =
1

2
Icmω

2 +
1

2
Mv2

cm.

The work-energy theorem for rotational motion
tells us that the change in rotational kinetic energy equals

the net work done on the body

W = ∆Krot =
1

2
Iω2

f −
1

2
Iω2

i .

Recall that work is calculated as force times the dis-
tance it is applied or W = Fd when the force is in the
direction of motion. Similarly, if a torque of constant
magnitude is being applied to rotate an object through
an angle θ, then the work done by the torque is

W = τθ.

Notice that this is analogous to the linear case. We just
replaced the force by torque and the distance by angular
distance. If the torque is not constant, then the work
done is

W =

ˆ θ2

θ1

τ dθ =

ˆ θ2

θ1

rF sin θ dθ.

Rolling Motion

A round object on a surface can display three types of
motion.2

1. Pure Translation: If all the motion is translational,
this means the object is not rotating, and its point
of contact with the surface is slipping along the sur-
face at the same translational speed that the ob-
ject’s center of mass is moving. Think of a wheel
sliding (no rotation) down an icy incline. In pure
translational motion, the kinetic energy of the ob-
ject is

K =
1

2
Mv2

cm.

2. Pure Rotation: In pure rotation, the the object is
not moving at all relative to the surface—it is just
rotating in place. Think of a wheel spinning in place
on an icy surface. In pure rotation, the linear speed
of a point on the rim is

v = Rω.

In pure rotation, the kinetic energy of the object is

Krot =
1

2
Icmω

2.

3. Rolling without slipping: Think of this motion as
the sum of pure rotation and pure translation. The
wheel’s point of contact with the surface has zero
instantaneous speed. As such, the frictional force
acting at that point is static friction rather than ki-
netic friction, and it does no work on the wheel so
the mechanical energy of the wheel is conserved. In
rolling without slipping, the translational speed of
the center of mass is related to the angular speed of
rotation by

vcm = Rω.

2http://dev.physicslab.org/Document.aspx?doctype=3&filename=RotaryMotion_RotationalDynamicsRollingSpheres.xml

http://dev.physicslab.org/Document.aspx?doctype=3&filename=RotaryMotion_RotationalDynamicsRollingSpheres.xml
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In rolling without slipping, the kinetic energy of the
object is

K =
1

2
Icmω

2 +
1

2
Mv2

cm.

If an object is rolling without slipping at a constant
speed, there is zero friction acting on the object. If it
would be rolling with slipping, there would be kinetic fric-
tion acting on the contact point, and if it was not rolling
at a constant speed, there would have to be static friction
acting on the contact point to change its angular velocity.

When there is translational acceleration, there must
be friction to prevent the contact point from slipping.
Since the contact point is instantaneously at rest when
rolling without slipping, the type of friction is static fric-
tion. Determining the direction of the static friction is a
little trickier. Consider the wheel of a car for example.
As the car accelerates, the static friction between the tire
and the roadway prevents the wheel from “spinning out”
and thereby allows the car to move forward. When the
car is accelerating in the forward direction, the contact
point would slip in the opposite direction if not for the
friction. Therefore, static friction points in the direction
of the car’s acceleration. However, consider now a wheel
on an incline. If the incline was frictionless, the wheel
would slide down the incline without rolling at all. How-
ever, since the incline is not frictionless, the wheel rolls
without slipping. In fact, it is the static friction that
provides the torque required for the wheel to roll as op-
posed to slide down the incline. Since the wheel is going
down the incline, the direction of imminent slip of the
contact point is in the downward direction. Therefore,
the direction of the static friction force is in the rearward
direction—the direction opposite the acceleration of the
wheel. In short, for a wheel rolling without slipping and
undergoing translational acceleration, to determine the
direction of the static friction force, just imagine what
would happen if there was no friction. Which direction
would the contact point slip? Static friction points the
opposite direction.

For an object rolling with slipping, the friction is
kinetic and is in the direction opposite the direction of
motion of the contact point. There are two possibilities.
The object is sliding along with the contact point slid-
ing in the direction of motion (like a skidding bowling
ball), in which case, the kinetic friction is opposite the
direction of motion. The second possibility is that the
contact point is moving in the direction opposite the di-
rection of motion (like a car powering through mud with
its wheels spinning). In that case, the kinetic friction is in
the direction of the motion of the car since all four of the
contact points between the wheels and the muddy road
are moving backward.

For problems such as bowling balls where the initial
motion is purely translational, but then changes to rolling
without slipping, the key is to remember that for purely

translational motion over a rough surface, the change in
kinetic energy equals the negative of the friction force
times distance ∆K = −fkd. The translational accelera-
tion of the purely sliding ball is entirely due to the friction,
so from F = ma, we get a = −µkg. Finally, we find the
time at which the ball switches from purely translational
motion to rolling without slipping by noting that at that
point vcm = Rω.

Angular Momentum

For a translating object, linear momentum tends to keep
it translating. Similarly, for a rotating object, angular
momentum tends to keep it rotating. For a particle mov-
ing about an axis of rotation, the angular momentum is

~L = ~r × ~p.

Differentiating with respect to time gives us

~τnet =
d

dt
(~r × ~p) =

d~L

dt
.

For a system of particles, the total angular momen-
tum is just the sum of all the angular momenta. They
must all be about the same axis of rotation, though. By
Newton’s third law, the internal torques cancel (provided
that the internal forces are central forces), so the total
angular momentum changes only if there’s a net external
torque on the system

~τnet ext =
d~Ltot
dt

.

If the system is not isolated, that is, if there is a net torque
on the system, then that net torque is equal to the time
rate of change of the angular momentum. This is true
even if the system is accelerating provided that the axis
of rotation is through the center of mass of the system.
From the above equation, the change in the total angular
momentum of the system is equal to the integral of the
net external torque.

An object does not have to be rotating or even mov-
ing along a curved path to have angular momentum.
A particle moving in a straight line has angular mo-
mentum with respect to any point not on that line.

Tip:

For a rigid object, just like linear momentum is the
product of mass times velocity, angular momentum is
equal to the product of the moment of inertia times the
angular speed

L = Iω.

Notice that this is the rotational analogue of p = mv.
This shows that angular momentum (at least in intro-
ductory physics) is parallel to angular velocity.
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If there is no net external torque acting on a sys-

tem, then d~Ltot
dt = 0, which implies ~Ltot = constant. So

if there is no net external torque on a system, we have
conservation of angular momentum

~Lf = ~Li.

This is true even if the matter in the system is rearranged
to change the moment of inertia.

Ifωf = Iiωi.

An example is a skater. If he draws his arms in, his
moment of inertia is reduced, so the angular speed must
increase to compensate.

Consider the flywheel spinning on an axle shown be-
low. Using the right-hand rule, we determine that the
angular momentum of the wheel points to the left as in-
dicated. If the force ~F 1 is applied, say you push down on
the left end of the axle with your finger, what will hap-
pen to the flywheel? By applying ~F 1, we apply a torque.
Using the right hand rule, we know that the direction of
the torque is out of the page, toward the reader. Since

~τnet =
d~L

dt
,

we know that the change in the angular momentum will
be in the direction of the torque vector. So the object
must swivel/tilt in the direction such that the angular
momentum turns toward the torque vector. In this case,
since the angular momentum points left, and the torque
points toward the reader, the angular momentum vector
will move in the direction of the torque vector. That is,
the left end of the axle will move toward the reader and
the right end of the axle will move away from the reader.

>
>
>

~F 2
~F 1

~L

What if ~F 2 is applied? Using the right-hand rule, we note
that the torque vector for ~F 2 is into the page. The angu-
lar momentum vector is still to the left, and will change
in the direction of the torque vector, so the right end
of the axle will swivel toward you, and the left end will
swivel away from you. Perhaps counterintuitively, press-
ing down on either end of the of the axle will cause it to
swing toward you.

1.11 Gravity

According to Newton’s law of universal gravitation, the
gravitational attraction between two objects depends on
their masses and the inverse square of the distance from
each other

Fg = G
m1m2

r2
,

where G = 6.674× 10−11 N ·m2/kg2 is the universal
gravitational constant. In vector form, this equation
becomes

~F g = −Gm1m2

r2
r̂.

The gravitational field and force exerted by a spherical
object with symmetric mass distribution on an object
outside the distribution is the same as if all its mass
was concentrated at its central point.

Tip:

Since Fg = mg and Fg = Gm1m2

r2 , setting them equal
to each other gives

g = G
Me

R2
e

,

for an object at Earth’s surface. To see how g varies with
height above the Earth’s surface, we simply replace R2

e

with (Re + h)2.

Kepler’s three laws of planetary motion are

1. Planets move in elliptical orbits with the sun at one
focus of the ellipse.

2. The line from the sun to a planet sweeps out equal
area in equal time. This means that close to the
sun, the planet has a higher tangential velocity than
when it is far away.

3. The square of the orbital period of a planet is pro-
portional to the cube of the semimajor axis of its
orbit.

The eccentricity e of an orbit is the ratio of the dis-
tance of a focus from the center of the ellipse to the length
of the semimajor axis. For a circle, e = 0. For an ellipse,
0 < e < 1. For a parabola, e = 1. For a hyperbola, e > 1.

Previously, we determined that projectiles follow
parabolic trajectories. That derivation neglects the
Earth’s curvature and the variation of g. The actual mo-
tion of a projectile is an elliptical orbit with the center of
Earth at one focus.

Gravitational Field

Since gravitational force acts at a distance, it is helpful
to think in terms of a gravitational field. The gravita-
tional field (which can be interpreted as an acceleration)
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experienced by a test particle near a mass m is

~g =
~F g
m

= −Gm
r2

r̂.

The unit vector r̂ points radially outward from the center
of the mass m. It is negative because the test particle
will accelerate toward the massive object.

From the shell theorem, for a spherical distribution
of mass, the gravitational field at a point a distance
from the center of the mass is due only to the mass
enclosed by that radius. A hollow, spherical shell, for
example, has no gravitational field anywhere inside of
it.

Tip:

Gravitational Energy

The gravitational potential energy given as U = mgh, is
only valid near the surface of Earth where g is constant.
At greater distances from Earth and for gravitational po-
tential energy in general, we must use the definition of
potential energy ∆U =

´ r2
r1
Fr dr, where the radial force

is the gravitational force Fr = −GMm
r2 . Doing the sub-

stitution and integrating gives us

∆U = −GMm

(
1

r2
− 1

r1

)
.

If we define potential energy to be zero at infinity (i.e.
where the force of attraction is zero), then

U(r) = −GMm

r
.

To calculate escape speed we make use of the fact
that total energy is conserved, Ki + Ui = Kf + Uf and
that the maximum or final velocity is zero for an object
that has an initial velocity exactly equal to the escape
velocity, and that the maximum distance is rmax = ∞,
so by solving

1

2
mvesc −G

mM

r
= −GmM

rmax
,

for vesc, we get the escape speed

vesc =

√
2GM

r
,

where M is the mass of the planet and r is the radius of
the planet. Notice that this gives the escape speed for an

object starting at a distance r from the planet’s center.
Notice also that the mass of the object escaping m can-
cels out so escape speed is independent of the mass of the
object.

Circular Orbit

For an object in circular motion, a radial force directed
toward the center of motion, called centripetal force, is
what keeps the object in circular motion.

Fc = ma = m
v2

r

For an object in circular orbit, the centripetal force is the
gravitational force

Fg = G
Mm

r2
= m

v2

r
,

where M is the central mass and m is the orbiting mass.
With this we can determine the speed v for an object in
circular orbit as

v =

√
GM

r
.

The total energy of an object in a circular orbit is
then

E = U +K = −GMm

r
+

1

2
mv2 = −GMm

2r
.

In general, the energy of an object in a bound orbit (cir-
cular or elliptical) is negative. Notice that for circular
orbits, U = −2K which implies E = U +K = 1

2U = −K.
Therefore, the higher the kinetic energy of the orbiting
body, the lower its total energy. This also implies that
higher orbital speeds occur at lower orbits.

In one orbital period, an orbiting object moves a
distance of 2πr, so its speed is v = 2πr

T . Equating this
with the orbital speed v found above and solving for T
gives us the period of a circular orbit as

T =

√
4π2r3

GM
.

Notice that the orbital period does not depend on
the mass of the orbiting object. It does, however, depend
on the orbital radius r. The orbital period of the ISS is
1.5 hours. The orbital period of the moon is 27 days. At
a distance where the orbital period is exactly one day, a
satellite is in geosynchronous orbit.
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What is the gravitational field at a point a distance
d above the center of a thin disk of radius a and mass
M? Recall that the gravitational field is given by

~g = G
M

r2
r̂,

where r is the distance from the massive object–in this
case a disk.

x

θ

√
x2 + d2

d

We start by diagramming the situation and adding
a coordinate system in the plane of the disk.

We want to add the field contributions of an infi-
nite number of infinitesimal mass elements so we take
the derivative with respect to M and write

d~g =
G

r2
r̂ dM.

From the symmetry of a disk, we know that the compo-
nents of the field parallel to the disk cancel, so we only
need to sum the perpendicular components

dg =
G

r2
cos θ dM.

The elemental mass is a ring of radius x and width
dx. We assume the disk has a uniform surface mass den-
sity σ = M

A where M is the total mass of the disk and
A is the total area of the disk. Then A = σM . Taking
the derivative with respect to M gives us dM = σdA,

where dA is the area of our elemental ring, which is
dA = 2πx dx. Now we can rewrite our differential equa-
tion in terms of x as

dg =
G2πσx

r2
cos θ dx.

But we also need to express r and cos θ in terms of
x. Each part of the ring is the same distance from
our point and can be calculated from the Pythagorean
theorem as r =

√
x2 + d2. Similarly, we can express

cos θ = d√
x2+d2

. Plugging these in gives us

dg =
G2πσx

x2 + d2

d√
x2 + d2

dx

= 2πσdG
x

(x2 + d2)
3
2

dx.

Integrating this from 0 to a, gives us the total field
strength at the point a distance d above the center of
the disk.

g = 2πσdG

ˆ a

0

x

(x2 + d2)
3
2

dx

= 2πσdG

[
1

d
− 1√

a2 + d2

]
= 2πσG

[
1− d√

a2 + d2

]

Notice that if a = ∞, that is, we have an infinite
sheet of mass of surface density σ at a distance d, the
gravitational field is g = 2πσG.

Recall that σ = M
A = M

πa2 . This allows us to rewrite
the gravitational field for the disk as

g =
2GM

a2

[
1− d√

a2 + d2

]
.

Notice that at d = 0 and at d = ∞, the field is
zero. This makes sense. At d = 0 the point is in the
center of the disk and all the components of the field
cancel out. At what distance is the gravitational field
strongest?

Example:
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To calculate the gravitational field of a hemisphere
of radius R and mass M at a point at the center of
the flat part, we treat the hemisphere as a stack of thin
disks. In an earlier section, we learned that the gravi-
tational field due to a disk is given by

g =
2GM

a2

[
1− d√

a2 + d2

]
.

dx

R

x

We let the x-axis of our coordinate system pass
through the axis of the hemisphere with the center of
the flat part of the hemisphere at x = 0. Then the
distance to a disk is x. From the equation for a circle
x2 + y2 = R2, we deduce that the radius of a disk is

√
R2 − x2. Making these substitutions in the equation

for the gravitational field due to a single disk gives us

dg =
2G

R2 − x2

[
1− x√

R2 − x2 + x2

]
dM.

If we assume the hemisphere has uniform mass den-
sity ρ = M

V , then the mass of an elemental disk is
dM = ρV = ρπ(R2 − x2)dx, so

dg =
2G

R2 − x2

[
1− x

R

]
ρπ(R2 − x2)dx

= 2ρπG
[
1− x

R

]
dx

Integrating gives us

g = 2ρπG

ˆ R

0

[
1− x

R

]
dx

g = ρπRG

Since ρ = M
V , we can rewrite this in terms of the

mass of the hemisphere

g =
3MG

2R2
.

Example:

1.12 Static Equilibrium

An object is in static equilibrium when it has zero
translational or angular velocity. In other words, it is sit-
ting still. To solve problems involving static equilibrium,
we utilize the fact that the net forces in every direction
(including torque) on the object sum to zero.

There are two conditions required for there to be
equilibrium

1. ~F net = 0, and ~v = 0. The total force must be zero
and the initial velocity must be zero. This guaran-
tees that the point at the center of mass is at rest. It
cannot guarantee that the rest of the points aren’t
rotating around it.

2. ~τnet = 0, and ~ω = 0 no matter what point is cho-
sen to measure the torque about. In other words,
the torque is zero and the initial angular velocity
is zero. This condition guarantees that there is no
rotation.

If both conditions are true, then the object is in static
equilibrium.

To solve these problems, you often have to solve a

system of equations like∑
Fx = 0∑
Fy = 0∑
τ = 0.

The torque on a rigid object due to the gravitational
force is equivalent to the torque due to a single force act-
ing through the object’s center of gravity. So when cal-
culating the torque, we only have to consider the gravita-
tional force acting through the object’s center of gravity.

If the net torque about some point in a rigid body
is zero, then the net torque about any point in the body
is zero. This means we can choose any convenient pivot
point when evaluating the net torque in a static equilib-
rium problem. Generally, the idea is to choose the pivot
point to be at the point of application of one of the forces
acting on the body since the torque at the point of appli-
cation of a force due to that force is zero. This simplifies
our torque calculation by removing one of the forces from
the torque calculation.

The idea of torque and static equilibrium allows us
to solve some problems that we couldn’t have solved ear-
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lier. This is because we now have an additional equation,∑
τ = 0, that helps us solve our system of equations.

If the gravitational force is constant over the extent
of the rigid body, then the center of gravity is the same
as the center of mass of the object. When finding the
net torque on a body in a static equilibrium problem, we
typically have to find the center of mass of the body so
we can calculate the torque due to the gravitational force
acting on the mass.

Any force that is directed through the center of the
chosen pivot point produces no torque.

Tip:

In general, to solve static equilibrium problems, fol-
low this procedure:

1. Draw a simplified model of the object and all the
forces acting on the object. You can’t represent
the object by a simple point like we could in earlier

free-body diagrams, however, because the location
of the forces matter now.

2. Choose a convenient origin for your coordinate sys-
tem. This will be the pivot point about which you
calculate the torques, so it is often helpful to choose
the origin to be at a point where one or more of the
forces produce zero torque.

3. Fill out the system of equations∑
Fx = 0∑
Fy = 0∑
τ = 0.

by summing the forces in the component directions
as well as the torques. For an object in static equi-
librium, the total clockwise torque equals the total
counterclockwise torque. You may not even need
the first few equations. For some problems, you
only have to compute the torques and set their sum
equal to zero to calculate the unknowns.

4. Solve for the unknown(s).
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Consider the following picture. A 4-meter rod
weighing 2 kg that sticks into a wall is holding a ball
weighing 30 kg and is held up by a rope going from the
wall to the end of the rod.

~T

30◦

30 kg

nx

ny

When we consider the rod, we see that it experi-
ences the following forces:

• Weight force wr acting at the center of the rod
• Tension force T from the rope acting on the right

end of the rod
• Weight force wb from the ball hanging from the

end of the rod
• The normal force ~n = nxx̂+ny ŷ being applied by

the wall to the left end of the rod

The crucial thing to note here is that the rod is
not just butted against the wall—it is embedded in the
wall. This means the normal force is not just pointing
horizontally against the rod, but also inward from the
circumference of the rod. Even if no part of the wall
touched the flat end of the rod, the hole in the wall
would still hold the rod in place. The important thing
to note is that, in this case, the normal force is in two
dimensions.

We set up our coordinate system with the positive
y-axis pointing up, and the origin at the point where
the rod enters the wall. To calculate the magnitude of
the torque created by each force, we use the equation

τ = rF sin θ

where r is the distance from the origin to the point
where the force is being applied, F is the magnitude
of the force, and θ is the angle between the force and
the direction vector ~r pointing from the origin to the
point where force is being applied. Remember to use
the right-hand rule to determine the direction of the
torque. In this case, we’ve decided to use the conven-
tion that the direction in toward the paper corresponds
to negative. Notice that the normal forces cause no

torque in this case because they’re right at the origin
with r = 0.

x-componenty-component τ (torque)

wr mrg cos 270◦ mrg sin 270◦−2mrg sin 90◦

wb mbg cos 270◦ mbg sin 270◦ −4mbg sin 90◦

~T T cos 150◦ T sin 150◦ 4T sin 150◦

nx nx 0 0

ny 0 ny 0

Solving for as much as we can in the table, we get:

x y τ (torque)

wr 0 −19.6N −39.2Nm

wb 0 −294N −1176Nm

~T −0.8660T 0.5T 2T

nx nx 0 0

ny 0 ny 0

Notice that there are three variables, and without
the torque column, we would have only two equations,
so we wouldn’t have been able to solve the system. Now,
however, we can. Using Newton’s component equations,
we have ∑

~F x = nx − 0.8660T = 0∑
~F y = ny − 0.5T − 313.6N = 0∑
~τ = 2T − 1215.2N = 0.

These equations all equal zero because the object is in
equilibrium—there is no horizontal, vertical, or angular
acceleration. To solve for the variables, we set up the
system of equations as follows and solve with a calcula-
tor.

nx 0 −0.8660T = 0

0 ny −0.5T = 313.6

0 0 2T = 1215.2

Example:
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Oscillations and Waves

Any system displaced from a stable equilibrium will
oscillate.

For oscillations, the period T is the time taken to
complete one cycle. The frequency f is the number of
oscillations or cycles per second. The two are related by
the equation

f =
1

T
.

Oscillations can also be represented in polar coordinates,
where an oscillation is represented as a point going around
a circle. This gives rise to the concept of angular fre-
quency ω. Since one revolution is equal to 2π radians,
angular frequency is given by

ω = 2πf

=
2π

T
.

2.1 Simple Harmonic Motion

If the force on an object is proportional to the object’s
position and directed toward the equilibrium position,
then the object demonstrates simple harmonic mo-
tion. That is, any force of the form F ∝ −x, results
in simple harmonic motion when the system is displaced
from equilibrium. A mass on a spring is an example of a
simple harmonic oscillator and the bouncing mass at the
end of the spring is undergoing simple harmonic motion.
All periodic motions can be modeled as combinations of
simple harmonic motions.

Simple harmonic motion is not the same as a particle
bouncing back and forth at a constant velocity. In simple
harmonic motion, the velocity of the particle is always
changing. A point on the rim of a wheel that is rotating
with constant angular velocity moves in simple harmonic
motion if we look only at the x coordinate of the point or
only at the y coordinate of the point. Suppose there’s a
knob on the rim of a wheel rotating with constant angular
speed. If you look at the wheel from the side, you see the
knob moving in a circle with a constant angular speed.
However, if you look at the wheel edge-on, you see the
knob moving up and down in simple harmonic motion.

A mass on a spring undergoes simple harmonic mo-
tion, so Hooke’s law

F = −kx,

where x is the displacement of the mass at the end of
the spring and k is the spring constant (a measure of
the spring’s stiffness) can be used as the definition of a
force that gives simple harmonic motion. According to
Hooke’s law, the tension force or spring force is propor-
tional to the extension of the spring. Note that we have
replaced the tension force ~T with the spring force ~F since
they are the same thing here.

To find the position function for a system undergoing
simple harmonic motion, we relate Hooke’s law to New-
ton’s second law via the spring force

F = −kx = ma.

Solving this equation for acceleration, and substituting

a = d2x
dt2 , we get

d2x

dt2
= − k

m
x.

This is a second order differential equation. Usually, we
write

ω =

√
k

m
,

where ω is the angular frequency of the oscillator. The
relation between frequency and angular frequency is

f =
1

T
=

ω

2π
.

The units of angular frequency are radians per second or
just s−1 since radians are unitless.

Now, the differential equation becomes

d2x

dt2
= −ω2x.

This is the generic equation of motion for a simple har-
monic oscillator. The general solution to this differential
equation is

x(t) = B cos(ωt) + C sin(ωt),
39
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where A and B are coefficients that have to be deter-
mined using the initial conditions. We can also write the
position function as

x(t) = A cos(ωt+ φ),

where A is the amplitude of the motion and φ is the phase
constant. The case φ = 0 corresponds to the harmonic
oscillator being at its maximum displacement A at t = 0.

Notice that neither the frequency f nor the angular
frequency ω depend on the maximum amplitude A of a
simple harmonic oscillator. So given some harmonic oscil-
lator such as a mass on a spring, if we start it oscillating
by displacing the mass from equilibrium by some distance
A and then releasing it, the frequency of the resulting mo-
tion will be the same no matter what A is.

To get the velocity or acceleration functions from
from either of these equations of motion, we simply dif-
ferentiate the position function once or twice. Differenti-
ating the second equation gives us the velocity function

v(t) = −ωA sin(ωt+ φ).

Since the maximum value of the sine function is 1, the
maximum velocity of a simple harmonic oscillator is
vmax = ωA. This maximum velocity occurs when the
object is passing through its equilibrium position. Differ-
entiating again gives us the acceleration function

a(t) = −ω2A cos(ωt+ φ).

The maximum value of the cosine function is also 1, so
the maximum acceleration experienced by an object un-
dergoing simple harmonic motion is amax = ω2A. This
maximum acceleration occurs when the object is at its
maximum displacement.

When writing the equation of motion for an oscillating
object be sure to get the sign right. Plug in t = 0, to
make sure that your result gives the initial position on
the correct side of the equilibrium point.

Tip:

Mass on Spring Systems

A mass on a spring is an example of a simple harmonic
oscillator detailed above. What if the mass-spring system
are vertical? Now in addition to the tension/spring force
~T pulling up on the mass, we also have the gravitation-
al/weight force ~w pulling down on the mass. When the
system is in equilibrium (i.e. when the mass on the spring
is not oscillating) the tension force equals the weight force:
~T = ~w.

m

~T

~w

For a mass hanging from a vertical spring, the only
effect from gravity is to lower the equilibrium point. The
gravitational force has no effect on the period or frequency
of the motion, and the mass will undergo simple harmonic
motion if it is displaced from this new equilibrium posi-
tion.

Given a vertical mass-spring system, we can calcu-
late the spring constant k if we know the mass m hanging
from the spring and the initial extension xi that occured
when we added the mass to the spring. To calculate k for,
we note that a spring with a mass is in equilibrium when
it is not currently oscillating, so ~F = −~w or kx = mg.
Solving for k, we get

k =
mg

xi
.

The spring constant will have units of Newtons per meter
or N/m.

We can plot the vertical displacement of a mass on
a spring with respect to time to get a plot such as the
one below. The cosine wave below is the height of the
mass with respect to time. The wavelength of the cosine
depicted is the period of the oscillator, and it represents
the length of time it takes for the mass on the spring to
make one cycle.

y(t)

t

Amplitude

Period
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Given a spring with a mass of 400g and an initial
extension of 0.7cm, calculate k, ω, f , and T .

When doing problems such as these, make sure
that everything is in SI units.

k =
mg

xi
=

0.4kg · 9.80m
s2

.007m
= 560

N

m

ω =

√
k

m
=

√
560 N

m
0.4kg

=

√
1400

1

s2
= 37.42

rad

s

f =
ω

2π
=

37.42

2π
= 5.956 Hz

T =
1

f
=

1

5.956 Hz
= 0.1679 s

Example:

Given the same spring as in the earlier example,
determine the coefficients A and B given the initial
conditions x(0) = 0.3m, and vx(0) = 3.0m

s .

Given that ω = 37.42 s−1 our position function
for the oscillating mass is

x(t) = A sin

(
37.42

s
t

)
+B cos

(
37.42

s
t

)
.

At t = 0, the sine term will be zero and the cosine will
be 1, so we have that

x(t = 0) = 0 +B = 0.3m,

so our function becomes

x(t) = A sin

(
37.42

s
t

)
+ 0.3m cos

(
37.42

s
t

)
.

Because vx(t) = dx
dt , we can differentiate the po-

sition function to get the velocity function. Differen-
tiating the above equation, we get

vx(t) =
37.42

s
A cos

(
37.42

s
t

)
−11.23

m

s
sin

(
37.42

s
t

)
.

At t = 0, the sine term will be zero and the cosine will
be 1, so we have that

vx(t = 0) =
37.42

s
A+ 0 = 3.0

m

s
.

Solving for A, we get 0.08017m, so our position
and velocity functions become

x(t) = 0.08017m sin

(
37.42

s
t

)
+ 0.3m cos

(
37.42

s
t

)
,

vx(t) = 3.000
m

s
cos

(
37.42

s
t

)
−11.23

m

s
sin

(
37.42

s
t

)
.

Example:
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Finally, using the same spring as in the previous
two examples, calculate the position and velocity of
the bouncing mass at 5.05 seconds.

First, make sure your calulator is in radian mode
when calculating the position or velocity at some t.
Plugging t = 5.05s into the position and velocity func-
tions found in the previous example and simplifying,
we get

x(5.05s) = 0.08017m sin

(
37.42

s
5.05s

)
+0.3m cos

(
37.42

s
5.05s

)
= 0.3034m.

vx(5.05s) = 3.000
m

s
cos

(
37.42

s
5.05s

)
−11.23

m

s
sin

(
37.42

s
5.05s

)
= −2.473

m

s
.

Example:

Torsional Oscillators

An example of a torsional oscillator is shown below as a
disk hanging from a wire or string.

If you rotate the disk by some angular displacement θ,
a restoring torque τ develops in the wire that causes the
disk to rotate in the opposite direction when you release
it. The relation between the angular displacement and
the restoring force is

τ = −κθ,

where κ is the torsional constant. This equation is of
the form of Hooke’s law. From the rotational analog of
Newton’s law, we have τ = Iα where I is the moment of

inertia of the disk and α = d2θ
dt2 is the angular acceleration

of the disk. Equating the two τ gives us the equation of
motion

d2θ

dt2
= −ω2θ,

where

ω =

√
κ

I
,

is the angular frequency. Notice that the equation of mo-
tion has the same form as the equation of motion for
simple harmonic oscillators.

Torsional oscillators are often used to measure mo-
ments of inertia I.

Pendulums

A simple pendulum consisting of a point mass m hanging
on a massless rod of length ` has the equation of motion

d2θ

dt2
= −ω2 sin θ,

where the angular frequency is

ω =

√
g

`
.

This is not the equation of motion of a simple harmonic
oscillator since we have sin θ instead of just θ. However,
if the amplitude of the motion is small, that is, the pen-
dulum is only swing through small angles, then we can
use the small angle approximation sin θ ≈ θ. So for small
angles, the equation of motion is

d2θ

dt2
= −ω2θ,

which is is the equation of motion of a simple harmonic
oscillator. Like any simple harmonic oscillator it the so-
lution for small angle motion is

θ(t) = A cos(ωt+ φ),

where A is the maximum angle and the period is

T =
2π

ω
= 2π

√
`

g
.

Notice that the period of the pendulum does not depend
on the mass—only on the length of the pendulum and on
g.

So far, we have examined the idealized simple pen-
dulum in which all of the mass is concentrated at a point
a distance ` from the pivot point. A physical pendu-
lum is a more real pendulum in which the mass is not
all concentrated at a point. Example’s of physical pen-
dulums include human legs and a hula hoop hanging on
a nail.

For a physical pendulum, the equation of motion for
small oscillations is still

d2θ

dt2
= −ω2θ,

but now the angular frequency is

ω =

√
mg`

I
,
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where ` is the distance from the pivot to the center of
gravity, and I is the moment of inertia of the swinging
object. The period of a physical pendulum is

T =
2π

ω
= 2π

√
I

mgL
.

Energy and Simple Harmonic Motion

A simple harmonic oscillator has total mechanical energy
of E = K + U = 1

2mv
2 + 1

2kx
2. When v and x are re-

placed with the appropriate functions (i.e. x(t) is given
above and v(t) is its first derivative), this reduces to

E =
1

2
kA2,

where A is the amplitude of the motion. In other words,
the mechanical energy of the simple harmonic oscillator
is constant. At the peaks of the motion, all of the energy
is potential. At the equilibrium point, all the energy is
kinetic. Solving 1

2mv
2 + 1

2kx
2 = 1

2kA
2 for v gives us the

velocity of the simple harmonic oscillator in terms of its
position

v = ±
√
k

m
(A2 − x2).

To find v(t), that is, the velocity in terms of time instead
of position, make the substitution x = A cos(ωt+ φ).

Damped Harmonic Motion

In real oscillators, friction, air resistance, and other forces
act to damp harmonic motion. In a real mass-spring sys-
tem, these damping forces eventually bring the oscillat-
ing systems to a complete stop in the absence of driving
forces.

In weak damping also called the underdamped
case, the damping force is proportional to the speed of
the oscillator and has the form

Fd = −bv,

where b is the damping constant. The equation of motion
then becomes

m
d2x

dt2
= −kx− bdx

dt
,

and has the solution

x(t) = Ae−
b

2m t cos(ωt+ φ).

An underdamped harmonic oscillator still oscillates, but
the amplitude Ae−

b
2m t decreases exponentially with time.

An overdamped system is damped so strongly that
it doesn’t oscillate at all. Instead, if it is displaced from
equilibrium, it very slowly returns to equilibrium without
overshooting it. A critically damped system returns to
equilibrium as fast as possible without overshooting it.

Driven Oscillations

Consider a mass-spring oscillator. If you periodically
push the mass with your hand, you are supplying a driv-
ing force to the mass-spring system.

A periodic driving force often has the form

Fd = F0 cosωdt,

where ωd is the driving frequency. Then the equation
of motion for the oscillator is

m
d2x

dt2
= −kx− bdx

dt
+ F0 cosωdt,

where the first term on the right is the restoring force, the
second is the damping force, and the third is the driving
force.

In the long-term, a driven oscillator will move at the
driving frequency, so its position function has the form

x(t) = A cos(ωdt+ φ),

where the amplitude of the motion is

A =
F0√

m2(ω2
d − ω2

0)2 + b2ω2
d

,

where ω0 =
√

k
m is the natural frequency of the oscil-

lator.

If we plot A versus ω0, we see that there is a large
spike when b is small and the driving frequency ωd is
close to the natural frequency ω0. This spike shows that
a weakly damped oscillator that is driven near its natural
frequency, will undergo extremely large oscillations. This
phenomenon is called resonance.

2.2 Wave Motion

Wave motion is closely related to the concept of oscilla-
tion. A wave can be thought of as an infinite number of
oscillating systems. If you drop a pebble in a lake, the
waves move outward from that point, but the water does
not. If you consider a small cluster of water in that region
of ripples, that cluster of water moves up and down as the
waves pass, but it does not move outward like the waves.
In that way, the small cluster of water can be thought of
as an oscillator much like a mass on a spring. The whole
region of ripples can be thought of as a region containing
infinite adjacent oscillators. Each one affects neighbor-
ing ones, so when one oscillator oscillates it causes those
around it to oscillate as well, and this is how a water wave
propagates.

Similarly, a sound waves cause clusters of air to oscil-
late. If I speak, the membranes in my voice box vibrate,
causing a cluster of air molecules to oscillate. This clus-
ter pushes and “pulls” on the clusters around it causing
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them to vibrate as well. In this way, the sound wave
propagates from me to you until it causes the cluster of
air molecules adjacent to your eardrum to oscillate and
hit your eardrum.

A one-dimensional wave can be represented by a
string of masses connected by springs as shown below.
If you tap toward the right on the leftmost block, the
leftmost block will move a bit to the right causing the
first spring to compress and transfer energy to the next
block. This block will now move a bit to the right com-
pressing the next spring and transferring energy to the
third block and so on. This is a longitudinal wave. In
the case of longitudinal waves, the individual blocks don’t
move up or down and they have no net left/right motion.
Instead, each block oscillates horizontally in simple har-
monic motion.

A transverse wave can be created by tapping vertically
on any of the blocks. As the block moves upward, the
springs connecting this block to the two adjacent ones will
expand pulling those blocks upward and the first block
will be pulled downward again. In the case of transverse
waves, the individual blocks don’t move left or right and
the don’t have a net vertical motion. Rather, each block
oscillates vertically in simple harmonic motion. Water
waves have both longitudinal and transverse components.

In short, a wave is a disturbance that propagates
through space, carrying energy but not matter. The
medium that a wave travels through oscillates in place, it
does not travel with the wave.

A pulse is a single wave form traveling through
space. A pulse occurs when the medium is disturbed only
briefly. Think of our string of blocks and springs. A pulse
occurs when we tap a block once. A wave train is a se-
ries of pulses traveling together. They are caused by a
periodic disturbance lasting a finite amount of time. A
wave train would occur in our string of blocks and springs
if we tapped one of the blocks several times in a row. A
continuous wave occurs when the medium is disturbed
periodically. If we keep rythmically tapping one of the
blocks, we create a continuous wave.

A pulse can be created in a string under tension by
a single up and down shake of one end of the string. A
pulse can be represented by a wavefunction of the form

y(x, t) = f(x− vt).

A traveling wave can be created in a string under ten-
sion by shaking one end of the string up and down ryth-
mically. Each point on the string then undergoes simple
harmonic motion—up and down.

y(t)

t

In the example of ripples radiating outward from the
point where a pebble was dropped into a lake, if we now
consider only an infinitely narrow strip of the water’s sur-
face extending outward from that center point, then we
have a traveling wave along this strip. If we take a snap-
shot of the surface of the lake at a point in time, we’ll see
something like the picture below where the circles indi-
cate outward radiating waves.

x

If we choose a narrow strip extending outward from the
center and call it the x-direction, we note that an edge-
on view of this strip will look something like the picture
below.

y

x

If we let this picture play forward in time, we see a travel-
ing wave. So we can think of the three dimensional wave
radiating outward from a pebble dropped into a lake as
an infinite number of traveling waves extending in every
direction outward from the center.

There are two ways to view a wave:
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• Like a still photo. From this we can see the wave-
length, which is the distance between wave tops.

• Like a video. From this we see measure the period
of the wave, which is the time a single spot takes to
make one up/down cycle.

A traveling sinusoidal wave can be written in the
form

y(x, t) = A cos (kx± ωt) .

A wave traveling to the right has a minus sign in the ar-
gument, and a wave traveling to the left has a positive
sign. We could also use a sine function instead of a cosine
since sine is just cosine shifted to the left or right.

The amplitude A of a wave is the maximum height
of a wave above the equilibrium of the medium. It is half
of the height difference between a crest and a trough. In
general, the energy carried by a wave is proportional to
A2.

The wavelength λ is the distance between consecu-
tive wave crests. The wave number k is a constant, and
it is related to the wavelength

k =
2π

λ
.

The period T is the time it takes for one complete oscil-
lation. The frequency

f =
1

T
,

is the number of cycles per unit time. The angular fre-
quency ω is related to the period by

ω =
2π

T
.

The wave speed is the speed at which a wave travels
through its medium. It can be calculated in several dif-
ferent ways

v =
λ

T
= λf =

ω

k
.

The relation between the angular frequency ω and the
wavenumber k, is sometimes called the dispersion rela-
tion. For all the wave motion that we will be considering,
the dispersion relation is ω = vk.

If the wave is shifted left or right, then there is a
phase shift where φ is the phase constant. The wave-
function becomes

y(x, t) = A cos (kx± ωt+ φ) .

Calculate A, k, ω, f , T , φ, λ, and v given the wave-
function

y(x, t) = 6 cm cos

(
5

m
x− 2

s
t+

3π

2

)
.

Four of the values can be found directly in the
wavefunction

A = 6 cm

k =
5

m

ω =
2

s

φ =
3π

2
.

Frequency and period can be found using ω =

2πf = 2π
T . Putting in the known value of ω, and solving

for f and T , we get

f =
1

π s
=

1

π
Hz

T = π s.

The wavelength can be found using k = 2π
λ .

Putting in the value of k and solving for λ gives us

λ =
2

5
π m.

Finally, the wavespeed can be calculated as v = λf

v =
2

5
π m · 1

π
Hz =

2

5
m/s.

Example:

When a traveling wave hits a boundary, part of its
energy is usually transmitted through the boundary and
part is reflected back as as a wave.

All wavefunctions represent solutions of a partial dif-
ferential equation called a wave equation. In the one-
dimensional case, a wave satisfies the partial differential
wave equation

∂2y

∂t2
= v2 ∂

2y

∂x2
.

The variable v represents the speed of the wave, y cor-
responds to the vertical displacements of elements of the
wave in the case of a wave on a string.

If f(x) is a solution to the wave equation, i.e., if
f(x, t) describes a traveling wave, then any function of
the form f(x ± vt) is also a solution. If two functions
f(x, t) and g(x, t) both satisfy the wave equation, then
their sum f + g also satisfies the wave equation. This
means a complicated wave form can be broken into a sum
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of simpler wave forms.

Waves on a String

For small amplitude waves on a string with tension T and
linear mass density µ, the wave speed is

v =

√
T

µ
.

The wave function for a wave traveling on a string must
satisfy the wave equation

∂2y

∂t2
=
T

µ

∂2y

∂x2
.

For a transverse wave given by y(x, t) = A cos(kx −
ωt) traveling along a string, the power (i.e. the rate that
work is done by the wave) is

P = TωkA2 sin2(kx− ωt).

The average power is

Pavg =
1

2
µω2A2v.

Sound Waves

A plane wave is a wave that has planar wavefronts. A
spherical wave has spherical wavefronts and is gener-
ated by point sources.

The intensity of a spherical wave is

I =
P

A
=

P

4πr2
.

That is, it is the wave’s power spread out over the area
of the spherical wavefront.

In physics, intensity is power per unit area, so it has
units of watts per square meter.

Tip:

Sound waves are longitudinal pressure waves that
propagate through a medium. The speed of sound is given
by

vs =

√
γp

ρ
,

where p is the pressure, ρ is the mass density, and γ is
a constant called the adiabatic index that depends on
the medium. This is sometimes written as

vs =

√
K

ρ
,

where K is bulk modulus. The speed of sound in air is
340 m/s. Notice that this is analogous to the speed of

waves on a string v =
√

T
µ . In both cases, the speed of

waves is proportional to the square root of a force over a
density.

Sound intensity is

β = 10 log

(
I

I0

)
,

where I0 = 10−12 W/m2 and has units of decibels (dB).

2.3 Wave Interference

Unlike material objects, waves can pass through each
other and travel on without having an effect on each
other. Consider waves moving through each other on the
surface of a lake. After passing through each other, the
waves continue on in their original direction exactly as
they were before they passed through each other. While
they are combined, however, superposition occurs re-
sulting in constructive and/or destructive interference.

Complete constructive interference occurs when
the wave amplitude is doubled. Complete destructive
interference occurs when the wave has no amplitude,
that is, the two waves sum and cancel at that spot.

Below, we have two waves with different frequencies
at x1 and x2. At x, we have the sum of the two waves.
That is, both of the waves exist at the same time. Notice
that the amplitude is doubled where the original ampli-
tudes coincide. This is constructive interference. Also,
the amplitude is zero where one of the original waves
peaks in amplitude and the other one has a trough at
that point. This is destructive interference.

y

x1

x2

x

If we dropped two pebbles at difference places in the lake,
interference would occur where the waves from the two
events meet.

We could also have interference from two identical
waves starting from different positions. When they mix
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with each other, the resulting wave is the sum of the two
interfering waves. Notice in the example above, the re-
sulting wave is much smaller because although the two
input waves have the same amplitude and frequency, they
are out of phase.

y

x1

x2

x

Notice that if one of the waves was moved a little more
so that the trough of one coincides with the peak of the
other, the result would be complete destructive interfer-
nce, and the result would be no wave at all.

Dispersion

Dispersion is where the shape of a waveform changes over
time as it travels through its medium. Dispersion occurs
whenever the wave speed depends on the wavelength. For
example, waves on the surface of deep water have speed

v =

√
λg

2π
,

so waves on the surface of deep water will disperse.

Beats

Suppose we have two waves of slightly different frequen-
cies. The combined wave is y(t) = A cos(ω1t)+A cos(ω2t).
By a trigonometric identity, we can write this as y(t) =
2A cos

[
1
2 (ω1 − ω2)t

]
cos
[

1
2 (ω1 + ω2)t

]
. Now we can think

of the second part, cos
[

1
2 (ω1 + ω2)t

]
as the wave and the

first part, 2A cos
[

1
2 (ω1 − ω2)t

]
as its amplitude. Since

the amplitude contains a cosine function, this combined
wave has a time-varying amplitude.

2D Interference

In general, if we have two waves that differ only in their
starting positions x1 and x2, then their wave functions

are given by

y1(x1, t) = A cos(kx1 − ωt)
y2(x2, t) = A cos(kx2 − ωt),

The result of interference between the two waves is their
sum

y(x, t) = A cos(kx1 − ωt) +A cos(kx2 − ωt).

Using the trigonometric identity

cosα+ cosβ = 2 cos

(
α+ β

2

)
cos

(
α− β

2

)
,

we can rewrite the wave equation as

y(x, t) = 2A cos

(
kx1 − kx2

2

)
cos

(
kx1 + kx2

2
− ωt

)
.

Using the relation k = 2π
λ , we can rewrite this as

y(x, t) = 2A cos

(
π[x1 − x2]

λ

)
cos

(
π[x1 + x2]

λ
− ωt

)
.

If we look at this equation, we have what looks like a reg-

ular oscillating equation where 2A cos
(
π[x1−x2]

λ

)
is the

amplitude.

If the result of two identical waves interfering is given
by the equation above, then we can analyze the amplitude

of the resulting wave by looking at 2A cos
(
π[x1−x2]

λ

)
. No-

tice that when cos
(
π[x1−x2]

λ

)
is 1 or −1, then the ampli-

tude is 2A (i.e. it is doubled). This is the definition of

complete constructive interference. When cos
(
π[x1−x2]

λ

)
is 0, then the amplitude is 0. This is the definition of
complete destructive interference.

We know that cos θ = ±1, when θ =
0, π, 2π, 3π, . . . , nπ and that cos θ = 0, when θ =
π
2 ,

3π
2 ,

5π
2 , . . . , nπ+ π

2 . So setting π[x1−x2]
λ equal to nπ and

nπ + π
2 , we find that complete constructive interference

occurs whenever the difference in displacement between
the two waves is an integer multiple of the wavelength;

x1 − x2 = nλ,

and complete destructive interference occurs when

x1 − x2 = nλ+
λ

2
.

Consider the speakers in the picture below. If they’re
both putting out the same tone at a single wavelength
then constructive interference will occur at position A.
This is because the distances from the speakers x1 and
x2 are the same, and x1 − x2 = 0, satisfies the construc-
tive interference equation x1 − x2 = nλ.

If at position B, the difference between x2 and x1 is
an integer multiple of the wavelength plus half the wave-
length, then destuctive interference occurs and no tone
will be heard at that point.
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A

B

Two speakers are driven by a common oscillator
of mono-frequency, and face each other at a distance
of 1.80m. The speed of sound is 330m/s. The closest
complete destructive interference relative to the middle
point is located at 0.3m (Hint: n = 0). Calculate the
wavelength of the sound, the frequency, and all loca-
tions of complete constructive interference between the
two points.

First, we consider the line between the two fac-
ing speakers to be the x-axis. Then for a point on
that axis, x1 is the distance to the left speaker and
x2 is the distance to the right speaker. We know
that x1 + x2 = 1.8m, so solving for x2, we find that
x2 = 1.8m− x1. Substituting this into the equation for
destructive interference, we get

1.8m− 2x1 = nλ+
λ

2
.

Since 0.3m relative to the middle of the axis is the same
as 0.6m relative to the left speaker, we can substitute
x1 = 0.6m and n = 0 to solve for λ, which gives us the
wavelength

λ = 1.2m.

Using the relation v = λf gives us the velocity,

f =
v

λ
=

330m
s

1.2m
= 275Hz.

Now, all constructive interference occurs when the fol-
lowing equation is true for n equal to any integer;

x2 − x1 = nλ.

Substituting x2 = 1.8m− x1, gives us

1.8m− 2x1 = nλ

x1 = 0.9m− n(0.6m)

We know that the range of x1 is [0, 1.8m], so we can
plug this into an inequality

0 ≤ 0.9m− n(0.6m) ≤ 1.8m,

and solve for n to get

−1.5m ≤ n ≤ 1.5m.

Since n must be an integer, the values for n that make
the equation for constructive interference true, are −1,
0, and 1. Plugging these back into x1 = 0.9m−n(0.6m)
gives us all the locations, relative to the left speaker,
at which constructive interference occurs: 0.3m, 0.9m,
and 1.5m.

Example:

Standing Waves

Recall that a wave function of the form f(x ± vt) is a
traveling wave. A wave function of the form

f(x, t) = A(x)B(t),

in which the space and time variables can be separated
into the product of two functions, describes a standing
wave.

So far, we have been considering traveling waves–

waves which are moving to the left or right. Now, we
consider standing waves. Instead of moving to the left
or right, a standing wave stays in one place although it
bobs up and down in sinusoidal motion. An example of
a standing wave can be created by two people holding
opposite ends of a string. If they alternately move their
ends up and down rythmically, such that every part of
the string is moving up at the same time, and then every
part of the string is moving down at the same time, they
have formed a standing wave of the first harmonic.
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A standing wave can be thought of as the superposi-
tion of two waves of the same amplitude and wavelength
traveling in opposite directions. An example wave func-
tion of a standing wave is

y(x, t) = (2A sin kx) sinωt.

Using a trigometric product-to-sum formula, this can also
be written as

y(x, t) = A cos(kx− ωt)−A cos(kx+ ωt),

showing that a standing wave can also be thought of as
two traveling waves going in opposite directions.

When waves are combined in systems with bound-
ary conditions, only certain frequencies can exist and the
frequencies are said to be quantized. Consider a string
of length ` with each end attached to opposite walls in a
room. Since the ends of the string are constrained, that
is, they’re always at the y = 0 position, only standing
wave of a certain kind can occur on the string. Since
both ends are kept at y = 0, we know that 2A sin k` = 0,
which implies k` = nπ or

` =
nπ

k
=
nλ

2
, n = 1, 2, 3, . . .

That is, a string of length ` with both ends fixed at y = 0
can only support waves when ` is an integer number of
half wavelengths.

These allowed waves are called modes or harmon-
ics. The first one is called the fundamental mode, and
the higher ones are called overtones. The fundamental
mode and the first two overtones are shown below.

Points where the wave amplitude is always zero are
called nodes. Places where the amplitude can reach a
maximum are called antinodes.

If only one end of the string of length ` is constrained,
and the other end is free to whip up and down, then the
modes are given by

` =

(
n− 1

2

)
π

k
=

(
n− 1

2

)
λ

2
, n = 1, 2, 3, . . .

The fundamental mode and the first two overtones are
shown below.

Another common application is that of standing
sound waves in a pipe of length L. Consider the open-
ended pipe shown below. Such a pipe can contain stand-
ing waves. The boundary conditions, at the two ends
of the pipe, are that the pressure at the two end points
must be the same as the outside air pressure since the
air in the pipe is mixing with the air outside the pipe at
these two points. If we plot the deviation from outside
air pressure, then this means that the two end points are
pressure nodes, i.e., the deviation from outside pressure
is zero at this point. This implies that the longest wave-
length standing wave, i.e. the fundamental mode, for a
pipe of length L with two open ends is 2L as shown be-
low. Since the wave function must be zero at both open
ends, the longest wavelength standing wave that can be
contained by this pipe is one with a wavelength of 2L.

What if one end of the pipe is closed as shown below?
Now the closed end of the pipe forms a pressure antinode
since the pressure piles up at the back of the pipe. In
this case, the fundamental mode occurs when the pipe
contains a quarter wavelength, so the fundamental mode
has a wavelength of 4L.

Another example of a wavefunction under boundary
conditions is the wave on the surface of a drum. The
surface of the drum is circular, and each element on the
boundary of that circle is constrained by the drum hoop.
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Only the part of the surface inside the boundary is some-
what free to move up and down to produce sound.

2.4 The Doppler Effect

When a point wave source is stationary, spherical waves
move outward uniformly in all directions. When the wave
source is moving, the wave fronts pile up in front of the
source. That is, the wave fronts are closer together in
the object’s direction of motion since in the time between
when consecutive wave fronts are emitted, the source has
moved. Likewise, the wave fronts behind a moving wave
source are further apart. This is the Doppler effect.

The Doppler effect means that the frequency f emit-
ted by a wave source is not the same as the frequency f ′

observed by an observer if either the wave source or the
observer are moving. There are actually four different
cases we have to consider. If the wave source is station-
ary and the observer is moving toward the source with
speed v0, then the observed frequency is

f ′ =

(
v + vo
v

)
f,

where v is the speed of the waves relative to the medium.
In the case of sound waves, v is simply the speed of sound.
If the wave source is stationary and the observer is mov-
ing away from the source with speed vo, then the observed
frequency is

f ′ =

(
v − vo
v

)
f.

If the observer is stationary and the wave source is mov-
ing toward the observer with speed vs, then the observed
frequency is

f ′ =

(
v

v − vs

)
f.

If the observer is stationary and the wave source is moving
away from the observer with speed vs, then the observed
frequency is

f ′ =

(
v

v + vs

)
f.

We can combine all four of these cases in the general
Doppler-shift equation

f ′ =

(
v + vo
v − vs

)
f,

provided that we use a sign convention. If the wave source
is moving, then vs is positive if the source is moving to-
ward the observer and negative if the source is moving
away from the observer. If the source is not moving rel-
ative to the medium, then vs = 0. If the observer is
moving toward the wave source, then vo is positive. If
the observer is moving away from the wave source, then
vo is negative. If the observer is not moving relative to

the medium, then vo = 0. Just remember that if either
the wave source or the observer is moving toward the
other, then that speed is positive. Otherwise, that speed
is negative.

By using the relations v = λf and v = λ′f ′, we
can write the general Doppler shift expression in terms of
wavelengths as

λ′ =

(
v − vs
v + vo

)
λ.

Here we use the same sign conventions for vs and vo as
described above.

If a moving wave source approaches an observer at
exactly the wave speed, that is vs = v, then λ′ = 0. That
is, the perceived wavelength is zero. This is because the
wave fronts are piling up directly in front of the source
creating a shock wave. The shockwave creates a cone
of half-angle sin θ = v

vs
called the Mach angle, and the

ratio vs
v is called the Mach number. A source moving

at vs = v is moving at a speed of Mach 1.

Note: These equations only apply when neither the
source nor the observer are moving faster than the speed
v of the waves in the medium. Also, these equations only
apply when the source and observer are moving directly
toward or away from each other. Otherwise, a factor cos θ,
where θ is the angle between their directions of motion,
has to be included.

2.5 Fluids

A fluid is matter that flows in response to external forces.
Liquids and gases are both fluids.

Pressure

The density of a substance is its mass per unit volume

ρ =
M

V
.

Its SI units are kg/m3. Liquids are incompressible
meaning their densities don’t change. Gases are com-
pressible and their densities change depending on the
external forces. The density of water is about 1000 kg/m3.
The density of air at sea level is typically about 1.2 kg/m3.

Pressure is the normal force per unit area exerted
by a fluid

p =
F

A
.

The SI unit of pressure is N/m2, and it is called the pas-
cal (Pa). An atmosphere (atm) is another commonly
used unit of pressure. The units of pressure include

1 atm = 101.3 kPa

= 760 mmHg

= 14.7 lb/in2

= 14.7 psi.
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There is no direction associated with pressure since
it is the same in every direction at a given point in a fluid.
For a small sphere suspended in a fluid, the pressure on
the sphere is the same at every point on its surface.

For an ideal gas, we know that PV = nRT , and the
number density for a gas is ρ = n

V , so the relation between
pressure and number density for an ideal gas is

P = ρRT.

Hydrostatic Equilibrium

Consider a small disk of fluid of area A on top and thick-
ness dh in a large vessel of fluid. If the pressure at the top
of the disk is p and the pressure at the bottom of the disk
is p+dp, then the force on the top of the disk and directed
downward is pA and the force on the bottom is (p+dp)A
and directed upward. The gravitational force on the fluid
is Aρg dh and is directed downwards. The net force on the
disk of fluid is therefore, Fnet = −pA+(p+dp)A−Aρg dh.
If the disk of fluid is not moving, that is, it is in hydro-
static equilibrium, then Fnet = 0, which implies

dp

dh
= ρg.

This is the condition for hydrostatic equilibrium. The so-
lution to this differential equation gives us pressure p as
a function of the depth h

p = p0 + ρgh,

where p0 is the pressure at the surface of the liquid. This
equation applies to any fluid in hydrostatic equilibrium
in a uniform gravitational field.

For a fluid in hydrostatic equilibrium and no exter-
nal forces, the pressure is constant throughout the fluid.
If the pressure was not constant, that is, there is a pres-
sure difference between two points in the fluid, then the
fluid would move. By definition, the fluid does not move
when in hydrostatic equilibrium so the pressure must be
constant. It isn’t the pressure itself that causes fluid to
move, it is pressure differences. For a fluid in hydrostatic
equilibrium in the presence of the external force of grav-
ity, the pressure is not constant everywhere, it increases
with depth at the exact rate that cancels out the net force
on any bit of fluid.

If you’re calculating the pressure of water at a depth
h below the surface, then you would use p = p0 + ρgh,
where p0 = 1 atm. At the surface of an ocean, the pres-
sure is 1 atm. That is, the pressure of the air is 1 atm
there as is the pressure of the water. The pressures of the
two substances are the same at their interface, but their
densities are very different.

Absolute pressure is the actual pressure at a given
point and gauge pressure is the pressure measured by

a pressure gauge at that point. The absolute pressure
at sea level is usually about 1 atm. The gauge pressure
at sea level is 0 atm, since pressure gauges are used to
measure the difference between absolute and atmospheric
pressures. If you inflate a bicycle tire to 30 psi (gauge
pressure), the absolute pressure in the tire is 44.7 psi
(gauge pressure + atmospheric pressire).

Pascal’s law states that a pressure increase is prop-
agated throughout a fluid. If you have a connected vessel
of arbitrary shape and filled with fluid, Pascal’s law states
that increasing the pressure on the fluid in one part of the
vessel results in the same increase in pressure everywhere
in the vessel. Pascal’s law is the principle underlying hy-
draulic pistons.

When solving hydraulic problems, use Pascal’s law,
which implies that a pressure increase caused by the
application of a force is transmitted throught the fluid.
Pressure variations with depth can typically be ignored
in a hydraulics problem.

Tip:

Buoyancy

There are two forces acting on a submerged object—the
weight force Fg = mog pulls downward, and the buoy-
ancy force

Fb = mog
ρf
ρo

= ρfVog,

which pushes upward. The subscript f refers to fluid
and o refers to object. Note that Vo is the volume of
the submerged part of the object. The magnitude of the
buoyancy force is equal to the weight of the volume of
fluid that is displaced by the submerged object. This is
Archimedes’ principle.

If the bouyancy force is greater than the weight force,
then the object rises to the surface and floats. If the
weight force is greater than the buoyancy force, the ob-
ject sinks. If the two are the same, the object stays at its
depth and is said to be “neutrally buoyant”.

An object with an average density ρo that is less than
the density ρf of the fluid, will float in the fluid. The
weight force acting on a floating object is still Fg = mog,
but the buoyancy force is now less since the entire object
is no longer submerged. The buoyancy force is still equal
to the weight of the volume of fluid that is displaced by
the object, and if the object is floating, the weight force
and buoyancy force are equal to each other. We can use
this to calculate what portion of a floating object is sub-
merged. The weight force acting on a floating object is
Fg = ρoVog. This is equal to the bouyancy force due to
the submerged part of the object Fb = ρfVsubg. There-
fore, the fraction of a floating object that is submerged
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is
Vsub
Vo

=
ρo
ρf
.

The bouyancy force acts at the center of mass of the
displaced water. This point in a floating object is called
the center of bouyancy. The bouyancy force points up-
ward and the weight force points downward. If the center
of bouyancy is higher than the center of mass, then the
object floats in stable equilibrium. If the floating object
is nudged, a torque develops that rights the object. If
the center of bouyancy is below the center of mass the
the torque that occurs will flip the object upside down
instead of right it. Therefore, for an object to float in
stable equilibrium, its center of mass must be below its
center of bouyancy.

Fluid Dynamics

In steady flow, we represent flow velocities by stream-
lines which are tangent to the flow direction. The density
of the flow lines indicates the flow speed. The flow speed
is high where the streamlines are close together. A flow
tube is an abstract “tube” of fluid bounded along the
sides by streamlines. A bit of fluid entering one end of a
flow tube can only leave out of the other end of the flow
tube. It cannot leave through the sides of a flow tube
since a flow tube is bounded on the sides by streamlines
which are tangent everywhere to the velocity of the fluid.

Consider two points along a river. At both points,
the river contains the same number of streamlines. At a
wide part, the stream lines are far apart, and the water is
moving slowly there. A narrow part of the river has the
same number of streamlines, but they are packed closer
together, and the water is moving swiftly there. The seg-
ment of river can itself can be considered as a single flow
tube. A bit of water entering at one end of this flowtube
can only leave the other end of the flow tube.

The continuity equation tells us that the mass
flow rate passing through a flow tube is constant for
steady flow

ρvA = constant.

That is, the density ρ times the speed v times the cross-
sectional area A of the flow tube is the same at any place
along the flow tube. This is basically the statement that
the length of time for a given chunk of fluid to flow past
any point in a flow tube is the same regardless of how
wide the flow tube is there. For an incompressible fluid
such as a liquid or a low speed gas, the continuity equa-
tion tells us that the volume flow rate is constant along
a flow tube

vA = constant.

To use the continuity equation for incompressible fluid,
identify two points along the flow tube—one point where
you know all the relevant quantities, and the other point
where you need to calculate one of the quantities

v1A1 = v2A2.

From the work-energy theorem, we obtain the
Bernoulli equation for incompressible fluids, which
tells us that

p+
1

2
ρv2 + ρgh = constant,

along a flow tube. Here, h is the height of the flow tube
at that point. To use Bernoulli’s equation, you identify
two points along the flow tube where you have known
quantities. Use the above equation at each of the two lo-
cations and set them equal to each other to calculate the
unknown quantity.

p1 +
1

2
ρv2

1 + ρgh1 = p2 +
1

2
ρv2

2 + ρgh2.

Let h = 0 for the lower location, then the h for the other
point will just be the height above the first.

The general procedure for problems involving fluid
dynamics is as follows:

1. Write down the Bernoulli equation at all the rele-
vant points for the system.

p1 +
1

2
ρ1v

2
1 + ρ1gh1 = p2 +

1

2
ρ2v

2
2 + ρ2gh2.

2. Write down the equation for fluid conservation at
the points.

ρ1v1A1 = ρ2v2A2.

3. Solve the equations for the desired variables.

If you’re dealing with an incompressible fluid, e.g. water,
then ρ1 = ρ2.

Suppose you have a pipe carrying an incompressible
fluid. If there is a constriction in the pipe, the continuity
equation requires that the speed of the fluid increases as it
passes through the constriction. The Bernoulli equation
tells us that if the speed of the fluid increases, then the
pressure must decrease. So at a normal part of this pipe,
the fluid is flowing with high pressure and low speed, but
through the constriction, the fluid is flowing with high
speed and low pressure. The statement that an increase
in speed of a fluid occurs with a decrease in pressure and
vice versa is Bernoulli’s principle. Bernoulli’s principle
applied to a tube with a constriction gives us the Venturi
effect.
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Thermodynamics

3.1 Heat

Thermodynamics is the study of heat and energy. An ob-
ject is in thermodynamic equilibrium when its macro-
scopic properties are not changing. Two systems in ther-
modynamic equilibrium have the same temperature.
The zeroth law of thermodynamics states that two
systems in equilibrium with a third system are in equi-
librium with each other. An apparatus with some tem-
perature dependent property that can be brought into
thermodynamic equilibrium with various other systems
can function as a thermometer.

The most common temperature scales are Fahren-
heit, Celsius, and Kelvin. The relations between
Fahrenheit temperature TF , Celsius temperature TC , and
Kelvin temperature TK are

TC = TK − 273.15

TF =
9

5
TC + 32.

Heat, measured in Joules per Kelvin, is energy that
is being transferred from one system to another due to
a temperature difference between the two objects. Af-
terwards, one system’s internal energy is higher and the
other system’s internal energy is lower. We don’t say that
one system now has more heat and the other system has
less heat. Heat is only energy in transit due to a temper-
ature difference. There are processes other than heating
that can increase a system’s energy. A transfer of me-
chanical energy can increase an object’s temperature via
friction, but this is not heating since the energy is not
being transferred due to a temperature difference.

Other units of heat include the calorie (cal) equal
to 4.184 J. This is different from the calorie used to char-
acterize foods which is actually a kilocalorie. Then there
is the British thermal unit (Btu), which is the amount
of heat required to raise the temperature of 1 pound of
water from 63 ◦F to 64 ◦F. It is equal to 1054 J.

The heat that is transferred to an object and the

resulting temperature change of the object are related by

Q = mc∆T,

where m is the mass of the object, ∆T is the resulting
temperature change, and c is the specific heat of the ma-
terial. Specific heat is a measure of a material’s capacity
to absorb heat per unit mass. Different materials have
different specific heat. Materials with a higher specific
heat such as water c = 1.00 J/kg ·K are able to absorb a
lot of heat with very little change in temperature.

If two objects with different temperatures are
brought into thermal contact, then heat will flow from one
to the other until they are in thermal equilibrium. As-
suming, the system is isolated, all the heat leaving from
one will enter the other and we have

m1c1∆T1 = −m2c2∆T2

m1c1 (T1f − T1i) = −m2c2 (T2f − T2i) .

Once the two objects are in thermal equilibrium, their
two final temperatures are the same, so we can write

m1c1 (T − T1) = −m2c2 (T − T2) ,

where T1 is the initial temperature of object 1, T2 is the
initial temperature of object 2, and T is the equilibrium
temperature of both objects in the end.

Conduction

There are three ways in which heat is transferred from a
hot object to a cooler one; conduction, convection, and
radiation. Heat is conducted from one object to another
when they are in physical contact with each other.

Suppose you have a slab of material with thickness
∆x and area A on each side. If the temperature difference
on the two sides of the slab is ∆T and the temperature
varies uniformly through the slab, then the conductive
heat flow through the slab is

H = −kA∆T

∆x
,

where k, which has units of W/m ·K, is the thermal
conductivity of the material. This equation is for a slab
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in the shape of a rectangular solid. For other shapes, have
to replace ∆T

∆x by dT
dx and integrate.

If you have a double slab composed of two different
materials, then the heat flow through the double slab is

H = −k1A
T2 − T1

∆x1
= −k2A

T3 − T2

∆x2
,

where T2 is the temperature at the interface of the two
slabs. We can also calculate the heat flow through a slab
in terms of the thermal resistance of the slab defined
as

R =
∆x

kA
.

Notice that the thermal resistance depends on the mate-
rial and its shape.

For building materials such as insulation, we use R-
factor defined as the thermal resistance of a slab of unit
area

R = RA =
∆x

k
.

For windows, we often use the U-value

U =
1

R
.

Convection

Convection is the transfer of heat via the motion of fluid.
It occurs in everything from boiling water to the atmo-
sphere.

Radiation

For energy transferred by radiation, the radiated power
is given by the Stefan-Boltzmann law

P = eσAT 4,

where e is the emissivity of the material, σ ≈
5.67× 10−8 w/m2 ·K4 is the Stefan-Boltzmann con-
stant, A is the surface area of the radiating object, and
T is its temperature in Kelvin.

The emissivity of a material ranges from 0 to 1. A
material is equally good at emitting and absorbing radia-
tion of a given wavelength. A perfect absorber/emitter of
radiation has e = 1 and is called a blackbody. A black-
body appears black at room temperature since it absorbs
all incident radiation. Similarly, a shiny material radiates
heat poorly, and it reflects almost all incident radiation.

Thermal Energy Balance

A system has thermal energy balance when it is at a con-
stant temperature. This occurs when the rate of energy
input to the system provided by heat sources, for exam-
ple, is balanced by the rate of energy loss. A comfortable
house, for example, is kept in thermal energy balance.

Many systems will naturally be in a state of thermal
energy balance. If the internal heating is increased, for
example, the heat loss increases until a new and higher
equilibrium temperature is reached.

3.2 Gases and Phase Changes

Gases

For an ideal gas, we have the ideal gas law which tells
us that

pV = NkT = nNAkT = nRT.

Here, p is the pressure of the gas, V is its volume, and T is
its temperature. The other constants are n is the moles of
gas, N is the molecules of gas, NA = 6.022× 1023 is Avo-
gadro’s number, k = 1.38× 10−23 J/K is Boltzmann’s
constant, and R = NAk = 8.314 J/K ·mol is the uni-
versal gas constant.

One mole of an ideal gas at standard temperature
and pressure has a volume of 22.4 L.

The kinetic theory of gas assumes that

1. A gas consists of a large number of identical
molecules of negligible size.

2. There is no interaction between the gas molecules–
only between the molecules and their containers
when they collide with the walls of their container.

3. The gas molecules move in random directions.
4. Collisions of gas molecules with the walls of the con-

tainer are perfectly elastic.

The kinetic energy of the average gas molecule is re-
lated to the temperature of the gas by

1

2
mv2 =

3

2
kT,

where k is Boltzmann’s constant. This gives us the ther-
mal speed of a gas molecule as a function of its temper-
ature

v =

√
3kT

m
.

This gives the average speed of a molecule of a gas at tem-
perature T . Overall, the speeds of individual molecules
at the same temperature vary quite a bit. They follow
the Maxwell-Boltzmann distribution.

Phase Changes

The transition from solid to liquid that a melting sub-
stance undergoes and the transition from liquid to gas
that an evaporating substance undergoes, are both ex-
amples of phase changes.

When a substance is heated or cooled, its tempera-
ture increases or decreases unless it is undergoing a phase
change. During a phase change the temperature stays
constant since the heat energy is being used to change the
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bonds between molecules. These changes effect the po-
tential energy of the molecules but not the kinetic energy,
which is where temperature comes from. For example,
while ice is melting, the water temperature is the same
from the moment it starts melting until there is no more
ice remaining. Only after there is no more ice remaining
will the water temperature begin to increase. Similarly,
boiling water has a constant temperature. Adding more
heat doesn’t raise the temperature, it only increases the
rate of evaporation. The temperature of the water cannot
be increased until it has become steam.

The diagram below plots the temperature of a sub-
stance versus time as the substance is heated. Notice that
the temperature remains constant during the two phase
changes—while the substance is being melted and later
while it is being boiled. Only after the phase change can
the temperature of the substance continue increasing.

t

T

Solid

Liquid

Gas

The energy per unit mass required to bring about a
phase change in a substance is that substance’s heat of
transformation denoted L. The heat energy per unit
mass required to melt or freeze a substance (i.e. the
liquid-solid phase) is the heat of fusion denoted Lf .
The heat energy per unit mass required to evaporate or
condense a substance (i.e. the liquid-gas phase) is the
heat of vaporization denoted Lv. The heat energy per
unit mass required to sublimate or deposit a substance
(i.e. the solid-gas phase) is the heat of sublimation
denoted Lm. The energy required to change the phase of
a mass m is given by

Q = Lm.

To compute the energy required to heat a substance
past a phase transition you must combine the specific
heat equation Q = mc∆T and the heat of transformation
equation Q = Lm. To compute the energy required to
raise the temperature of a substance, use Q = mc∆T .

However, if this temperature rise crosses a phase change,
you must also use Q = Lm to calculate the heat energy
required to make the phase change.

A phase diagram shows the different phases of a
substance on a graph of pressure versus temperature.
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Notice that at very low pressures (i.e. a horizontal line
near the bottom of the graph), substances will go from
solid to gas without passing through the intermediate liq-
uid phase. This phase transition is called sublimation.
The triple point of a substance is where all three phases–
solid, liquid, and gas–exist in equilibrium with each other.
The critical point of a substance occurs in the high
temperature and high pressure regime. At pressures and
temperatures higher than the critical point, the substance
behaves as a supercritical fluid.

Thermal Expansion

In general, a substance will expand when heated. Water
at its freezing point is an exception. At that temperature,
water contracts when it is heated.

The change in volume by a substance that experi-
ences a change in temperature ∆T is given by the coef-
ficient of volume expansion

β =
∆V/V

∆T
,

which has units of inverse Kelvin. For solid materials,
it is often convenient to use the coefficient of linear
expansion

α =
∆L/L

∆T
,

which gives the expansion ∆L in each linear dimension
and also has units of inverse Kelvin. The two coeffcients
are related by

β = 3α.
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Suppose you have a thick plate of steel with
thermal conductivity α = 12× 10−6 K−1. Inserted
into a hole that is apparently too small is a cylin-
drical tungsten pin with thermal conductivity α =
4.5× 10−6 K−1. You are trying to get the tungsten
pin out of the plate but it’s stuck. Even using a punch
chisel and a heavy hammer on it doesn’t work. You
have access to a low power torch (not hot enough to
melt metal) and a tank of very cold liquid nitrogen.
Which should you use and where should you apply it
to make it easier to punch the tungsten pin out of the
steel plate?

If you heat both the steel plate and the tungsten
pin they will both expand. When the steel plate ex-
pands, the hole becomes larger, but as the tungsten
pin expands, the pin becomes larger as well. However,
since αsteel > αtunsten the hole’s increase in diameter
should be greater than the pin’s increase, so the pin
should become looser.

Better yet, heat only the surrounding steel plate
and not the pin, so the hole expands, but the pin does
not. Even better, heat the plate with the torch while
cooling the pin with liquid nitrogen. That way the
hole expands and the pin shrinks.

Example:

Given a plate of steel 1 meter square with α =
12× 10−6 K−1, what size will the steel plate expand
to if you heat it from 25 ◦C to 500 ◦C?

Using the equation for linear expansion with L =
1 m and ∆T = 475 K, we find that

∆L = 0.0057 m.

The plate will expand by 5.7 mm in each direction.
So the heated plate will be 1.0057 m square.

Example:

3.3 The First Law of Thermodynamics

The first law of thermodynamics states that the total en-
ergy in the universe is constant and that the internal en-
ergy of a system is always conserved. Mathematically, it
states that the internal energy change ∆Eint of a system
is the sum of the heat Q transferred to the system and
the work W done on the system

∆Eint = Q+W.

The work done by the system on its surroundings is then
−W .

Differentiating the first law of thermodynamics with
respect to time gives us the rate of change of a system’s

internal energy as the sum of the rates at which heat is
being added to the system and the rate at which work is
being done on the system.

dEint
dt

=
dQ

dt
+
dW

dt
.

In the rest of this chapter, we will be dealing with
some quantity of an ideal gas, although the first law of
thermodynamics applies to any system. We know from
the ideal gas law that for a gas, there is the relation
pV = nRT between the pressure, volume, and temper-
ature of an ideal gas. For a system that consists of some
quantity of an ideal gas, it is convenient to represent the
system and changes to it on a pressure-volume dia-
gram.

V

p

p1, V1, T1

p2, V2, T2

From pV = nRT , we know that if p and V are speci-
fied, then T is fixed, so any point in the pressure-volume
diagram corresponds to a unique state of our system con-
sisting of some pressure, volume, and temperature. If we
now add or remove heat from the system or do work on
the system, our values of p, V , and T will change and
the system will be specified by a new point on the pV-
diagram. If the changes on the system are made slowly, so
that it is always in thermodynamic equilibrium, then the
changes to the system correspond to a continuous line on
the pV-diagram. Such processes are called reversible.

When a quantity of gas is compressed, the work done
on the gas is ∆W = −p∆V . Since pressure will likely vary
with volume, we integrate

W = −
ˆ V2

V1

p dV,

to get the total work done on the gas when it is taken
from a volume V1 to a volume V2. The work done by
the gas when it increases in volume is the area under the
pressure-volume curve. The work done on the gas when
its volume is increased is the negative of this area.

Specific Heats

Earlier, we stated that

Q = mc∆T,
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where c is the specific heat of the material. This is only
approximately true. For solids, it is a good approximation
because the pressure and volume of a solid do not change
significantly while they are being heated. For gases, how-
ever, it is a different story. When dealing with gases,
we define two new kinds of specific heat capacities. The
specific heat capacity for a substance being heated at con-
stant volume we denote CV , and the specific heat for a
substance being heated at constant pressure we denote
Cp.

For an ideal gas, the internal energy change is only
a function of temperature, so ∆Eint

∆T = constant. Then

∆Eint = nCV ∆T,

where n is the moles of gas.

Earlier, we stated that the average kinetic energy
of a gas particle is 3

2kT , but this is only true for gas
molecules which are point particles. It is approximately
true for monoatomic gases, but it is not true for diatomic
or polyatomic gases, which are not point particles by a
long shot.

A monoatomic gas is said to have three degrees of
freedom since it has three components of translational
kinetic energy. A diatomic gas has 5 degrees of freedom
since it has the three components of translational kinetic
energy as well as two components of rotational kinetic
energy (since a diatomic molecule has significant rota-
tional kinetic energy about two perpendicular axes). A
more complicated polyatomic molecule has six degrees of
freedom since it has significant rotational kinetic energy
about three perpendicular axes as well as the three de-
grees of translational kinetic energy.

The equipartition theorem states that for a sys-
tem in thermodynamic equilibrium, the average energy
per molecule is 1

2kT for each degree of freedom.

Given n moles of gas, the internal energy is Eint =
nNA

(
1
2kTd

)
where d is the degrees of freedom possessed

by the molecules. Since NAk = R, we can write this as

Eint =
d

2
nRT.

Since ∆Eint = nCV ∆T , we solve for the specific heat at
constant volume to get

CV =
d

2
R.

So we have that

CV =
3

2
R for monoatomic gases

CV =
5

2
R for diatomic gases

CV = 3R for polyatomic gases.

The ratio of Cp to CV gives us the adiabatic expo-
nent

γ =
Cp
CV

.

A final important relation is

Cp = CV +R.

Isothermal Processes

An isothermal process is a process that occurs at a con-
stant temperature

T = constant.

From pV = nRT , we know that pressure and volume are
inversely related at constant T . That is, isotherms or
lines of constant temperature on a pV-diagram are hyper-
bolas. The pV-diagram below shows several isotherms.
The thick line represents an isothermal process. The sys-
tem’s pressure and volume is changing as you go along
the thick line, but its temperature is constant since it is
along an isotherm. The negative of the area under the
curve is the work done on the gas during this process.

V

p

Plugging p = nRT
V into the formula for work and

integrating from V1 to V2 gives us

W = −nRT ln

(
V2

V1

)
.

The internal energy of an ideal gas depends only on its
kinetic energy which depends on its temperature. In an
isothermal process then, ∆Eint = 0, which implies

Q = −W.
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Isochoric Processes

An isochoric process is a process that occurs at a constant
volume

V = constant.

Isochoric processes may also be called isovolumic pro-
cesses or isometric processes. This could be any pro-
cess that occurs inside of a rigid container.

Lines of constant volume are vertical in a pV-
diagram.

V

p

If the volume doesn’t change, then the gas does no
work on its surrounds

W = 0,

so the first law of thermodynamics tells us that

∆Eint = Q.

In terms of temperature change, we have

Q = nCV ∆T,

where n is the moles of gas, and CV is the molar specific
heat at constant volume. This equation is only valid for
isochoric processes. Since ∆Eint = Q, we therefore have
that

∆Eint = nCV ∆T.

This second equation is actually true for all thermody-
namic processes, not just isochoric ones.

Isobaric Processes

An isobaric process is one that occurs at constant pres-
sure

p = constant.

On a pV-diagram, isobars, or lines of constant pressure,
are horizontal lines. The work done on a gas as the vol-
ume changes during an isobaric process is again the area
under the pV curve

W = −p∆V.

In the pV-diagram below, the dashed lines are isotherms
(lines of constant temperature).

V

p

For isobaric processes, we have

Q = nCp∆T,

where Cp is the specific heat at constant pressure.

Solving the first law, ∆Eint = Q+W , for Q, letting
W = −p∆V , ∆Eint = nCV ∆T , and Q = nCp∆T , we
have that for isobaric processes,

nCp∆T = nCV ∆T + p∆V.

This is useful if we know both Cp and CV , but we can
also use the relation Cp = CV +R, then we only need to
know one of them.

Adiabatic Processes

In an adiabatic process, no heat flows between a system
and its environment. This is approximated by systems
with heavy insulation and by processes that occur so
quickly that heat has little time to flow.

V

p
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In an adiabatic process, Q = 0, so the first law of
thermodynamics gives us

∆Eint = W.

For an adiabatic process

pV γ = constant,

where γ =
Cp
CV

is the adiabatic exponent. This equa-
tion can also be written in the form

TV γ−1 = constant.

The work done in any thermodynamic process is

W = −
´ V2

V1
p dV . For an adiabatic process, this gives

us

W =
p2V2 − p1V1

γ − 1
.

Cyclic Processes

A cyclic process is one that forms a closed loop in a pV-
diagram. In such a process, the system returns periodi-
cally to the same thermodynamic state. Cyclic processes
occur in a lot of systems, including for example, in a gaso-
line engine.

The work done on the gas in a cyclic process is the
area enclosed in the closed loop of the pV-diagram.

3.4 Entropy

If you mix hot and cold water together, the internal en-
ergy of the system stays the same, but your ability to do
useful work with the system has decreased. This loss of
ability to do work corresponds to an entropy increase.

For any reversible cycle (recall that a cycle is a closed
loop on the pV-diagram),˛

1

T
dQ = 0.

The entropy change of the gas between an initial
state 1 and a final state 2 along a reversible path in the
pV-diagram is

∆S12 =

ˆ 2

1

1

T
dQ.

This is a line integral and it holds for any path between
1 and 2 in the pV-plane.

A gas undergoes an irreversible adiabatic free expan-
sion when it freely expands within some container and
there is no heat transfer between the gas in the container
and the outside of the container. When a gas undergoes
an adiabatic free expansion from a volume V1 to a volume
V2, its entropy change is

∆S = nR ln

(
V2

V1

)
.

A gas that undergoes a reversible isothermal expansion
does work

W = nRT ln

(
V2

V1

)
.

Comparing these two demonstrates that the energy that
becomes unavailable to do work during an irreversible
process is T∆S. More specifically, the energy that be-
comes unavailable to do work during an irreversible pro-
cess where the entropy increases by ∆S is

E = Tmin∆S,

where Tmin is the minimum temperature of the system
during the process. This demonstrates that entropy is
a measure of energy quality. More useful work can be
done with high quality energy than with an equal amount
of low quality energy.

Suppose you have a box with two compartments con-
taining a gas of two molecules, identified as molecule
A and molecule B. The box allows the molecules to
be in either of the two compartments. The possible
locations of the two molecules, the microstates can
be enumerated as (AB)(), (A)(B), (B)(A), and ()(AB),
where (AB)() means that both molecules A and B are
in the left compartment. So for a gas consisting of two
molecules, there are four microstates. In reality, how-
ever, the gas molecules are indistinguishable from each
other, so (A)(B) and (B)(A) look the same. Therefore,
we say that a gas consisting of two molecules has three
macrostates. The number of microstates is the number
of ways of distributing the molecules of a gas, and the
number of macrostates is the number of distinct distribu-
tions. Similarly, a gas consisting of four molecules has 16
microstates and 5 macrostates.

This gives us a second way of thinking about en-
tropy. Entropy is a measure of the disorder of a system.
Assuming that each microstate is equally probably then

S = k ln Ω,

where k is Boltzmann’s constant and Ω is the num-
ber of microstates of a system. A gas consisting of four
molecules has a higher entropy than a gas consisting of
two molecules because it has more microstates.

3.5 Second law of Thermodynamics

The second law of thermodynamics states that the
entropy of a closed system can never decrease. The uni-
verse itself is a closed system, so this tells us that the
total entropy of the universe cannot decrease.

Whenever we perform work to increase the order in a
system, we are decreasing the entropy of the system, how-
ever, such a system cannot be a closed system because it
would violate the second law of thermodynamics. When
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the entropy in one part of a closed system is decreased,
friction or other irreversible processes will offset this de-
crease in entropy by increasing the entropy in another
part of the system.

A heat engine is a device that extracts heat from a
heat reservoir and uses some of it to perform work. It is
impossible to construct a cyclic heat engine that extracts
heat from a heat reservoir and converts all of it to work.
Some of the heat is always lost to a cool reservoir. This is
essentially the Kelvin-Planck statement, an alternate
statement of the second law of thermodynamics.

Consider a steam engine, for example. The heat
reservoir in a steam engine is the box where coal is being
burned. The steam engine extracts some of the heat from
this heat reservoir, and converts it to work. The heat ex-
pands gas in a cylinder and the expanding gas drives a
piston. However, not all of the heat can be extracted and
converted to work. A lot of it is lost to the cool reservoir,
that is, the environment.

The efficiency of a heat engine is the ratio of the work
done by the heat engine to the to heat Qh that is supplied
to the engine

e =
W

Qh
.

The work done is simply the heat supplied by the heat
reservoir minus the heat Qc lost to the cool reservoir, so
W = Qh −Qc, and we can write the efficiency as

e = 1− Qc
Qh

.

The Carnot engine is a reversible heat engine that
follows the Carnot cycle:

1. Isothermal expansion of the gas
2. Adiabatic expansion
3. Isothermal compression
4. Adiabatic compression

The Carnot cycle is important, because it gives the max-
imum efficiency of a heat engine, which is

eCarnot = 1− Tc
Th
,

where the temperatures are in Kelvin. This is the Carnot
theorem.

A refrigerator is the opposite of a heat engine. It
performs work to push heat from a cool reservoir to a hot
reservoir. A refrigerator extracts heat from its contents
and pushes it out the back.

An air conditioner is like a refrigerator in that heat
is extracted from the interior of the building and pushed
outside. A heat pump does the opposite. It extracts
heat from the outside and pushes it inside. Both of them
require an input of work since they are pushing heat in
the direction opposite that it would naturally flow. In
this sense, they are both the opposite of a heat engine.

The coefficient of performance (COP) is a mea-
sure of the performance of an air conditioner or heat
pump. For an air conditioner, the coefficient of perfor-
mance is

COPac =
Qc
W

=
Qc

Qh −Qc
.

The maximum possible COP is

COPac =
Tc

Th − Tc
.

For a heat pump, the coefficient of performance of a heat
pump is

COPhp =
Qh
W

=
Qh

Qh −Qc
.

The maximum possible COP is

COPhp =
Th

Th − Tc
.



Chapter 4

Electricity and Magnetism

4.1 Electric Force

There are two fundamental electric charges—the fun-
damental positive charge and the fundamental negative
charge. In the electrical industry, the smallest charge is

e = 1.602× 10−19C,

where C (coulombs) is the SI unit of charge. The charge
of an electron is −e and the charge of a proton is |e|. The
essential point about charges is that like charges repel and
unlike charges attract. In high energy physics, e is not
the fundamental charge. Protons, for example, are made
of quarks, which have fractional charge.

For two charges q1 and q2 separated by a distance r,
the magnitude of the electrical force FE between them is
given by Coulomb’s law

Fe = ke
|q1q2|
r2

,

where k is Coulomb’s constant, also called the electri-
cal constant

ke =
1

4πε0
= 8.988× 109 N ·m2/C2.

The constant ε0 = 8.854× 10−12 C2/N ·m2 is the per-
mittivity of free space. Notice that Coulomb’s law is
analogous to Newton’s law of gravitation with mass in-
stead of charge.

Fe gives the magnitude of the force and the direction
of the force can be determined by whether the charges are
like, in which case the force on one particle points away
from the other particle, or whether the charges are unlike,
in which case the force on one particle points toward the
other particle.

The vector form of Coulomb’s law is

~F 12 = ke
q1q2

r2
r̂.

If the product q1q2 is negative, then the force is attrac-
tive. If it is positive, then the force is repulsive. This is

the force that q1 exerts on q2. The unit vector r̂ points
from the source charge q1 to the charge q2.

Notice the similarity between Coulomb’s law and
Newton’s law of gravitation, which is given as

Fg = G
m1m2

r2
.

In a way, charge is the mass of the microworld. Like
gravitational force, electric force is conservative.

Electric charge is always conserved. For example, a
neutron with charge 0 cannot decay into a set of par-
ticles whose charges some to +1.

Tip:

61
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Calculate the ratio between electrical force and
gravitational force for two protons one meter apart.
The mass of each proton is given as 1.672 × 10−27kg
and the charge of each proton is 1.6× 10−19C.

The gravitional force between the two protons is
given by

FG = G
m1m2

r2

= 6.67× 10−11 m3

kg s2

(1.672× 10−27kg)2

1 m2

= 1.86× 10−64 N.

The electrical force between the two protons is
given by

FE = k
|q1||q2|
r2

=
|1.6× 10−19 C||1.6× 10−19 C|

4π 8.85× 10−12 C2

Nm2 m2

= 2.30× 10−28 N.

Then the ratio between the two is

FE
FG

=
2.30× 10−28 N

1.86× 10−64 N
= 1.24× 1036.

This means that at a distance of one meter, the elec-
trical force between two protons is 1.24 × 1036 times
more powerful than the gravitational force, illustrat-
ing that the gravitational force can be neglected at
that distance.

Example:

To calculate the electric force exerted on a particle by
multiple source particles, we use the principle of super-
position, which states that we can add the contribution
of each source charge vectorially by applying Coulomb’s
law for each source particle. For example, the force ex-
erted by charges q1, q2, and q3 on the charge q would be
calculated as

~F net = ke
qq1

r2
1

r̂1 + ke
qq2

r2
2

r̂2 + ke
qq3

r2
3

r̂3,

where r1 is the distance between q and q1, and r̂1 is the
unit vector pointing in the direction from q1 to q.

What is the total force experienced by particle
three in the illustrated system of particles?

− ++

2 m 1 m

q3 = 1 nCq2 = −4 nCq1 = 2 nC

Notice that the charges are given in
nanocoulombs. The conversion factor is

1 nC = 10−9 C.

First we’ll calculate the force on particle three
that is due to particle one

F1→3 = k
|2 nC|| nC|

(3 m)2
= 2.0× 10−9 N

Since both particles have positive charge, the force
on particle three will be in the direction opposite of
particle one.

Next, we calculate the force on particle three that
is due to particle two

F2→3 = k
| − 4 nC|| nC|

(1 m)2
= 3.6× 10−8 N

Since one particle has positive charge and the other
has negative charge, the force on particle three due
to particle two will be in the direction toward particle
two.

The net force on particle three is the sum of the
two forces acting on it. Since the two forces are point-
ing in opposite directions, we find the net force by
subtraction

Fnet = 3.6× 10−8 N− 2.0× 10−9 N = 3.4× 10−8.

This force will be directed toward the left since the
magnitude of the force due to particle two is greater
than the magnitude of the force due to particle one.

Example:

4.2 Electric Field

Since two electric charges interact without being in con-
tact with each other, their interaction must be through
fields–electric fields created by electric charges. Any elec-
trical charge creates an electrical field.

The electric field vector ~E at a specific point in
space is the force per unit charge charge that a charge q
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would experience at that point

~E =
~Fe

q
.

It is important to understand that the electric field is not
being caused by the charge q, rather, it is caused by an
outside source. The electric field vector has units of new-
tons per coulomb (N / C). Its direction is the direction of
the force experienced by the test charge q. The field is ev-
erywhere. Although it “decays” with the inverse square of
distance, the electric field created by even a tiny particle,
extends to infinity in every direction.

By convention, for a positive charge, the field radi-
ates outward, and for a negative charge, the field radiates
inward.

+ −

An electric charge in an electric field experiences a
force due to the field. For a point charge q in an electric
field ~E, the force it experiences is given by

~F e = q ~E.

Notice that this is analogous to ~F g = m~g. The direction
of the electric field at a point in space is the direction of
the force experienced by an electric charge at that point.
The units for electric field are Newtons per Coulomb.

To determine the direction of an electric field, we
consider a source charge q that creates an electric field.
A test charge q0 is placed in the field at a point P a dis-
tance of r from the source charge. Now, using the vector
form of Coulomb’s law, the force exerted by q on the test
charge is

~Fe = k
qq0

r2
r̂,

where r̂ is the unit vector pointing from q to q0.

For a source charge q, the electric field at a distance
r is

~E = ke
q

r2
r̂.

Notice that this is analogous to ~g = Gm
r2 r̂.

Recall that the unit vector is given by

r̂ =
~r

|~r|
=

~r√
x2 + y2 + z2

.

At a point P where there is a field due to multiple
particles q1, q2, and q3, for example, the electric field vec-
tor is simply the net or sum of each contributing vector

~Enet = ~Eq1 + ~Eq2 + ~Eq3 .

In the real world, it’s not that easy to measure the
direction of an electric field. Usually, all that is measured
is the magnitude of the electric field at some point. The
magnitude is measured by measuring the force. The mea-
suring probe includes a test charge q0 so that the force
equation can be used.
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P x

y

1 m 1 m

1 mq1 = 2 nC q2 = 2 nC

We start by drawing a free body diagram and set-
ting up a reference frame, which the illustration already
includes in the form of an xy coordinate system. Next,
we set up a force table to account for all the electric
field vectors and to sum for the net electric field vector.

x y

~Eq1 Eq1 cos 60◦ Eq1 sin 60◦

~Eq2 Eq2 cos 120◦ Eq2 sin 120◦

~Enet 0.5Eq1 − 0.5Eq2 0.8660Eq1 + 0.8660Eq2

So the net electric field vector at P is ~Enet =
〈0.5(Eq1 − Eq2), 0.8660(Eq1 + Eq2)〉. Since the electric

field vector is given by ~E = k q
r2 r̂, it’s magnitude is

E = k q
r2 . Using this, we calculate

Eq1 = k
q

r2
= 17.96

N

C

Eq2 = k
q

r2
= 17.96

N

C

Plugging these into our equation for the net electric field
vector gives us

~Enet = 〈0.5 (17.96− 17.96) , 0.8660 (17.96 + 17.96)〉
= 〈0, 31.11〉 ,

so the net electric field at point P points straight up–
away from both charges, which was to be expected.

Example:

For a finite number of source charges, the contribu-
tions to the field at some point is the sum of all their
individual contributions–taking into account the vector
nature of electric field. For infinite source charges (i.e. a
continuous distribution), integration must be used.

~E = ke

ˆ
dq

r2
r̂.

ρ =
Q

V
Volume charge density

σ =
Q

A
Surface charge density

λ =
Q

L
Linear charge density

The acceleration of a particle of mass m and charge
q in an electric field is

~a =
q

m
~E.

This is easily derived from the force experienced by the
particle

~F e = q ~E = m~a.

A dipole is one of the most important charge dis-
tributions. It consists of two charges of equal magnitude

q but opposite sign separated by a distance d. Many
molecules (e.g. the water molecule) can be modeled as
dipoles.

Consider the dipole shown in the image here:

x

y

x = −d2 x = d
2

+q−q

The charge q1 is positive, so ~E1 points away from it, and
charge q2 is negative, so ~E2 points toward it. The vertical
components cancel each other, so we are left with a net
electric field ~Enet that points left, or in the −x̂ direction.
Notice that by the Pythagorean theorem, the distance to

each charge is r1 = r2 =
√

d2

4 + y2.
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x

y

x = −d2 x = d
2

r =
√

d2

4 + y2

~E1

~E2

~Enet

The symmetry shown above tells us that we only need
the x-components of the vectors, so using the principle of
superposition, we find that

~Enet = ke

(
q1

r2
1

r̂1 +
q2

r2
2

r̂2

)
= keq

(
−1

r2

d

2r
x̂+

1

r2

(
− d

2r

)
x̂

)
= −ke

dq

r3
x̂

= −ke
dq(

d2

4 + y2
) 3

2

x̂.

At large distances from the dipole, we have y >> d, then

~Edipole ' −keqd
1

y3
x̂.

The electric dipole moment is defined as

p = qd.

The dipole moment vector, ~p has magnitude p =
qd and points from the negative charge to the positive
charge.

For a dipole as defined above, at large distances, the
electric field can be written in terms of the dipole moment
as

~E = −kep
y3

x̂, on the perp. bisector

~E =
2kep

x3
x̂, on the dipole axis.

Notice that the field is not radially symmetric because a
dipole is not spherical. However, regardless of the direc-
tion, the electric field of a dipole is inversely proportional
to the distance cubed to the dipole. This is less than the
magnitude of the field of a point particle because a dipole
consists of two opposite changes separated by a small dis-
tance. If they weren’t separated at all, they would be a
charge-neutral point with no electric field at all.

Since a dipole consists of a pair of separated charges,
if it is in an electric field, the field will exert a force on the
positive charge and a force in the opposite direction on
the negative charge. This creates a torque on the dipole
of

τ = ~p× ~E,

where ~p is the dipole moment vector. This torque makes
the dipole want to align with the field. The potential
energy of a dipole in an electric field can be written as

U = −~p · ~E.

Note that U = 0 corresponds to the dipole being at right
angles to the field. Once the dipole starts rotating to
align itself with the field, the potential energy becomes
negative. This is fine. In general, a system seeks its low-
est potential energy configuration even if that is less than
zero.
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If you have a 6m line containing a continuous

charge distribution with a charge density λe = 2nC
m ,

what is the electric field at a point P that is 2m from
the end of the line?

P6 m

2 m

In this line, there are billions of charges, and each
one of them contributes to the electric field at P . How-
ever, due to the inverse-square strength of the electric
field with distance, a charge at the left end of the line
contributes less strongly to the field at P than a charge
at the right end of the line. To calculate this, we must
use integration.

In a non-calculus class, the charge density would

simply mean charge per length λe =
Q
L , however, in cal-

culus terms, we can think of charge density as a small
change in charge per a small change in length

λe =
dq

dx
.

The integration technique we use is called small
element analysis. We start by setting up a coordi-
nate system with the left end of our charged line at
x = 0. Then the right end of the line will be at x = 6
and the point P will be at x = 8, as illustrated below.

x

dx

x P

a

We start by considering a small element of the line
dx, which contributes a small electric field dE at P .
Then we use the equation

~E = k
q

r2
r̂

to set up the differential equation

d~E = k
dq

r2
r̂.

Using our earlier calculus definition of charge density,
we have that dq = λe dx, which gives us

d~E = k
λe dx

r2
r̂.

From our coordinate system, we know that the distance
from the small element dx to point P is L + a − x, so
we have

d~E = k
λe dx

(L+ a− x)2
r̂.

Finally, since we’re doing this in a single dimension, we
don’t have to worry about keeping it in vector form, so

dE =
kλe

(L+ a− x)2
dx.

Now we integrate both sides across the length of
the line to find the total field at P from all the dE’s in
the line

ˆ
dE =

ˆ L

0

kλe
(L+ a− x)2

dx

E = kλe

ˆ L

0

1

(L+ a− x)2
dx

= −kλe
ˆ a

L+a

1

z2
dz

= kλe

ˆ L+a

a

1

z2
dz

= −kλe
1

z

∣∣∣L+a

a

= −kλe
(

1

L+ a
− 1

a

)
=

kλeL

a(L+ a)

By plugging in our values for the line length L, the
charge density λe, and the distance from the end of the
line to P , which is a, we get

E =
kλeL

a(L+ a)
=

8.98× 109 Nm2

C2 · 2nC
m · 6m

2m · (6m + 2m)
= 6.74

N

C
.

Example:
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If you have a quarter ring of radius 4m with a
continuous charge distribution with a charge density

λe = 2nC
m , what is the electric field at a point P?

x

y

P

4 m

Again, we need to integrate over the partial ring
in order to sum the contribution to the electrical field
at P of each charge in the ring. To do that, we do
small-element analysis.

We start again with the equation for the electric
field vector

~E = k
q

r2
r̂.

Picking a small segment dL of the ring, we realize that
the electric field at P due to this small segment is d~E.

x

y

d~E
αθ

dθ

dL

We start again with the differential equation

d~E = k
dq

r2
r̂.

Since our electric field at P is due to charges from dif-
ferent directions, we have to stay in vector form.

Since λe = dq
dL , where L is the length of the ring

segment, we can rewrite our differential equation as

d~E = k
λe dL

r2
r̂.

However, since we’re integrating over a portion of a cir-
cle from π to 3π

2 , we want our equation in terms of θ.
Now, we have to figure out the relationship between
dL, the small arc segment, and dθ, the equivalent small

change in angle. Think of the quarter ring as part of
a circle. If it was an entire circle, then L = 2πr and
the equivalent theta would be 2π. So, we have that the
ratio dL

dθ = r, which means that dL = r dθ, which allows
us to rewrite our differential equation as

d~E = k
λe dθ

r
r̂.

Now we are ready to integrate. The integral of a
vector is the vector containing the integrals of the com-
ponents. In our case,

ˆ b

a

d~E =

〈ˆ b

a

dEx,

ˆ b

a

dEy

〉
.

The direction of the small electric field vector d~E
will point away from the small segment dθ since the
charges in the ring are positive. By examining the il-
lustration, we see that the d~E will be in the direction
α, which is θ − π. This gives us

dEx = dE cos(θ − π)

dEy = dE sin(θ − π)

Using the identities cos(x− y) = cosx cos y + sinx sin y
and sin(x−y) = sinx cos y− cosx sin y, we can simplify
these to

dEx = − cos θ dE

dEy = − sin θ dE

Since,

~E = 〈Ex, Ey〉 =

〈ˆ b

a

dEx,

ˆ b

a

dEy

〉

and

dE = k
λe dθ

r
.

we have that

~E =

〈
−
ˆ b

a

cos θk
λe
r
dθ, −

ˆ b

a

sin θk
λe dθ

r
dθ

〉

= −kλe
r

〈
sin θ

∣∣∣b
a
, − cos θ

∣∣∣b
a

〉
.

Since our ring segment runs from θ = π to θ = 3π
2 , we

plug these values in for a and b to get

~E = −kλe
r

〈
sin θ

∣∣∣ 3π2
π
, − cos θ

∣∣∣ 2π2
π

〉
= k

λe
r
〈1, 1〉 .

Plugging in the values for r, k, and λe, gives us

~E = 4.5 〈1, 1〉 N

C
〈4.5, 4.5〉 N

C
.

Example:
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What is the electrical field at a point P a distance
r from an infinitely long charged line? This could be
applied to calculate the approximate electric field for a
house a distance r from a power transmission line.

P
r

To calculate this, we do a similar process to what
we did earlier, but now we integrate from −∞ to ∞. It
turns out that the magnitude of the electric field at P
is given by

E =
|λe|

2πε0r
,

where ε0 is the vacuum permittivity

ε0 = 8.85× 10−12 C2

Nm2 .

Recall that if λe > 0 then the electric field lines
point away from each point on the infinite line, and if
λe < 0 then the electric field lines point toward each
point on the infinite line.

Example:

4.3 Gauss’s Law

Electric flux is the density of electric field lines through
a surface. It can be thought of as the number of field lines
per unit area that are passing through some surface. For
a flat, square surface, the electric flux is

Φ = ~E · ~A = EA cos θ,

where ~A is the normal vector with magnitude equal to
the area of the surface, and θ is the angle that the elec-
tric field lines make with the surface. For an arbitrary
curved surface, the electric flux is

Φ =

ˆ
S

~E · d ~A,

where the integral is a surface integral over the entire
surface.

Gauss’s law allows us to calculate electric fields of
symmetric charge distributions in a much easier way

˛
~E · d ~A =

qin
ε0
,

where qin is the charge inside of a closed surface. Note,
however, that ~E is the electric field at any point on the
closed surface, which includes contributions from charges
both inside and outside the closed surface.

The constant ε0 is the vacuum permittivity con-
stant with value

ε0 =
1

4πke
= 8.85× 10−12 C2/N ·m2.

Recall that for the dot product ~A · ~B, when ~A and
~B are parallel, then ~A · ~B = AB and when they are per-
pendicular, then ~A · ~B = 0. The goal when using Gauss’s
law is to use symmetry of the situation such that ~E and
~A are parallel and/or perpendicular. This greatly simpli-
fies the problem because it removes the need to treat the
vector nature of the field so that

˛
~E · d ~A = E

˛
dA.

The notation
¸

means the surface integral over the entire
closed surface.

The vector d ~A is the area element of the surface, and
it is always perpendicular to the Gaussian surface.

4.4 Work and Energy

Electric force is similar to gravitational force. Where
gravitational force creates gravitational potential energy,
electrical force creates electrical potential energy.

A charge in an electric field is acted upon by the
electrostatic force and so it has potential energy. Elec-
tric potential is a characteristic of the field created by
a charge—not a characteristic of another charge within
that field. Electric potential energy is characteristic
of a multibody system. It is defined in terms of a test
charge placed in a field.

Recall that in general, for a conservative force (and
the electric force is a conservative force), we define the po-
tential energy difference between two points as the nega-
tive of the work done to move (in this case a charge) from
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one point to the other. That is,

∆UAB = −WAB = −
ˆ B

A

~F · d~r,

where d~r is the infinitesimal vector pointing from A to
B. Just as with potential energy, only the difference in
electric potential energy matters, so we always choose a
convenient spot for the potential energy to be zero then
calculate the potential energy difference at the other lo-
cation.

The potential energy of a system of two charged point
particles is given by

U = ke
q1q2

r12
,

where r12 is the distance between the charges. For a sys-
tem of more than two particles, do the above calcula-
tion for every pair of particles and sum the results alge-
braically. For example, for a system of three particles

U = ke

(
q1q2

r12
+
q1q3

r13
+
q2q3

r23

)
.

The work done in moving a particle through an elec-
tric field at constant velocity (i.e. the kinetic energy isn’t
changed) is

W = q∆V.

Since electric force is conservative, the work done in mov-
ing a particle depends only on the initial and final posi-
tions rather than on the path taken. This is the same as
with gravitational force.

Consider an equilateral triangle with side lengths d,
with a charged particle sitting at each vertex. What is
the work required to construct this charge distribution
by bringing the three charges in from infinity? To bring
the first charge q1 in from infinity requires no work since
there is no electric field in the area yet. Bring the second
charge q2 in does require work since the first charge q1

that is already there will oppose the new charge coming
in. The work done is

W2 =
keq1q2

d
.

To bring in the final charge q3, we have to bring it in
against the opposition of the two charges that are already
there, so the work is

W3 =
keq1q3

d
+
keq2q3

d
.

The total work required to construct this configuration of
charges is just the sum of the two

W =
keq1q2

d
+
keq1q3

d
+
keq2q3

d
.

The work we’ve put into the construction of this charge
configuration can be returned to us. All we have to do is

let go of the three charges, and they fly off to infinity. In
this sense, the charge configuration stores potential en-
ergy. In the same way, there is stored electrical potential
energy in the configuration of molecules.

The potential energy U stored in a charge configura-
tion is equal to the work W required to construct that
charge configuration.

Tip:

Now consider a charged parallel plate capacitor. The

energy stored by the capacitor is U = Q2d
2ε0A

, where A is
the size of each plate, d is the distance between the plates,
and Q is the magnitude of the charge on each plate. Work
must be done in order to charge a capacitor (i.e. in order
to construct this charge configuration), but this energy
can be used when we discharge the capacitor.

We conclude that a charge configuration stores en-
ergy, but where exactly is it stored. It is stored in the
electric field created by the charge configuration. We can
think of an electric field in terms of energy density–the
energy stored per unit volume. For the parallel plate ca-
pacitor, indeed for any electric field, the energy density is

uE =
1

2
ε0E

2.

To compute the total energy in an electric field, we inte-
grate

U =
1

2
ε0

ˆ
E2 dV,

where the integral is over the entire volume of the electric
field.

4.5 Electric Potential Difference

In the previous section, we discussed the potential energy
difference for charges in an electric field. However, we
generally don’t care about this kind of potential energy
difference when we’re dealing with electrical forces be-
cause from ~F = q ~E, we can see that this depends on the
charge q that we’re moving. What we care about is the
potential energy difference per unit charge. To get this,
we divide the above equation by q to get the electric
potential difference

∆VAB = −
ˆ B

A

~E· d~r.

The unit of electric potential is the volt defined as

1 V = 1 J/C.

Since the electric field can be given in units of volts per
meter, it can be defined as a measure of the rate of change
of the electric potential with respect to position.
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The electric potential difference is a characteristic of
the field only. The potential exists whether or not there
is a particle present to be affected by it.

In atomic and nuclear physics, the electronvolt
(eV) is often used as a unit of energy for particles. It
is the energy gained by a particle carrying one elemen-
tary charge e (e.g. a proton) that is moved through a
potential difference of 1 volt. Therefore,

1 eV = 1.602× 10−19 J.

Notice that the electronvolt is a unit of energy.

Notice that the potential energy difference and the
electric potential difference are related as

∆VAB =
∆UAB
q

.

Notice that voltage/potential energy is a scalar quan-
tity, whereas electrical field is a vector quantity. Voltage
is a difference. The 1.5 V for a battery is the difference in
electric potential between the positive and negative ter-
minals of the battery.

When the electric field is uniform, we have the spe-
cial case that

∆VAB = −~E ·∆~r,
where ∆~r points from A to B. In the even more special
case that the two points are on the same electric field line,
we have

∆V = ±Ed,
where d is the distance between the two points. The
sign is positive if you’re moving from point A to point
B against the electric field, and it is negative if you’re
moving with the electric field.

A uniform electric field is one in which the electric
field lines are all parallel and have the same magni-
tude. Problems involving uniform electric fields can
typically be solved without integrating.

Tip:

The electric potential difference between two points
A and B due to a single source charge q can be calculated
as

∆VAB = −
ˆ rB

rA

~E· d~r

= −
ˆ rB

rA

keq

r2
r̂· d~r

= −keq
ˆ rB

rA

1

r2
dr

= keq

(
1

rB
− 1

rA

)
.

In general, it is convenient to set our potential energy
reference point at r = ∞. In other words, we want the
potential difference between a point rB near the source
charge q and the point rA that is very far away. That
means, we can let rA →∞ then 1

rA
→ 0. In that case, we

write the electric potential difference at a point r from a
source charge q as

V =
keq

r
.

For the potential at a point due to multiple point charges,
we apply the superposition principle and sum the poten-
tial for each of the charges

V = ke
∑
i

qi
ri
.

For the potential at a point due to a continuous charge
distribution, we just treat the problem as an infinite num-
ber of point charges in a finite area. That is, we integrate

V = ke

ˆ
dq

r
.

Note that a positive source charge results in posi-
tive voltage and negative source charge results in negative
voltage.

Keep in mind that the electric potential V is a scalar
whereas the electric field ~E is a vector. This means it
is often much easier to calculate the electric potential
due to some charge distribution than to calculate the
electric field of the same charge distribution.

Tip:

Recall that ∆V = −~E · ∆~r for a uniform electric
field. If the electric field is in the x direction, and if we
consider a very small distance ∆r along the x direction,
we have that dV = −Ex dx. Dividing both sides by dx
gives us

Ex = −dV
dx

.

In other words, if we have the potential difference as a
function of x, we can calculate the x-component of the
electric field simply by differentiating V (x). Similarly, if
we have V (r), the the radial component of the electric
field is

Er = −dV
dr
.

Even more generally, given V (x, y, z), we can calculate
the electric field at any point by taking the negative of
the gradient of the potential

~E = −~∇V = −
(
∂V

∂x
x̂+

∂V

∂y
ŷ +

∂V

∂z
ẑ

)
.
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If you have a 6m line containing a continuous

charge distribution with a charge density λe = 2nC
m ,

what is the electric potential at a point P that is 2m
from the end of the line? Recall that the last time, we
calculated the electric field at P .

P6 m

2 m

Since Vq = kq
r , we’ll start with the differential equa-

tion

DV =
k dq

r
.

Recall that λe = dq
dx , which means that dq = λe dx. By

examining the illustration, we can rewrite our differen-
tial equation as

DV =
kλe

L+ a− x
dx.

This “small element” is the voltage contributed to P by
the small segment dx of the line. Now, we need to add
the contributions from all the points by integrating.

x

dx

x P

a

Integrating from x = 0 to x = L gives us

V =

ˆ L

0

kλe
L+ a− x

dx

= kλe

ˆ L

0

1

L+ a− x
dx

= −kλe ln |L+ a− x|
∣∣∣L
0

= −kλe (ln |a| − ln |L+ a|)

= −kλe ln

(
a

L+ a

)
= kλe ln

(
L+ a

a

)

In our case,

VP = k · 2nC

m
ln

(
6m + 2m

2m

)
= 24.9V

Example:

In a quarter ring with continuous positive charge

distribution, charge density of λe = 3nC
m and radius

6m, as illustrated, what is the electric potential at P?

x

y

P

A

B

Recall that earlier we did a similar problem, but
instead of calculating electric potential at P , we cal-
culated the electric field at P . The nice thing about
voltage being a scalar quantity, is that we don’t have to
worry about vectors. In this case, the contribution to
electric potential at P of point A is exactly the same as
the contribution to electric potential at P of point B.
This makes it a lot easier to calculate. We’re given that

λe = 3nC
m and the length of our wire is 3π, so the total

charge in the wire is Q = 9π nC. Since

Vq =
kq

r
,

the total voltage from a bunch of particles the same
distance from P is

VP =
kQ

R
.

In our case,

VP =
k · 9π nC

6m
= 42.3V.

Example:
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Surface Charge Density

While line charge is relevant to power transmission, sur-
face charge is relavant to electrical engineering. Surface
charge density is given by

σe =
Q

A
,

where Q is the total charge and A is the total area. On
an xy plane, area is A = xy and a small change in area
is equivalent to a small change in x multiplied by a small
change in y, giving us the relation dA = dx dy. This
means

σe =
Q

A
=

dq

dx dy
.

The near-field approximation of the magnitude of the
electric field caused by a surface charge is

E =
|σe|
2ε0

.

This result is only valid when the radius/width of the sur-
face is much larger than the distance between the surface
and the point P being considered.

Two oppositely charged parallel plates creates three
regions—the far left, the far right, and the middle. Rel-
atively speaking, the fields on the outside are negligible.
The only field that matters occurs between the plates and
the field strength of that region is

~E =
σe
ε0

and points toward the negatively charged plate. A
charged particle within this region will experience a force
and an acceleration due to the field of

~F q = q ~E.

In a cathode ray tube (i.e. electron gun), you can
theoretically control the direction of the emitted electrons
with two pairs of these parallel plates. A vertical set of
plates with a varying voltage controls the horizontal di-
rection of the electron’s motion, and a horizontal set of
same plates controls the vertical direction of the electron’s
motion. The electron motion is controlled by the field
direction ~E. The varying voltage across the plates will
precisely position the electron.

By setting up a reference frame, in this case, simply
an x-axis, we can model this as shown in the image below
where the parallel plates are seen edge-on.

x

+

x1

V1

−

x2

V2

~E

The voltage at x1 due to the two charged plates is
some quantity V1, and the voltage at x2 due to the two
charged plates is some quantity V2. Since

E =
kq

r2
and V =

kq

r
,

we have that V = Er. Plugging in for our parallel plates
gives us

V1 − V2 = E(x2 − x1),

or

E =
V1 − V2

x2 − x1
.

Since x1 and x2 are fixed, the voltage at each plate V1 and
V2 can be varied to vary the electric field and thereby ad-
just the electron motion.

4.6 Conductors

In conductors, electrons are free to move around. When
a conductor is in electrostatic equilibrium, there is no
net motion of charge. For a conductor in electrostatic
equilibrium, the following properties hold:

• The electric field inside the conductor is zero. This
is true whether the conductor is solid or hollow.

• For an isolated conductor with a net charge, all of
the charge resides on the surface of the conductor.

• For a charged conductor with a surface charge den-
sity σ, the electric field right outside the surface has
magnitude

E =
σ

ε0
,

and is perpendicular to the surface.
• For a charged conductor with an irregular shape,

the greatest charge density is where the surface
curves the sharpest. Hence, the electric field
strength is highest right outside of these sharpest
curves.

• The conductor is an equipotential. That is, every-
where on or within the conductor the electric po-
tential is the same. This alway implies that if you
have multiple conductors connected by wires, and
they are all in electrostatic equilibrium, then they
are all at the same potential.
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When considering charge distribution in conductors,
the key to remember is that electrons are free to move
in conductors, and will, therefore, move toward equi-
librium.

Tip:

A conductor that is in electrostatic equilibrium has,
by definition, no moving electrons. The only way for
there to be no moving electrons in a conductor in which
electrons are free to move, is if there are no electric or
magnetic fields present.

Tip:

A charged conductor in electrostatic equilibrium has
no net charge on the inside since the field on the in-
side is zero (see previous tip). Therefore, all the charge
is distributed over the surface.

Tip:

4.7 Electric Current and Resistance

In the electrical industry, we really only care about two
quantities—voltage and current. You can think of cur-
rent as charge flowing through wire much like water flows
through a pipe. Current is how much charge flows past a
point in a given duration

Current is the flow of charge, so when the current is
steady or we want an average,

Iavg =
∆Q

∆t
.

More generally, the instantaneous current is given by

I =
dQ

dt
.

The unit for current is the ampere which is defined as
the flow of 1 Coulomb of charge past a specific point per
second, so

1 C

1 s
= 1 A.

Separating the variables and integrating gives us the
charge as a function of time

Q(t) =

ˆ t

t0

I dt′.

Note that current is defined to be in the direction of
positive charge flow. If the flowing charges are electrons,
which are negative, then the flow of current is actually op-
posite the flow of charges. In practice, negative charges

flowing to the left is the same as positive charges flowing
to the right. In either case, the current is measured to be
to the right.

Consider electrons in a wire. In general, the electrons
are moving about in random directions. When there is
some (usually small) net velocity, called the drift ve-
locity, in one direction or the other, we have a current
flowing in the wire. Consider a length ` of the wire with
cross-sectional area A. If the number density of charges is
n, that is, there are n charges per unit volume, then the
total charge in the length ` is ∆Q = nA`q. If the charges
are all moving with drift velocity vd, then it takes ∆t = `

vd
time for them all to pass a given point. The current can
then be written as

I =
∆Q

∆t
= nqAvd.

The current density is defined as the current per
unit area of cross-section

J =
current

cross-sectional area
=
I

A
.

If the current density is uniform and the cross-sectional
area is perpendicular to the current direction (as in a
wire), then since I = nqAvd, the current density is

~J = nq~vd.

Note that this is the current divided by the cross-sectional
area and we now include the direction of the drift veloc-
ity by using the vector ~vd. The current density is useful
when dealing with nonuniform flows of charge.

What makes electrons move in wires? What causes
current? The short answer is electric fields. Suppose you
have a long length of wire not attached to anything. Since
the conductor is in electrostatic equilibrium, there is no
electric field inside the conductor, and any net charge is
on the surface. If you now use the wire to complete a cir-
cuit with a battery, electric fields now propagate almost
instantaneously through the wire, causing free electrons
to move and creating a current. The drift velocity may
be very small, but the electric fields propagate almost in-
stantaneously, so the current is flowing at every point in
the wire almost instantaneously.

To maintain a current in a wire, we need an electric
field in the wire. The relation between current density
and the electric field is

~J = σ ~E,

where σ is the wire’s conductivity. This relation is
sometime’s called the microscopic version of Ohm’s law.
We can also write this as

~J =
~E

ρ
,

where ρ is the wire’s resistivity. Resistivity is simply
the inverse of conductivity.
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The macroscopic version of Ohm’s law states that
the resistance of a circuit element equals the ratio of the
voltage drop across the element to the current through it

R =
V

I
.

Resistance has units of ohms (Ω), so

1 V

1 A
= 1 Ω.

Ohm’s law also tells us that current and resistance are
inversely proportional—the more resistance that a circuit
element has, the less current that can flow through it for
a given voltage.

For many voltage sources, such as batteries or the
grid, the voltage is constant. However, by using different
resistors, we can vary the current. If we want a lower
current for a given voltage, we simply add a stronger re-
sistor.

The relation between the resistance of a conductor
and its resistivity depends on the shape of the conductor.
For a wire with cross-sectional area A and length `, the
relation is

R =
ρ`

A
,

Note, for most materials, the resistivity is temperature
dependent

ρ(t) = ρ0[1 + α(T − T0)],

where T0 is room temperature.

Here are example resistivities for different materials:

Material ρ

Lead 2.2× 10−8 Ωm

Copper 1.7× 10−8 Ωm

Silver 1.59× 10−8 Ωm

Glass 1010 Ωm to 1014 Ωm

Quartz 7.5× 1016 Ωm

Notice that the exponent on the first three is small, −8,
which implies that these materials have low resistances.
With metal wires, we can have a relatively large current
using a relatively small voltage. We call these materi-
als conductors. The last two materials are examples of
insulators.

Semiconductors are materials with conductivities
between that of conductors and insulators. Supercon-
ductors are materials with infinite conductivity (i.e. zero
resistivity).

If we have a voltage difference of V across a resistor
through which a current I flows, then the power dissi-
pated (usually as heat) by the resistor is

P = IV.

Solving Ohm’s law for V and I gives us the following two
equivalent representations

P = I2R =
V 2

R
.

Although these relations apply to circuit elements. They
are more general than that. If we are putting a current of
I into some device and we measure a voltage drop of V
across the device, then the power dissipated by the device
is P = IV . We could, for example, use this to calculate
the rate at which an electric motor is converting electrical
energy to mechanical energy.

4.8 Magnetic Field

Every magnet has a north and a south pole. Like poles
repel each other and unlike poles attract. The north pole
of a free magnet will tend to point toward the Earth’s
geographic north pole, which implies the north pole is,
magnetically, a south pole.

N S

A moving electric charge creates a magnetic field,
and a moving electric charge responds to a magnetic field.
All moving electric charges produce magnetic fields and
all magnetism is caused by moving electric charges. The
atom itself contains a moving charge—the electron, which
produces a magnetic field.

A wire carrying a current, produces a magnetic field.
This can easily be verified by the deflection of a com-
pass needle alongside a wire that is carrying a current.
Conversely, with a large magnet, you can cause a current
carrying wire to deflect in different directions depending
on the orientation of the magnet.

A magnet produces a magnetic field, denoted ~B.
A moving electric charge, such as a proton or an electron,
also produces a magnetic field. Magnetic field lines point
in the direction a compass would point, so for a magnet,
they run from the north pole to the south pole. Recall
that a compass magnet is a north-seeking pole, but it
points to magnetic south poles.
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Iron filings can be used to visualize magnetic field
lines. The direction is determined by the way that a north
pole would point. The magnetic field lines run from the
north pole of a magnet to its south pole.

Magnetic fields have units of tesla (T)

1 T = 1
N · s
C ·m

= 1
N

A ·m
.

Magnetic field lines going into the page are repre-
sented by crosses (like the feathers of arrows seen from
behind). Magnetic field lines coming out of the page are
represented by dots.

At the microscopic layer, materials have magnetic
domains. When these domains are aligned randomly,
the material, on the macroscopic scale is unmagnetized.
When these domains all point in the same direction, the
material is a magnet.

The molten center of the Earth consists of rotating
positive ions, which produce the Earth’s magnetic field.
As molten rock cooled, the magnetic domains in iron, for
example, were locked in place, producing naturally mag-
netic lodestones.

Gauss’s law for magnetism tells us that
˛
~B · d ~A = 0.

Gauss’s law for magnetism isn’t as useful in solving mag-
netism problems as Gauss’s law for electricity is useful
in solving electricity problems. Ampere’s law, which we
will see later, is much more useful for solving magnetism
problems.

Gauss’s law for magnetism implies that the magnetic
flux through any closed surface is zero. This means that
magnetic field lines do not begin or end at specific places.
Rather, they form closed loops around the moving electric
charges that cause them.

Charged Particles in a Magnetic Field

A charged particle moving in a magnetic field with a com-
ponent that is perpendicular to the magnetic field, expe-
riences a force.

Recall that the force experienced by a charged parti-
cle in an electric field is given by ~F e = q ~E. The magnetic
force experienced by a charged particle with charge q and
velocity ~v in a magnetic field ~B is given by

~FB = q~v × ~B.

In other words, the magnetic force experienced by a
charged particle is the charge times the cross product of
the particle’s velocity with the magnetic field. This indi-
cates that the magnetic force is zero if the particle is not

in motion relative to the magnetic field or if the parti-
cle is moving in a direction parallel to the magnetic field
lines. If there’s any angle between the particle’s velocity
vector and the magnetic field vector, then the particle ex-
periences a magnetic force in a direction perpendicular to
both its velocity and the magnetic field direction (since it
is a cross product). The magnitude of the magnetic force
experienced by a charged particle moving in a magnetic
field is

FB = |q|vB sin θ,

where θ is the angle between the particle’s velocity and
the magnetic field.

The direction of the magnetic force can be deter-
mined using the right-hand rule. Point the fingers of
your right hand along positive charge velocity ~v and/or
conventional current flow. If the charge is negative, point
the fingers along −~v. Next, face the palm of your hand
facing along ~B. Curl your fingers toward ~B, then your
raised thumb will point in the direction of the magnetic
force ~FB .

Since the magnetic force on the particle is perpen-
dicular to the particle’s direction of motion, the magnetic
field does zero work on a charged particle.

If the velocity of a charged particle is perpendicular
to the magnetic field, the magnetic force on the parti-
cle has a constant magnitude and causes it to move in
uniform circular motion, with centripetal acceleration

FB = qvB = m
v2

r
.

Notice that the cross product q~v × ~B = qvB when ve-
locity and magnetic field are perpendicular to each other.
Solving for the radius of the circular motion, gives us

r =
mv

qB
.

The period of a charged particle moving in uniform cir-
cular motion due to a magnetic field is

T =
2πr

v
=

2π

v

mv

qB
=

2πm

qB
.

Notice that the period does not depend on the speed or
the orbital radius of the particle. The particle’s frequency,
called the cyclotron frequency is then

f =
1

T
=

qB

2πm
.

The work done by a magnetic field on a charged par-
ticle is zero, since the force exerted by the magnetic
field is always perpendicular to the particle’s velocity.
It also does not change the speed of the particle.

Tip:
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A charged particle with a velocity at an angle to the
magnetic field that is between parallel and perpendicu-
lar, will move in a helix. This is because the particle
must have some component of velocity in the direction
parallel to the field, and in this direction, the field has
no effect on it, so this component of the velocity remains
constant. If the field is in the x direction, then ax = 0
and the particle moves in a helical path in the positive or
negative x direction. The above equations still apply, but

v must be replaced with
√
v2
y + v2

z . In general, in 3D, a

charged particle moves in a helix along a magnetic field
line.

When a particle is moving in both a magnetic field
and an electric field, then the total force on the particle
is the sum of the electric force and the magnetic force

~F = q ~E + q~v × ~B.

This is often called the electromagnetic force.

Given B = 1.5T, q = 1.6× 10−12 C and v =
15 m/s, calculate the magnitude and direction of the
magnetic force of the field shown in the image. Also,
calculate the radius of orbit of the charged particle.

−
~v

Notice that the charge is negative. The dots in-
dicate the magnetic field is coming out of the page.
Using the first right-hand rule, we can determine that
the magnetic force on the charge is directed toward
the top of the page.

The magnitude of the magnetic force is

FB = qvB

= (−1.6× 10−12 C)(15 m/s)(1.5 T)

= −3.6× 10−11 N.

The radius of the particle’s orbit is

r =
vm

qB

=
(15 m/s)(m)

(−1.6× 10−12 C)(1.5 T)

= −6.25× 1012 m ·m.

Example:

Velocity Selectors

A velocity selector is a device that uses perpendicular
electric and magnetic fields to select particles moving at
a certain speed. A mass spectrometer uses a similar
idea to separate ions with different mass-to-charge ratios.
A cyclotron is a particle accelerator, that uses an alter-
nating voltage and a magnetic field to accelerate charged
particles.

Because a perpendicular magnetic field exerts a force
on a moving electric charge, we can construct devices
called velocity selectors. In this device, an electric field
is oriented so that it pulls a moving electric charge in one
direction and a magnetic field is oriented so it pulls a
moving charge in the opposite way. At a specific veloc-
ity, these fields can be balanced so that the charge flies
through the device apparently unaffected. Charges mov-
ing at any other velocity will be affected so they deviate
from this straight path. Thus, the only particles exiting
the front of the device are those whose velocity has been
selected. In other words, the velocity selector culls out
any particles not moving at a specific velocity.

In the two images below, field vectors going into the
page are represented by crosses and field vectors coming
out of the page are represented by dots. Therefore, in the
first image, the direction of the magnetic field is directed
into the page, and in the second image, the direction of
the magnetic field is directed out of the page.
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~FE

~v

+

−

Since

~F = q ~E + q~v × ~B,

the particle goes straight when the electric force is equal
and opposite to the magnetic force so that qE = qvB. So
the speed of the particles selected by the velocity selector
is

v =
E

B
.

What happens if the magnetic field extends past the
velocity selector? In the second image, notice that the
electric field ends at the edge of the velocity selector, but
the magnetic field continues outward.
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~FB

~FE

~v

+

−

A particle at a specific velocity will exit the velocity se-
lector and suddenly be exerted on by the magnetic force
since it’s no longer being balanced out by the electric
force. This causes the particle to curve in a specific ra-
dius. Any charge moving perpendicular to a magnetic
field will move in a circular motion. This is the basic
principle of mass spectrometers. The radius of orbit for
such a particle is given by

r =
Em

qB2
=
vm

qB
.

where E is the electric field, B is the magnetic field, m is
the mass of the particle, v is its speed, and q is its charge.

Conductors in a Magnetic Field

Current in a conductor, such as a wire, is just mov-
ing charges, and since moving charges experience a force
when going through a magnetic field that is not parallel
to the velocity, the conductor will experience a deflection
force. You can use the direction of the current flow (i.e.
the velocity vector of the charged particles) and the right
hand rule to determine the direction in which a current-
carrying wire deflects in a magnetic field.

If a current, I, is flowing through a straight segment
of wire placed in a uniform magnetic field ~B, then the
force exerted on the wire is

~FB = I~L× ~B,

where ~L is in the direction of the current and has magni-
tude L–the length of the wire segment.

For a small element of non-straight wire d~s, the ele-
mental force on the wire is

d~FB = Id~s× ~B.

To calculate the total force, integrate this over the length
of the wire.

The magnetic field causes a separation of positive
and negative charges in a current carrying conductor in
what is called the Hall effect. This causes a potential
difference between one side of the conductor and the other
side. This potential is called the Hall potential.

Magnetic Fields from Current

Here, we will see how electrical current can produce mag-
netic fields. Oersted discovered this effect when he real-
ized that current going through a switch was able to make
a magnetic compass swing.

A changing electric field creates a magnetic field.
Since a moving charged particle is a changing electric
field, it produces a magnetic field. A current-carrying
conductor, being a lot of moving electric charges, will
therefore, create a magnetic field.

The Biot-Savart law gives the magnetic field at a
point due to a length element d~s of a wire carrying a
current I.

d ~B =
µ0

4π

Id~s× r̂
r2

The constant

µ0 = 4π × 10−7 Tm/A,

is called the permeability of free space and r is the
distance from the wire segment d~s to the point of inter-
est. Since this equation gives only the magnetic field due
to a small element of the wire, it must be integrated over
the entire current distribution to get the total magnetic
field at the point of interest. This can be a little tricky
since the equation contains a cross product. To “sum” the
magnetic fields of many small segments d~s, we integrate
the Biot-Savart law to get

~B =
µ0

4π

ˆ
Id~s× r̂
r2

.

Any current (i.e. flowing charges) produces a magnetic
field. To calculate the actual magnetic field, you can use
the Biot-Savart law.
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What is the magnetic field at a point on the axis
of a circular current loop of radius a with current I?

y

αβ

r = √
a 2

+ x 2

x

d~s

P ~Bnet

d ~B

To solve this, we can use the Biot-Savart law

~B =
µ0

4π

ˆ
loop

Id~s× r̂
r2

.

Here, we are treating the current as being coun-
terclockwise, if you were to the right of the loop and
looking at the loop. By the right-hand rule for current
in wires, we can deduce the electric field at the point
P by considering the contributions of different bits of
the wire. In the image, the elemental d ~B is the mag-
netic field at P due to the short section of current d~s.
Because of the symmetry of the current loop, the only
surviving component of ~B at the point P points in the
x-direction. The other components cancel each other
out. So we only have to compute Bx. That is,

~B =

ˆ
loop

dBx x̂.

Note that α + β = 90◦, so cosα = cos(90◦ − β) =

sinβ. Therefore, the x-component of the vector d ~B is

dBx = dB cosα = dB sinβ =
a

r
dB.

Now our integral is

~B =
µ0I

4π

ˆ
loop

d~s× r̂
r2

a

r
.

The differential d~s is an elemental vector on the
loop that points in the direction of the current. The
unit vector r̂ points toward the location of d~s. We know
that d~s = ds sin θ = ds since the magnitude of the unit
vector r̂ is one and the angle between d~s and r̂ is always
90◦.

Now our integral can be written as

~B =
µ0Ia

4π

ˆ
loop

1

r3
ds =

µ0Ia

4π

ˆ
loop

1

(a2 + x2)
3
2

ds.

Finally, we know that a and x are constant, so we can
pull them outside the integral,

~B =
µ0Ia

4π

1

(a2 + x2)
3
2

ˆ
loop

ds,

then
´
loop

ds = 2πa is simply the length of the loop.
Therefore,

~B =
µ0Ia

2

2

1

(a2 + x2)
3
2

.

Example:

Calculating the magnetic field produced by a current
configuration using the Biot-Savart law is messy. Fortu-
nately, when there is sufficient symmetry, we have a much
easier method.

Ampere’s law states that

˛
~B · d~s = µ0Ienc,

where d~s is an elemental length of a closed loop, and I
is the total steady current passing through any surface
bounded by the loop. In simpler terms, Ienc is the total
current that is encircled by our cosed loop. The integral
is taken over the entire loop.

Note: This form of Ampere’s law is valid only for
steady currents.

Ampere’s law is sort of analogous to Gauss’s law for

electric field. With Gauss’s law, we use a gaussian sur-
face, but with Ampere’s law, we use an amperian loop.
Ampere’s law is always true, but it’s only useful for us in
symmetric cases where portions of the loop are perpen-
dicular to the loop such that ~B · d~s = 0, or parallel to
each other so that ~B · d~s = B ds.

Remember that for Ampere’s law, the integral is a line
integral over a closed loop, and d~s is a small element
of that closed loop.

Tip:

In highly symmetrical problems, it is much easier to
use Ampere’s law than it is to use the Biot-Savart law.

To determine the direction of the magnetic field do a
current in a straight wire, we use our second right-hand
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rule. We grasp the wire with our right hand, with our
thumb pointing in the direction of the current, then the
direction in which our fingers are wrapped around the
wire indicates the direction of the magnetic field loops.
The magnetic field lines form concentric circles around a
current-carrying wire.

Notice the small green box in the image that shows
the magnetic field. The magnetic field lines wrap around
the wire. On the right side of the wire, the magnetic field
lines are pointing into the paper and on the left side, the
dots indicate that the magnetic field lines are pointing
out of the paper toward you.

I

Pr

x x

x x

Calculate the magnetic field at a distance r from
a straight wire carrying a current I.

We could use the Biot-Savart law, but that would
be unnecessarily messy. A wire has cylindrical sym-
metry, so we can use Ampere’s law instead.

For our amperian loop, we use a circle of radius
r centered on the wire. Since the magnetic field of a
current carrying wire forms concentric circles around
a wire, this means our amperian loop coincides with
a magnetic field line. That means, everywhere along
our amperian loop, the magnetic field is parallel to
our loop. Therefore, since ~B and d~s are parallel, we
have that ~B · d~s = B ds, so

˛
~B · d~s = B

ˆ
ds.

The integral on the right is now just the length of the
loop, so the right hand side is B2πr. So

2πrB = µ0I,

which gives us

B =
µ0I

2πr
.

Example:

Given a straight power line with current I = 6A,
calculate B, the magnitude of the magnetic field and
the direction of ~B at a point r = 1.5m from the power
line.

I = 6 A

r = 1.5 m

The magnitude of the magnetic field is given by

B =
µ0I

2πr
=

(4π × 10−7 Tm/A)(6 A)

2π(2.0 m)
= 6× 10−7 T.

The direction of the magnetic field is given by the
second right-hand rule. In our case, on the right side
of the line, the magnetic field lines are going into the
page and on the left side, the magnetic field lines are
coming out of the page.

Example:

Because a current carrying wire produces a magnetic
field and because current carrying wires are deflected by
magnetic fields, two parallel wires carrying current in the
same direction will be attracted to each other and two
parallel wires carrying current in opposite directions of
each other will be repelled from each other. For a pair of
wires with currents I1 and I2 of length L and separated
by a distance d, the magnitude of the force that one wire
exerts on the other is

F =
µ0I1I2L

2πd
.

The directions of the force on each wire can be deter-
mined by using the different versions of the right-hand
rule. First, use the right hand rule to determine the di-
rection of the magnetic field at wire 2 that is due to the
current in wire 1. Then use the other right hand rule
to determine the direction of the force on wire 2 due to
the magnetic field from wire 1. Then use the same pro-
cess to determine the magnetic force on wire 1 due to the
magnetic field produced by wire 2.
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Magnetic Dipoles and Currents in Loops

In an earlier example, we found that the magnetic field

due to a current loop is ~B = µ0Ia
2

2
1

(a2+x2)
3
2
x̂. If the

distance from the loop x is much larger than the loop’s
radius a, we can write this as

~B ' µ0Ia
2

2

1

x3
x̂.

We can also write this in terms of the area A of the loop
as

~B ' µ0IA

2π

1

x3
x̂.

Notice the similarity between this and the electric field
due to an electric dipole. Because of this similarity, we
say that a current loop is a magnetic dipole.

The magnetic dipole moment ~µ = I ~A is the vec-
tor with magnitude IA that points in the direction of the
magnetic field produced by a current loop. The vector ~A
is a normal vector in that it points perpendicular to the
plane of a current loop and in the direction of the mag-
netic field. We can now write the field at a large distance
from a magnetic dipole as

~B =
µ0~µ

2π

1

x3
.

What if you have many turns of current in a loop? That
is, what if you have a loop formed of many wires each
carrying a current of I. In that case, the total magnetic
dipole moment is

~µ = NIA,

where N is the number of current loops.

Any current traveling in a loop creates a magnetic
dipole. Magnetic dipoles are very common in nature, for
example, an electron looping about an atom is current in
a loop, so it is a magnetic dipole. Even the spin of the
electron creates a tiny loop of current and a tiny magnetic
dipole.

Another result of magnetic force acting perpendicu-
lar to current in a conductor and magnetic field is that
a torque is exerted on a current loop in a magnetic field.
Electric motors utilize this phenomenon. The torque on
a current loop (of any shape) is given by

~τ = ~µ× ~B = I ~A× ~B,

where I is the current in the loop, ~µ is the magnetic dipole
moment, ~A is perpendicular to the plane of the loop and
has a magnitude equal to the area of the loop. The direc-
tion of ~A can be determined by curling the fingers of your
right hand along the direction of current flow in the loop.
Your extended thumb points toward ~A. Notice that this
is analogous to the torque ~τ = ~p× ~E on an electric dipole
in an electric field.

Recall that due to the torque on an electric dipole
in an electric field, we defined the potential energy of an
electric dipole in an electric field. Similarly, the potential
energy of a magnetic dipole in a magnetic field is

U = −~µ · ~B.

Magnetic Fields in Matter

As mentioned earlier, the spin of electrons and their or-
bital motion gives many atoms a magnetic dipole mo-
ment. That is, many atoms produce their own little mag-
netic fields. In some materials, such as iron, nickel, and
cobalt, the magnetic moments of the atoms interact with
each other to form magnetic domains. These are re-
gions in a material like iron where the magnetic dipole
moments of the atoms are all aligned. In a typical piece
of iron, the overall magnetic dipole moments of magnetic
domains point in random directions. However, when an
outside magnetic field is applied to the material, these
magnetic dipole moments all align, turning the entire
piece of material into a magnet. This phenomenon is
called ferromagnetism.

Recall that the motion of atoms is increased at higher
temperatures. At a high enough temperature called the
Curie temperature, the atoms are jostling around so
much that the magnetic dipole moments become disorga-
nized. So heating a permanent magnet above its Curie
temperature removes its magnetism.

Current in a Solenoid

A solenoid is a coil of wire. When current is passed
through the wire, the solenoid creates a magnetic field.
On the inside, the magnetic field is strong and nearly
uniform. On the outside, the magnetic field is weak. For
an ideal solenoid (i.e. infinitely long and tightly wound),
the magnetic field on the inside is uniform and there is
no magnetic field at all on the outside.

L

The magnitude of the magnetic field along the center
of an ideal solenoid is

B = µ0nI,

where n = N
L is the loop density, that is, the loops of wire

per unit length of solenoid. N is the number of loops and
L is the solenoid length. The direction of the magnetic
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field along the center is found using our fourth right-hand
rule. If we grasp the solenoid in such a way that our fin-
gers wrap around it in the same direction of the current,
then our extended thumb points in the direction of the
magnetic field.

The magnitude of the magnetic field inside an ideal
solenoid can be calculated using Ampere’s law. Choose
a rectangular Amperian loop that extends inside and
outside the solenoid, straddling some number of current
loops.

At either end of a solenoid, the magnetic field is
nonuniform as it curves and wraps around to the other
end of the solenoid. The magnetic field of a solenoid ac-
tually looks like the magnetic field of a bar magnet. A
ferromagnetic material, such as iron, brought into this re-
gion of nonuniform magnetic field will be attracted into
the solenoid.

Calculate the magnitude and direction of the
magnetic field strength B in the solenoid pictured.

L = 0.4 m
N = 60

I = 6 A

The magnitude of the magnetic field is calculated
as

B = µ0nI

= µ0
N

L
I

= (4π × 10−7 Tm/A)

(
60

0.4 m

)
(6 A)

= 0.001 131 T.

The direction of the magnetic field along the center
is found using the fourth right-hand rule. In our case
the magnetic field is to the left.

Example:

4.9 Electromagnetic Induction

So far, we’ve only talked about electric fields that were
produced by electric charges. Faraday discovered that
a moving magnet induces a small current in a loop of

wire. The current is produced because the magnetic field
is varying, that is, there is magnetic flux through the
loop. That means that there is another source of electric
fields—varying magnetic fields.

Magnetic flux, in general, is calculated as

ΦB =

ˆ
~B · d ~A.

Like with electric flux, this is a surface integral. From
Gauss’s law for magnetism, we know that the magnetic
flux through a closed surface (e.g. the surface of a sphere)
is zero. However, in this section, we are interested in the
magnetic flux through open surfaces (e.g. the area en-
closed by a circle). In the special case of a uniform (i.e.
the same everywhere) magnetic flux and a flat surface,
the magnetic flux through the surface can be written as

ΦB = ~B · ~A = BA cos θ,

where B is the magnitude of the magnetic field, A is the
area within the loop, and θ is the angle between the mag-
netic field lines and the vector that is normal to the sur-
face within the loop.

~B

For a closed circuit (i.e. some loop of wire with per-
haps various circuit components), the induced emf is

E = −dΦB
dt

.

That is, the emf induced in a circuit is proportional to
the time rate of change of the magnetic flux through the
surface enclosed by the circuit.

The current induced in a circuit by a changing mag-
netic field does not depend on the flux through the
circuit. Rather, it depends on the rate of change of
the flux through the circuit. A magnetic flux through
a circuit due to a constant magnetic field will not in-
duce a current in the circuit. But the moment that
you move the circuit or the magnet or otherwise cause
the flux to change, a current will be induced in the
circuit.

Tip:

Lenz’s law tells us that the direction of the current
induced in a circuit by a changing magnetic field is such
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that the resulting magnetic field opposes the change in
the magnetic flux that induced the current. This is why
there is a negative sign in the equation above. In other
words, to figure out the direction of the induced current,
you just have to figure out which current direction will
make it harder to move the magnet. Be careful here! The
induced current is not such that it opposes the flux, but
rather, that it opposes the change in the flux. You have
to think carefully when determining the direction of the
induced current.

The equation given above for induced emf is specif-
ically for varying magnetic flux through a circuit. In re-
ality, we can write a more general rule, called Faraday’s
law ˛

~E · d~r = −dΦB
dt

.

This integral is an integral over any closed loop. Fara-
day’s law relates a changing magnetic field to the electric
field that it induces. An induced current requires a circuit
of some kind, but the induced field exists even if there is
no circuit near the changing magnetic field.

An electric generator operates on the principle of
electromagnetic induction. For example, a generator may
consist of several large magnets producing a strong mag-
netic field near a coil of wire. When the coil of wire is
constantly rotated, such as by a gasoline engine in the
case of a portable generator, the magnetic flux through
the coil is always changing, inducing an electric current
in the coil. Suppose our generator coil is composed of N
loops of wire, then the current induced in the coil is

E = −N dΦB
dt

.

Substituting ΦB = BA cos θ, where A is the area of the
loops, gives us

E = −NBA d

dt
cos θ.

For an electric generator, the loop is made to rotate with
a constant frequency, θ = ωt, where ω = 2πf . In the
U.S. AC current has a frequency of 60 Hz, so putting it
all together and doing the differentiation, we get

E = 2πfNBA sin(2πft).

The maximum voltage put out by such a generator is
Vmax = 2πfNBA.

Notice that if we were to graph the electromotive
force produced by a generator with a loop rotating at a
constant frequency, we would get a periodic sine func-
tion. The electromotive force alternating back and forth.
This is why we call it “alternating current”, and it will
be investigated in a later section.

A radio is another application of Faraday’s law. In
a radio, you have a solenoid that acts as an antenna.

The incoming electromagnetic wave causes a magnetic
flux in the solenoid, inducing tiny voltage changes in the
solenoid. These voltage changes are amplified and sent
to a speaker, which converts the fluctuating voltages to
sound waves.

Any ciruit exposed to a changing magnetic flux will
contain an induced current. However, some circuits, due
to their shape, will have a stronger induced current than
others for the same varying magnetic field. This propen-
sity for induction is called the inductance of a circuit.

Suppose you have current running through two sep-
arate wire coils that are near each other. Each coil has
a magnetic field due to the current. If you now vary the
current in one coil, the magnetic flux through the other
coil will change, inducing a current in the other coil. This
is sometimes called Mutual inductance.

A circuit can also induce a current in itself. If you
vary the current in a circuit, the magnetic field pro-
duced by the circuit will change, and so the magnetic
flux through the circuit will change. This varying mag-
netic flux through the circuit induces a current in the
circuit. This property of a circuit is sometimes called
self-inductance. The induced current is always in the
direction that opposes the original change in the current.
Inductors are circuit components specifically designed to
use self-inductance. They will be covered in the chapter
on circuits. We can write the inductance of an inductor
as

L =
ΦB
I
,

and it has units of T ·m2

A which are often called henrys
(H).

Recall from our study of capacitors and the electric
field that we were able to define the energy stored in an
electric field as well as the energy density. We can do
the same for the magnetic field. The energy stored in the
magnetic field of an inductor is

U =
1

2
LI2.

The energy density of a magnetic field is

uB =
1

2

B2

µ0
.

4.10 Electromagnetic Waves

The version of Ampere’s law that we used before is specif-
ically for steady electric currents. The general form that
is always true is the modified version given by Maxwell.

˛
~B · d~r = µ0I + µ0ε0

dΦE
dt

.
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This implies that a magnetic field is produced not just by
moving electric charges (i.e. current), but also by chang-
ing electric flux.

The four equations; Gauss’s law for electricity,
Gauss’s law for magnetism, Faraday’s law, and Maxwell’s
modification of Ampere’s law, together, are called
Maxwell’s equations

˛
~E · d ~A =

q

ε0˛
~B · d ~A = 0

˛
~E · d~r = −dΦB

dt˛
~B · d~r = µ0I + µ0ε0

dΦE
dt

.

In a vacuum, there is no charge and no current.
Maxwell’s equations in a vacuum are

˛
~E · d ~A = 0

˛
~B · d ~A = 0

˛
~E · d~r = −dΦB

dt˛
~B · d~r = µ0ε0

dΦE
dt

.

Notice that in a vacuum, we have a pair of equations each
for ~E and ~B, and the two pairs are symmetric. This illus-
trates a connection between electricity and magnetism.

Maxwell’s equations imply the existence of electro-
magnetic waves. These are transverse waves—the electric
and magnetic components oscillate in directions perpen-
dicular to the direction of the wave’s propagation. In a
vacuum, the electric and magnetic components also oscil-
late perperndicular to each other. In an electromagnetic
wave, each time of field, whether electric or magnetic, is
continuously inducing the other. That way the oscillating
fields form a wave that propagates through space. The
direction of propagation of an electromagnetic wave is the
cross product ~E × ~B.

An electromagnetic wave is created whenever there
is a changing electric or magnetic field. If one field is
changing then induction produces the other field and the
two keep inducing each other, creating an electromag-
netic wave. Ultimately, changing electric and magnetic
fields are produced when electric charges are accelerated.
So whenever electric charges are accelerated, electromag-
netic waves are produced. A radio antenna produces EM
waves because the AC current in it is accelerating elec-
trons back and forth. Most of the visible light we perceive
is created when electrons are accelerated in atoms.

In general, the EM wave produced by a system is
related to the size of the system. A large system like
a radio antenna transmits and receives large EM waves
(e.g. long wavelength radio waves). A small system like
an atom emits and receives small EM waves (e.g. short
wavelenth gamma rays).

It can be shown that the perpendicular sine waves

~E(x, t) = Ea sin(kx− ωt) ŷ
~B(x, t) = Ba sin(kx− ωt) ẑ,

moving in the x̂ direction satisfy Maxwell’s equations for
a vacuum.

The speed of an electromagnetic wave in a vacuum
is

c =
ω

k
=

1
√
µ0ε0

= fλ.

The amplitudes of the electric and magnetic compo-
nents of an electromagnetic wave are related as

E =
ω

k
B = cB.

Notice that both the electric field and magnetic field com-
ponents of an electromagnetic field peak at the same time.

4.11 Polarization

In an electromagnetic wave, the electric field ~E and the
magnetic field ~B of the wave are perpendicular. The po-
larization of an EM wave gives the direction in which ~E
oscillates. If we know the polarization, then we know the
direction in which ~E oscillates, and thereby, we know the
direction in which ~B oscillates.

The electric field component of an electromagnetic
wave can be written as

~E(x, t) = E0 cos
(
~k · ~r − ωt+ δ

)
n̂,

where ~k is the wave vector—the three dimensional ana-
logue to the wave number k, and n̂ is a unit vector in the
direction of the wave’s polarization.

In unpolarized light, such as light from the sun, the
polarizations of the waves composing a beam of light
point in random directions. One wave might be polarized
vertically, another might be polarized horizontally, and
still another might be polarized somewhere inbetween.
In a beam of polarized light (e.g. a laser) all of the waves
have the same polarization.

Unpolarized light can become polarized in several
ways. The reflected ray from a surface hit by an incident
ray of unpolarized light will be polarized. Some materi-
als, such as certain crystals, have a perferred transmission
axis. Such materials can be used to polarized light.
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A polarizing material allows through only the compo-
nent of an EM wave that is along the material’s transmis-
sion axis. The other components of the light are blocked.
If a light wave of intensity S0 is shown at a polarizer, the
intensity of the light that makes it through the polarizer
is given by the Law of Malus

S = S0 cos2 θ,

where θ is the angle between the light’s polarization direc-
tion and the material’s transmission axis. If unpolarized
light is shown onto a polarizer, then it turns out that the
transmitted intensity is

S =
1

2
S0,

regardless of the orientation of the polarizer.

4.12 Energy and Intensity

Since electric and magnetic fields store energy, moving
electric and magnetic fields carry energy.

Whenever we have electric and magnetic fields at the
same place, we have an energy flow. The rate of energy
flow is given by the Poynting vector

~S =
~E × ~B
µ0

.

The vector ~S gives the direction and magnitude of the
flow of energy.

For an EM field in a vacuum, the ~E and ~B fields are
perpendicular, and the Poynting vector reduces to

S =
EB

µ0
.

Note that this is for a plane wave.

Remember that intensity is the rate at which a wave
transports energy across a unit area.

Tip:

The electric and magnetic fields of an EM wave are
oscillating, so the intensity of the wave is also oscillating.
The average intensity of an EM wave is

S =
EpBp
2µ0

=
E2
p

2µ0c
=
cB2

p

2µ0
,

where Ep is the peak amplitude of ~E. The last two rela-
tions come from applying E = cB to the first relation.

For a spherical EM wave, such as from a lightbulb or
star, the wave intensity is

S =
P

4πr2
,

where P is the power of the wave.

Since EM waves carry energy, they also have mo-
mentum. The energy imparted by an EM wave when it
is absorbs an EM wave is

P =
S

c
.

This is called radiation pressure. When the EM wave
is reflected, instead of absorbed, the radiation pressure
on the object is doubled.

4.13 Electromagnetic Spectrum

If we know the wavelength of a light wave, we also know
its frequency since

c = λf.

We also know the energy of a photon in terms of its fre-
quency and wavelength

E = hf =
hc

λ
,

where h = 6.626× 10−34 J · s = 4.136× 10−15 eV · s is
Planck’s constant.
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λ (m) f (Hz) Photon Energy (eV)

Radio 1mm – 100,000km 300GHz – 3kHz 1.24meV – 12.4feV

Microwave 1mm – 1m 300GHz – 300MHz 1.24meV – 1.24µeV

Infrared 750nm – 1mm 400THz – 300GHz 1.7eV – 1.24meV

Visible 390nm – 750nm 770THz – 400THz 3.2eV – 1.7eV

Ultraviolet 10nm – 400nm 300PHz – 750THz 124eV – 3eV

X Rays 0.1nm–10nm 30EHz – 30PHz 124keV – 124eV

Gamma < 0.02nm > 15EHz > 62.1keV



Chapter 5

Circuits and Circuit Elements

5.1 Basic Circuit Quantities

The following quantities are relevant to circuits:

• Charge, q, measured in coulombs
• Current, I, measured in amperes
• Power, P , measured in watts
• Resistance, R, measured in ohms
• Capacitance, C, measured in farads
• Inductance, L, measured in henries
• Voltage, V , measured in volts

5.2 Basic Circuit Elements

A basic circuit might look something like this:

A

V

In a circuit, the battery is represented by the symbol

where the long line represents the positive terminal and
the short line represents the negative terminal. An AC
source is represented by the symbol

A voltmeter used to measure the voltage across compo-
nents, is represented by the symbol

V

A ammeter used to measure the flow of current, is repre-
sented by the symbol

A

A resistor is represented by the symbol

A capacitor is represented by the symbol

An inductor is represented by the symbol

When electricity was discovered, the theory was that
positive charge moves through the wires. That is why
we still have the convention that the current flows in the
positive direction, that is, the current flows from the posi-
tive terminal of a battery, through the circuit, and toward
the negative terminal of the battery. However, in reality,
the positive charges in a wire are fixed metal ions. It is
actually the negative charge, the electron, that “flows”
through the wire in the opposite direction.

86
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Where does resistance come from, and why is it tem-
perature dependent? The common theory is that the
atoms in a wire are oscillating randomly in place, and the
flowing electrons tend to collide with them. At higher
temperatures, the atoms oscillate more widely, leading to
greater collisions between electrons and ions and thereby
impeding the flow of electrons. At very low temperatures,
the ions barely oscillate, so moving electrons are less likely
to collide with the ions. This explains why high temper-
ature causes higher resistance, and it also explains why
current heats wire. Because as current flows, electrons
and ions begin to bump into each other causing the ions
to oscillate, and oscillating atoms are the definition of
heat. Note, high temperature superconductivity defies
this classical explanation of electron and ion motion and
resulting heat production.

5.3 Batteries and Internal Resistance

V denotes the terminal voltage across the battery ter-
minals and E denotes the electromotive force, which, in
a circuit, is usually provided by the battery. Electromo-
tive force is also measured in volts. Electromotive force
is the special kind of terminal voltage measured when no
current is flowing. It’s always the maximum voltage of a
circuit. Electromotive force is not actually a force—it is
a potential.

A 6 V battery means that every coulomb of charge
collected on a battery terminal has 6 Joules of energy.

A regular chemical battery works by pushing ions
apart so that positive charge collects at one terminal and
negative charge collects at the other terminal. The pos-
itive and negative charge want to be together, but they
are forced apart by the chemical reaction. If you connect
the battery to a circuit, the positive charge now has a
pathway it can travel (via the wires of the circuit) to re-
combine with the negative charge. Meanwhile, the chem-
ical reaction is creating more charge separation in the
battery, and the charge at the terminals is constantly be-
ing replenished. That way, the voltage across the battery
terminals is always nearly the same.

A battery itself has resistance, and this resistance is
called internal resistance. By applying Ohm’s law and
conservation of energy

E = IR+ Ir,

where I is the current through the circuit, R is the resis-
tance of the circuit, and r is the battery’s internal resis-
tance. The terminal voltage of the battery is equal to the
electromotive force minus the internal resistance

V = E − Ir.

5.4 Resistors

A light is essentially just a resistor. It resists the flow of
current and converts the energy into heat and light.

The voltage drop across a resistor is given by Ohm’s
law

V = IR.

Ohm’s law is just a simple linear model of what is re-
ally going on. At very high currents, resistors will break
down.

Resistors in Series Circuits

Classic Christmas tree lights are an example of resistors
in series. If any one light burns out, it disconnects the
circuit and all of the lights stop working. Most modern
Christmas lights are wired in parallel to avoid this prob-
lem.

I

R1V1I1 R2V2I2

I

E

For resistors in series, the current flowing through the
first resistor is the same as the current flowing through
the second resistor

I1 = I2.

This is actually more general than just for a pair of resis-
tors in series. Recall that current is just flowing charge.
In a series circuit, the charge flowing through one circuit
element must be the same as the charge flowing into the
next circuit element. There’s nowhere else for the charge
to go. So in general, the current through circuit compo-
nents in series is the same.

In general, the current through circuit components in
series is the same.

Tip:

Now that we know that the current I through each
resistor is the same, we can apply Ohm’s law to calculate
the voltage across each resistor. We find that V1 = IR1

and V2 = IR2. The total voltage drop across two resis-
tors in series is then V1 + V2 = IR1 + IR2. If our circuit
consists of a battery with emf E and two resistors in se-
ries, then the total voltage drop across the resistors is the
same as the battery voltage, or

E = V1 + V2 + · · · .
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Comparing E = IR1 + IR2 + · · · with Ohm’s law
shows us that the total resistance of multiple resistors in
series is the sum of their individual resistances

R = R1 +R2 + · · · .

The ratio of their voltage drops equals the ratios of
their resistances

V1

V2
=
R1

R2
.

By Ohm’s law, the total electromotive force (i.e. bat-
tery voltage) needed to power the circuit is

E = IR,

where R is the total resistance of the circuit.

Resistors in Parallel Circuits

I

I

I

E

R1V1I1
I1

R2V2I2
I2

For resistors in parallel, the voltage across each re-
sistor is the same as the incoming voltage—in this case,
the battery voltage

E = V1 = V2 = · · ·

This is actually true for any circuit components in paral-
lel, not just resistors.

In general, the voltage across circuit components in
parallel is the same.

Tip:

The total current flowing through that part of the
circuit is the sum of the currents flowing through the in-
dividual resistors

I = I1 + I2 + · · ·

This can be obtained by Kirchoff’s junction rule. It can
also be understood by charge conservation. Current is
just flowing charge, and the only place in a circuit in
which charge is “created” (actually positive and negative
are separated from neutral atoms) is in the battery. So
the total charges flowing through a circuit is the sum of
the charges flowing through each separate path. Note
that I is only the total current. We will generally have
to calculate the current flowing through each individual
component.

Applying Ohm’s law to the circuit and the two split
paths gives us

I =
E

R

I1 =
V1

R1
=

E

R1

I2 =
V2

R2
=

E

R2
.

Given these, and the fact that I = I1 + I2 + · · · , we find
that

E

R
=

E

R1
+

E

R2
+ · · ·

Dividing out E shows that the sum of the inverses of the
individual resistances is the inverse of the total resistance
of that part of the circuit

1

R
=

1

R1
+

1

R2
+ · · ·

This tells us that as the number of resistors in parallel is
increased, the total resistance of the circuit decreases.

Finally, the ratio of the currents flowing through the
resistors is the inverse of the ratio of the resistances

I1
I2

=
R2

R1
.



5.5. CAPACITORS 89

Calculate the total equivalent resistance of the cir-
cuit and calculate the current through and voltage drop
across each of the resistors.

R1 = 2 Ω

R2 = 2 Ω R3 = 6 Ω

R4 = 8 Ω

E = 12 V

The first thing we do is calculate the total re-
sistance. Using R = R1 + R2 + · · · for series resistors
and 1

R = 1
R1

+ 1
R2

+ · · · for parallel resistors, we find
that

R23 = R2 +R3 = 8 Ω

1

R234
=

1

R23
+

1

R4
=⇒ R234 = 4 Ω

R = R234 +R1 = 6 Ω

So the resistance of the total circuit is 6 Ω.

Next, we use Ohm’s law to find the total cur-
rent in the circuit.

I =
V

R
=

12 V

6 Ω
= 2 A

So the total current in the circuit is 2 A.

Recall that current can be thought of as water flow-
ing through pipes. When current passes through a re-
sistor, it doesn’t decrease. The current flowing into
a resistor is the same as the current flowing out
of the resistor. This can be verified by looking at the
current equation for resistors in series I1 = I2. If the
same current is going through both resistors, then obvi-
ously, the current going into the first resistor must also
be coming out of the first resistor.

Next, we analyze the current in the circuit, labeling
each segment of the circuit appropriately.

I

R1 = 2 Ω

R2 = 2 Ω
I1

R3 = 6 Ω
I1

R4 = 8 Ω
I2

I

E = 12 V

A B

Since 2 A are flowing through the circuit and there are
no junctions prior to R1, this implies that all 2 A are
flowing through R1. By applying Ohm’s law, we calcu-
late that the voltage drop across R1 is 4 V.

Next, the current flows into junction A where it
splits into I1 flowing through the top path and I2 flow-
ing through the bottom path. Because current is con-
served, we know that I = I1 + I2.

Looking at the resistors in the top and bottom
paths, we see that the equivalent resistance of the top
path is 8 Ω, the same as the resistance of the bottom
path. Therefore, the same amount of current 1 A must
be flowing through each path. Since the current in the
top path is 1 A and current into a resistor equals current
out of the resistor, the current through both R1 and R2

must be 1 A.

Applying Ohm’s law to each of these three resis-
tors, we find that the voltage drop across R1 is 4 V, the
voltage drop across R2 is 2 V, the voltage drop across
R3 is 4 V, and the voltage drop across R4 is 8 V.

To finish our analysis of the charge flow through
the circuit, we see that I1 and I2 combine at junction
B, summing to I–the total current.

Example:

5.5 Capacitors

The capacitance, C, of a capacitor is

C =
Q

V
,

where Q is magnitude of the charge on each plate and V is
voltage difference on either side. The unit of capacitance
is the farad, F.
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For parallel plate capacitors,

C =
Q

V
=
ε0A

d
,

where A is the area of each plate and d is the distance
between the plates.

Dielectric paper is often put between the plates to
separate them. The plates cannot be in physical contact
with each other or the opposite charges would cancel out.
The capacitance of a capacitor can be increased by using
a dielectric with a larger dieletric constant, κ

C = κ
ε0A

d
.

Classical capacitors are formed from two long and
narrow strips of metal separated by a paper dielectric.
They are rolled up into a cylinder to minimize size. If
you need a capacitor with specific capacitance, you can
combine multiple ones to reach the exact value that you
are looking for.

For a parallel plate capacitor, the electric field be-
tween the plates is uniform and has magnitude

E =
Q

εA
.

The potential difference between the plates is

V = Ed =
Qd

εA
.

The energy stored in any capacitor is

U =
1

2
CV 2.

The relation between capacitance and current is
given by

C
dV

dt
= I,

which implies that the voltage drop across a capacitor is

V =

ˆ t

0

I

C
dt.

This tells us that a voltmeter measuring a voltage across a
capacitor is an electrical integrator. This means we could
put components together in a circuit to solve some given
differential equation using a voltmeter.

Capacitors in Series Circuits

C1, q1, V1 C2, q2, V2

E

For capacitors in series, the total capacitance is given
by

1

Ctotal
=

1

C1
+

1

C2
+ · · ·

For capacitors in series, the charge is the same for each
individual capacitor

Q1 = Q2 = . . .

For capacitors in series, the sum of the individual voltages
equals the voltage of the battery

V1 + V2 + · · · = E.

In series, the total capacitance is less than the ca-
pacitance of the “weakest” component. This allows us to
put two larger capacitors in series to create a capacitor
that is smaller than either of the two.

Capacitors in Parallel Circuits

In a circuit diagram, the symbol for a capacitor is two
parallel lines, and each capacitor has the related quanti-
ties capacitance, charge, and voltage. The symbol for a
battery is two parallel lines with one line longer than the
other.

The advantage of parallel circuits is that if one com-
ponent dies, the rest keep working. The disadvantage is
that it takes more wiring.
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C1, q1, V1

C2, q2, V2

E

For capacitors in parallel, the total capacitance is the
sum of the individual capacitances

Ctotal = C1 + C2 + · · ·

For capacitors in parallel, the total charge is the charge
on the individual capacitances

Qtotal = Q1 +Q2 + · · ·

For capacitors in parallel, the voltage across each compo-
nent is the same

V1 = V2 = E.

The important feature of any parallel circuit is that
the voltage is shared between two different lines. That is,
the same voltage is on each component. In other words,
the voltage is the same across all components.

What is the difference between a battery and a ca-
pacitor? Both of them store charge, but capacitors only
store charge, whereas batteries create charge via chemical
reactions.
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Consider the circuit diagram with three capacitors.
Calculate Ctotal, q1, q2, q3, V1, V2, and V3.

C3 = 3 µF

C1 = 2 µF

C2 = 6 µF

E = 12 V

Our first step is to simplify the diagram by “com-
bining” the two capacitors that are in parallel. Because
Ctotal = C1 + C2 for capacitors in parallel, we can rep-
resent that portion of the circuit as a single capacitor
with charge C12 = 8µF. In our simplified circuit, we
now have two capacitors C3 and C12 that are in series.

C3 C12

E = 12 V

Again, we can combine the two capacitors to get a
simplified diagram with a single capacitor representing
the total capacitance in the circuit. For capacitors in
series

1

Ctotal
=

1

C1
+

1

C2
,

so in our case,

1

Ctotal
=

1

3µF
+

1

8µF
,

which implies that

Ctotal = 2.18µF.

C123

E = 12 V

Now, we calculate the voltage of each component.
We know that the batter has 12V. We also know that
for capacitors in parallel the voltage across each com-
ponent is the same and for capacitors in series the sum
of the voltages equals the input voltage.

From the second diagram, with two capacitors in
parallel, we know that V3 + V12 = 12 V. We also know
that the charge is the same for the capacitors in series,
so q3 = q12. The known relation C = q

V , tells us that

C3 =
q3

V3
and C12 =

q12

V12
.

With the knowledge that q3 = q12, we can solve the
above equations for the charge and set them equal to
each other

V3C3 = V12C12.

In other words,

C3

C12
=
V12

V3
,

and since we know the capacitances, we get the ratio

V12

V3
=

3

8
.

Along with V3 + V12 = 12 V, we now have two equa-
tions in two variables. Solving the system of equations
by substitutions gives us

V3 = 8.73 V

V12 = 3.27 V.

Since V12 is a pair of capacitors in parallel, and capaci-
tors in parallel have the same voltage, we know that

V1 = 3.27 V

V2 = 3.27 V.

Now that we know the capacitance and voltage of
each capacitor, it’s easy to calculate the charge of each
capacitor from the relation

C =
q

V
=⇒ q = CV.

When we plug in our numbers, we get

q1 = 6.54µC

q2 = 19.62µC

q3 = 26.19µC.

Example:
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If you have a capacitor constructed of two paral-
lel metal discs with radius 10 cm, and space between
of 1 mm, what is the capacitance? If a 1.5 V battery is
connected, how much charge will the capacitor have?
How many electrons will be in the capacitor?

Capacitance is given by

C0 =
ε0A

d
.

Using A = πr2, converting everything to meters, and
plugging it in, we find that our capacitance is

C0 = 2.78× 10−10 F = 278 pF.

If a battery of 1.5 V is connected, we can calcu-
late the charge on the capacitor by using the relation
C = q

V

q = CV = 278 pF · 1.5 V = 417 pC.

The charge of an electron is e− = 1.6× 10−19 C,
so our capacitor contains

4.17× 10−10 C

1.6× 10−19 C
= 2.6× 109

electrons when it is connected to a 1.5 V battery.

Example:

5.6 Inductors

An inductor is a circuit component that resists changes
in electric current passing through it. When the current
flowing through the conductor changes, the time-varying
magnetic field (in the inductor coil) induces a voltage in
the conductor, which opposes the change in current that
created it. Inductors are denoted L or by the symbol

The change in the current can be used to calculate the
voltage drop across an inductor.

The energy stored by an inductor is

U =
1

2
LI2.

The emf due to an inductor when the current is
changing as dI

dt is

EI = −LdI
dt
.

The negative sign indicates that the current induced in
the inductor is opposite the direction of the change in the

current through the inductor. The electromotive force EI
functions as the voltage V .

Note: If the current in a circuit is steady then dI
dt = 0,

which means there is no induced emf and the inductor is
just acting like a wire.

Inductors add like resistors. In series, inductors add
like

L = L1 + L2 + · · ·

In parallel, they add like

1

L
=

1

L1
+

1

L2
+ · · ·

Inductance is measured in henries (H).

5.7 Complex Circuits and Kirchoff’s
Rules

A complex circuit is one in which the ideas of series and
parallel circuits are no longer sufficient to solve the cir-
cuit. Since it’s no longer a simple circuit, it cannot be
solved by breaking into smaller and smaller units of par-
allel and series circuits. This is generally the case if there
are multiple emf sources in the circuit and/or if the circuit
contains multiple loops.

Here’s an example of a complex circuit where we
know the values for the batteries and the resistors. How
do we calculate the current in each branch?

E1 = 14 V

R1 = 4 Ω

E2 = 10 V
R2 = 6 Ω

R3 = 2 Ω

Think of different branches having different current.
A single branch of the circuit is one that contains no
splits. Our complex circuit contains two splits, and we
can think of the circuit as consisting of two different
branches. Then we use Kirchoff’s two rules to calculate
the values of the circuit components.
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Kirchoff’s Current Rule (Junction Rule)

Kirchoff’s current rule states that current is conserved at
a junction ∑

Ii = 0.

What this means is that at any given junction (i.e. a split
in the circuit), the incoming current equals the outgoing
current

Iin = Iout

. For example, in the junction

I1

I2

I3

Kirchoff’s current rule tells us that

I1 = I2 + I3.

In electrical engineering, in is considered positive and out
is considered negative. Add them together, and you have
zero

I1 − I2 − I3 = 0.

It also works the opposite way. For example, in the junc-
tion

I2

I1

I3

Kirchoff’s current law again states that

I1 = I2 + I3.

Kirchoff’s Volt Rule (Loop Rule)

Kirchoff’s volt rule states that the voltage drop on each
component in a loop, added together, is zero∑

Vi = 0.

Here is the procedure for applying Kirchoff’s loop
rule:

1. Assign a name and direction for the current in each
branch of the circuit. We can use/give any direc-
tion, provided that we’re consistent throughout our
analysis of the circuit. Later, the solution will tell
us if our chosen direction was correct. If our result
is negative, then the actual current flow is opposite
the direction we assumed.

2. Choose a loop direction. Again, our choice is arbi-
trary provided that we are consistent. After this
step, there are now two possible cases:

a) Current direction and loop direction are the
same.

b) Current direction and loop direction are oppo-
site.

3. Now we can calculate the values for the components.
For a resistor:

• If case (a) from step (2), then VR = IR.
• If case (b) from step (2), then VR = −IR.

For batteries, we don’t care about the current di-
rection. We only care about the loop direction.

• If the loop direction goes from the longer line
to the shorter line (on the battery symbol),
then V = E.

• If the loop direction goes from the shorter line
to the longer line , then V = −E.

With all of this information, we can build a system
of equations to solve for the values of each component in
a complex circuit.

a11I1 + a12I2 + a13I3 = b1

a21I1 + a22I2 + a23I3 = b2

a31I1 + a32I2 + a33I3 = b3

The a coefficients relate to the resistor and battery val-
ues. The a’s and b’s are the constant parameters of our
system of equations. Recall that for a system of equations
like the one above, we can set up two matrices

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 and B =


b1

b2

b3


then

A−1B =


I1

I2

I3


This means that after setting up the system of equations,
we can solve it quickly in our calculators.

Note: If instead of being given the value of E1, for
example, and given I1, we could still calculate all the un-
knowns with the same process. In this example, our set
of equations would look like

a11E1 + a12I2 + a13I3 = b1

a21E1 + a22I2 + a23I3 = b2

a31E1 + a32I2 + a33I3 = b3
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In summary, to use Kirchoff’s rules we

1. Apply the junction rule to all but one junction
2. Apply the loop rule to as many loops as needed so

that we have the same number of equations as we
have unknown variables.

Example Problem 1

Calculate the current in each part of the following circuit.

E1 = 14 V

R1 = 4 Ω

E2 = 10 V

R2 = 6 Ω

R3 = 2 Ω

In our first step, we label the diagram—breaking it
into manageable segments by marking each corner and
junction with a letter. Next, we label the currents and
their directions in each branch of the circuit. Notice that
in our circuit, we have three different branches.

Note that if our circuit has n branches, then it will
have n different currents and we will need n equations to
solve for each of the variables.

I2

E1 = 14 V

I2

R1 = 4 Ω

I2

E2 = 10 V

I1
R2 = 6 Ω

I1

I3

R3 = 2 Ω
I3

I3

E

A B

C

F

D

From Kirchoff’s juntion rule, we get the first of the
three equations for our system of equations

I1 − I2 − I3 = 0.

Next, we apply Kirchoff’s loop rule by picking a loop
and a loop direction. We pick the top loop–A > B > C >
D > A, and a clockwise loop direction. First, we break
the loop into segments and calculate the potential differ-
ence at each end (i.e. the voltage across it). For VAB
there is a 14 V potential difference due to the battery.
For VBC there is no potential difference because there are
no components in that branch of the circuit. For VCD we
have a resistor and a battery, so we do them one at a time,
then add them. The potential difference across R2 is 6 Ω
times the current, but it’s negative because the current
and loop directions are opposite. Across the battery, the
potential difference is 10 V and it is positive because the
loop direction goes through the battery from the longer
line to the shorter line. Finally, for VDA, the potential
difference across R1 is the resistor’s resistance times the
current in that branch, and it is negative because the
current and loop direction are opposite.

VAB = 14 V

VBC = 0 V

VCD = −I16 Ω + 10 V

VDA = −I24 Ω

Kirchoff’s Loop Rule states that in a loop∑
Vi = 0,

so adding together all the voltages for our first loop, we
get

14 V + 0 V − I16 Ω + 10 V − I24 Ω = 0.
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Simplifying, we get the second equation for our system of
equations:

6I1 + 4I2 + 0I3 = 24.

To get our final equation, we look at the second loop
in the circuit: C > D > E > F > C, and choose a
clockwise loop direction. Calculating the voltage in each
segment, we get

VCD = −I16 Ω + 10 V

VDE = 0 V

VEF = −I32 Ω

VFC = 0 V

Applying Kirchoff’s Loop Rule gives us

−I16 Ω + 10 V + 0 V − I32 Ω + 0 V = 0

Simplifying, we get our last equation

6I1 + 0I2 + 2I3 = 10.

Now, we have a system of three equations with three
unknowns–the current in each branch.

I1 − I2 − I3 = 0

6I1 + 4I2 + 0I3 = 24

6I1 + 0I2 + 2I3 = 10

Solving the system of equations gives us

I1 = 2 A

I2 = 3 A

I3 = −1 A

Recall that a negative value for the current in the third
branch just means that the actual direction of the current
in that branch is opposite the direction that we arbitrarily
chose.

Example Problem 2

Calculate the unknowns in the given circuit.

E2 = 12 V

R1 = 8 ΩR2 = 10 Ω

E1 = 6 V

We start by guessing the current direction and mark-
ing the arrows on our diagram. Notice that there are two
batteries and they are pointing in opposing directions.
Next, we label the corners to break the diagram into seg-
ments. Since there is only a single branch, there is only
a single current—the same current running through the
whole circuit. That is the only unknown.

E2 = 12 V

I

R1 = 8 Ω

I

R2 = 10 Ω

E1 = 6 V

D

B

C

A

Since there are no junctions, we can’t use Kirchoff’s
junction rule, and since there is only one loop, we can
(and only need to) apply Kirchoff’s Loop rule once. Let’s
take clockwise to be the loop direction, then

VAB = −6 V

VBC = −8I

VCD = 12 V

VDA = −10I

Applying the loop rule gives us

−6 V − 8I + 12 V − 10I = 0,

which simplifies to

I =
1

3
A.

Since our I is positive, then the current direction we
chose is the actual direction of the current in the circuit.
Despite two batteries facing oppositely, there is a current
flowing counterclockwise in the circuit. This is due to the
one battery having a higher electromotive force.

If we are asked to calculate the potential difference
between the points A and C, we can do that easily by
taking either of the two possible paths.

VAC = VAB + VBC = VAD + VDC .

5.8 Voltmeters and Ammeters

Recall that the voltage through circuit components in
parallel is the same. This means that if we want to mea-
sure the voltage across a circuit component, we need to
connect our voltmeter in parallel to the circuit compo-
nent. That way, our voltmeter will see the same voltage
as our circuit component. Afterall, a voltmeter is just
another circuit component.
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Recall also that the current through circuit compo-
nents in series is the same. This means that if we want
to measure the current through a circuit component, we
must connect our ammeter in series with that component.
In other words, an ammeter measures the current flowing
through itself.

To measure the resistance of a circuit component,
we can measure the voltage across the resistor with a
voltmeter at the same time that we measure the current
through it with an ammeter. Then we can calculate the
resistance using Ohm’s laws. There are also devices called
ohmmeters that can measure the resistance of a resis-
tor outside of a circuit. In reality, an ohmmeter creates
its own circuit. It has a battery and it passes a current
through the resistor. By measuring the current and the
voltage, it calculates the resistance for us.

5.9 RC Circuits

An RC circuit is a circuit that contains a resistor and a
capacitor. Consider the RC circuit diagrammed below.
Notice that when the switch is at A, the battery is en-
gaged, current is flowing through the circuit, and the ca-
pacitor is charging. However, when the switch is flipped
to B, the battery is removed from the circuit, and current
flows through the circuit in the opposite direction until
the capacitor is completely discharged.

Charging Capacitor

E = 12 V R = 3 Ω

C = 2µF

A B

Recall that capacitance is equal to the charge divided
by the voltage across the capacitor

C =
Q

Vc
.

When a capacitor is purchased, its capacitance is fixed.
However, we can vary the charge and the voltage. In-
creasing the voltage increases the charge. For a capacitor
in a circuit powered by a battery, the limit of Vc is the
voltage of the battery.

When the capacitor is charging, that is, the switch
is at position A, then the resistor and capacitor are in
parallel and the voltages are

E = VR + VC ,

where E is the battery voltage, VR is the voltage across
the resistor, and VC is the voltage across the capacitor.
By Ohm’s law, we know that VR = IR, and by the ca-
pacitor equation C = Q

V , we know that VC = Q
C . This

gives us

E = IR+
Q

C
.

We know that R, C, and E are constants, so differ-
entiating this equation with respect to time gives us

0 = R
dI

dt
+

1

C

dQ

dt
.

Since I = dQ
dt , we can write this as

0 = R
dI

dt
+
I

C
.

Rearranging, we can write this as the differential equation

dI

dt
= − 1

RC
I.

This is a separable differential equation, so we can sepa-
rate variables as

1

I
dI = − 1

RC
dt,

then integrate both sides

ˆ I0

I

1

I ′
dI ′ = − 1

RC

ˆ 0

t

dt′,

to get

ln

(
I

I0

)
= − 1

RC
t.

Taking the exponential of both sides gives us

I

I0
= e−

t
RC .

At t = 0, the moment the switch is flipped, the current
through the resistor is I0 = E

R . We can therefore, write
the current in the circuit as a function of time as

I(t) =
E

R
e−

t
RC .

This is often written as

I(t) =
E

R
e−

t
τ ,

where
τ = RC,

is the time constant for a capacitor.

Below is a graph of the current in a charging RC
circuit as a function of time.
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E
R

t

I(t)

Notice from the graph that at the moment the device
is turned on, the current is I0 = E

R , but as the capaci-
tor charges more and more, the current decreases more
and more. You can think of this as two connected water
tanks with different water levels. At first, one tank (i.e.
the battery) is full and the other tank (i.e. the capaci-
tor) is empty. As the second tank fills, the rate of water
flow from the first tank decreases. When they reach the
same level, the flow stops. As the capacitor approaches
capacity, the current limits to zero.

We know that E = VR + VC . Solving this for the ca-
pacitor voltage and substituting VR = IR = Ee−

t
RC gives

us the voltage across the capacitor as a function of time

VC(t) = E
(

1− e− t
RC

)
.

A graph of the voltage across the capacitor as a function
of time is shown below.

E

t

VC(t)

As illustrated in the graph above, when an electronic
device is turned on, the voltage on a capacitor, Vc, is not
immediately equal to the battery voltage, E. In fact, over
time, the capacitor voltage approaches the battery volt-
age but will never actually reach it. When the capacitor
reaches 63% of the battery voltage, then the device is ef-
fectively “on”. The time it takes to reach this point is
called the time constant, τc of the device.

The time constant of a device is its total resistance
times its total capacitance

τ = RC.

When a device is manufactured, its total resistance and
capacitance are given, and from that, we can calculate its

time constant. For our circuit, the total resistance is 3 Ω
and the total capacitance is 2µF, so the time constant is
τc = 6µs.

The voltage of the capacitor at any time, Vc(t), di-
vided by the total voltage possible, E, gives the percentage
that the capacitor is charged

VC(t)

E
= 1− e−

t
τc .

When t = τc, that is, when time equals the time constant,
this reduces to

VC(t = τc)

E
= 1− e−1 = .63 = 63%.

The voltage on the resistor also changes with time.
To calculate the voltage on the resistor as a function of
time, we multiply the current function by the resistance
to get

VR(t) = I(t) ·R = R · E
R
e−

t
τc = Ee−

t
τc .

Notice that

VC(t) + VR(t) = E
(

1− e−
t
τc

)
+ Ee−

t
τc

= E − Ee−
t
τc + Ee−

t
τc

= E

As one increases, the other decreases, but they always
sum to equal the voltage of the battery, E. This relation-
ship is depicted in graphical form here.

E

Vc

VR

t

V (t)

What about the short-term and long-term behavior
of a charging RC circuit? For times much shorter than
the time constant τ = RC, the voltage on the capacitor
is essentially zero. You can effectively replace the capaci-
tor with a short-circuit. In the long-term, for times much
larger than the time constant, the current in the circuit
will be essentially zero, and the voltage across the capac-
itor will be essentially equal to E. So for large times, we
can effectively replace the capacitor with an open circuit.



5.10. RL CIRCUITS 99

Discharging Capacitor

What happens when the switch is flipped, disengaging the
battery and draining the capacitor through the resistor?

When a TV set is turned off, the power source is re-
moved, but the capacitors in the circuit still have some
charge. As a result of the capacitors discharging, there
is a slight delay before the screen turns off. This is the
same with any electronics.

E = 12 V R = 3 Ω

C = 2µF

A B

Now, our capacitor voltage starts at VC = V0, which
is equal to E if the capacitor is fully charged. As the cir-
cuit discharges, the voltage across the capacitor decays
to zero. The voltage on the resistor starts at VR = V0

and then approaches zero. When no battery is connected
to the circuit, then VC − VR = 0 and VC = VR. This
relationship is illustrated in the graph below.

V0

Vc

VR

t

V (t)

We can also write VC = −VR as Q
C = −IR. Differen-

tiating with respect to time gives us again the differential
equation dI

dt = − 1
RC I. But now when we integrate, the

initial current in the circuit is I0 = V0

R , where V0 is the
voltage across the capacitor at the moment the circuit is
switched to discharging mode. This gives us

VC(t) = V0e
− t
RC .

For the voltage across the resistor, we have

VR(t) = V0e
− t
RC .

Using Ohm’s law, we have that VR(t) = I(t)R, so
the current in the discharging RC circuit is

I(t) =
V0

R
e−

t
RC .

Note that I0 is the current that existed at the exact mo-
ment that the circuit was switched from charging to dis-
charging. Plug the time the switch was flipped into the

earlier equation I(t) = E
Re
− t
τc to find I0. When calculat-

ing the current at a time t after it has been discharging,
the t that you enter into the equation is not the given
time, but rather the elapsed time since the circuit began
discharging.

Note: If your circuit contains a second resistor on the
wire running from point B to the top horizontal wire, then
this resistor will affect the discharging circuit, but not the
charging circuit. Therefore, to calculate your discharging
current, you must recalculate your time constant.

What about the short-term and long-term behavior
of a discharging RC circuit. For times much shorter than
the time constant, the capacitor is still essentially fully
charged, so it can effectively be replaced with a battery
whose emf equals the capacitor’s charge. In the long-
term, the capacitor will discharge to zero, and we can
effectively replace the capacitor with an open circuit.

5.10 RL Circuits

An RL circuit is a circuit containing at minimum a resis-
tor and an inductor. In the case of a charging RL circuit,
it also contains a battery or other source of emf.

Charging Inductor in a Circuit

In the circuit below, voltage is being supplied by the bat-
tery and the inductor is “charging”.

E L

R

A B
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Since the only voltage source is the battery, then

E = −EL + VR,

where E is the constant emf supplied by the battery, and
EL is the time-dependent emf supplied by the inductor.
This equation can be confirmed using Kirchoff’s loop rule.
We know that VR = IR, so we have

E = −EL + IR.

Taking the time derivative gives us

0 = −dEL
dt

+R
dI

dt
.

We know that the emf of an inductor is EL = −LdIdt ,
which can be rearranged as dI

dt = − EL
L . Substituting this

into the equation and rearranging gives us

dEL
dt

= −R
L
EL.

This is the differential equation for inductor emf in an RL
circuit.

Integrating this gives us the emf of the inductor as a
function of time

EL(t) = −Ee−RL t,

where E is again the emf of the battery. The negative
sign indicates that the inductor emf opposes the battery
emf. This equation is also sometimes written as

EL(t) = −Ee− t
τ ,

where

τ =
L

R
,

is the inductor time constant.

If we rearrange E = −EL + IR to solve for I, we find
that

I(t) =
E

R

(
1− e−RL t

)
.

The current in the circuit does not immediately reach
its maximum due to the negating effects of the inductor.
The current function looks something like this what is
shown in the graph below.

E
R

I(t)

t

I

Note: If more than one resistor is in the circuit, just
find the total resistance by using the rules for combining
resistors in parallel and series.

Discharging Inductor in a Circuit

What happens when the switch is flipped, disengaging the
battery and draining the inductor? The inductor stores
energy during charging and releases it during discharging.

E L

R

A B

In the discharging case, the current function becomes

I(t) = I0e
−RL t,

where I0 is the initial current.

If the inductor has been charging for an infinite
amount of time before being switched to discharge, then

I0 =
E

R
,

however, since this is never the case, we have to actually
calculate the current in the circuit at the exact time that
the switch is flipped from A to B.

5.11 Alternating Current

Alternating Current

In alternating current, the current varies in time. For a
sinusoidal alternating current, the voltage is given by

V (t) = Vp sin(ωt+ φV ),

where Vp is the peak voltage, and φV is voltage phase
constant. Similarly, the current varies as

I(t) = Ip sin(ωt+ φI).

In both cases, the angular frequency ω is used because it
is more convenient than using the frequency f measured
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in cycles per second (Hz). The relation between the two
is

ω = 2πf.

Usually, what is measured is not the peak voltage or
peak current, but rather, the root mean square (RMS)
value. For the sinusoidal AC voltage and current de-
scribed above, the RMS voltage is

Vrms =
Vp√

2
,

and the RMS current is

Irms =
Ip√

2
.

The root mean square is a type of average obtained by
squaring the original quantity, taking the time average,
and then taking the square root.

Resistors

If we have a resistor in an AC circuit, we can apply Ohm’s
law to get I = V

R . plugging in the voltage given above,
we get

I(t) =
Vp
R

sinωt,

as the current flowing through the resistor as a function
of time. Here, we are taking φV = 0. We can do so by
picking t = 0 when the AC generator’s voltage is zero and
increasing in the positive direction. Similarly,

V (t) = RIp sinωt.

Notice that the current and voltage are in phase, which
means they peak at the same time.

Capacitors

For a capacitor in an AC circuit, we apply the capaci-
tor formula q = CV . Differentiating gives us an ODE
dq
dt = C dV

dt that describes the current flowing through the

inductor. Since I = dq
dt , we get

I = C
dV

dt
.

Plugging in V (t) = Vp sinωt and differentiating, we get

I(t) = ωCVp cosωt.

Given that V (t) has sinωt and I(t) has cosωt, we know
that the current and the voltage are out of phase by 90◦.
The current peaks 1/4 cycle before the voltage.

The peak current is the amplitude of Ip = ωCVp of
I(t). Writing this in the form of Ohm’s law gives us

Ip =
Vp
XC

,

where

XC =
1

ωC
,

is called the capacitive reactance. Like resistance, ca-
pacitive reactance has units of Ohms (Ω). The equation
above in the form of Ohm’s law, shows that a capacitor
in a circuit acts sort of like a resistor with resistance XC .
However, unlike a resistor, a capacitor does not dissipate
power as heat. Instead, the capacitor alternately stores
and then releases power from its electric field.

Inductors

For an inductor in an AC circuit, we apply the loop law
to get Vp sinωt + EL = 0. We know that EL = −LdIdt , so
substituting this in and then integrating gives us

I(t) = − Vp
ωL

cosωt.

This shows that the voltage and current in an inductor
are also 90◦ out of phase. Now, the voltage peaks 1/4
cycle before the current.

Again we look at the peak current and find that

Ip =
Vp
XL

,

where

XL = ωL,

is the inductive reactance. The equation for Ip again
has the form of Ohm’s law, so an inductor acts like a re-
sistor with resistance XL. However, unlike a resistor, an
inductor does not dissipate power as heat. Instead, power
is alternately stored and then released from the inductor’s
magnetic field.

Phasor Diagrams

In an AC circuit, the voltage and current through a com-
ponent oscillate with the same frequency ω. However, as
we’ve seen, they are not necessarily in phase.

Below is a phasor diagram for a capacitor in an AC
circuit. The current is represented by a vector (or phasor)
of magnitude Ip, and the voltage is represented by a vec-
tor of magnitude Vp. Both vectors are rotating counter-
clockwise with angular speed ω. Notice that the current is
leading the voltage by 1/4 cycle. The actual value of the
current or voltage at any given moment is the component
of the corresponding vector along the vertical axis. The
y-component of the current vector, for example, varies
sinusoidally just like the actual current in the AC circuit.
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Vp

Ip
ωt

LC Circuits

An LC circuit is a circuit consisting of an inductor and
a capacitor. Inductors and capacitors are complementary
circuit components. The inductor resists changes in the
current, and the capacitor resists changes in the voltage.

Suppose at t = 0, the capacitor in our LC circuit is
fully charged and the inductor is fully discharged. Then
as the capacitor begins discharging into the circuit, the
inductor will resist this change in the circuit’s current and
will begin a build up of energy in its magnetic field. At
some point, all of the energy has been discharged from
the capacitor’s electric field and is now stored in the in-
ductor’s magnetic field. But since the inductor opposes
changes in current, the current won’t just stop flowing
now. The inductor will continue pushing a current in
the same direction by discharging itself. Once the induc-
tor is fully discharged, the capacitor will be fully charged
but now with an electric field that points in the opposite
direction. Now the cycle repeats but the current flows
in the oppose direction. If there is no resistance in the
circuit, this cycle repeats indefinitely. The oscillating cur-
rent in an LC circuit is analogous to the oscillations of a
mass-spring system.

The total energy in the circuit at any moment in time
is the sum of the energies of the inductor and capacitor

U =
1

2
LI2 +

1

2
CV 2.

Since the total energy is constant in an ideal LC circuit,
the derivative of the above quantity is zero

LI
dI

dt
+ CV

dV

dt
= 0.

Substituting in V = q
C , dVdt = 1

C
dq
dt , I = dq

dt ,
dI
dt = d2q

dt2 and
then rearranging, we get

d2q

dt2
= − 1

LC
q.

This is the ODE that describes the capacitor charge q
as a function of time. This ODE has the same form as

that for a mass-spring system. Like for the mass-spring
system, our solution here is a sinusoidal function of time

q(t) = qp cosωt,

where the angular frequency is

ω =
1√
LC

.

Since q = V C, we can obtain the voltage across the
capacitor by dividing q(t) by C to get

V (t) =
qp
C

cosωt.

Since I = dq
dt , we can obtain the current by differen-

tiating q(t) to get

I(t) = −ωqp sinωt.

The electric and magnetic energies as functions of
time are

UE =
1

2
CV 2 =

q2
p

2C
cos2 ωt,

and

UB =
1

2
LI2 =

q2
p

2C
sin2 ωt.

Here we used the fact that ω = 1√
LC

.

In general, power is related to current and voltage as
P = IV . In an AC circuit, the current and voltage are
both sinusoidal functions of times, and they may not be
in phase. The average power in an AC circuit is

〈P 〉 =
1

2
IpVp cosφ = IrmsVrms cosφ,

where φ is the phase difference between the current and
voltage and cosφ is called the power factor.

RLC Circuits

In the LC circuit, we assume the ideal case of zero resis-
tance. In a real LC circuit, there will be some resistance.
The oscillating current will not continue indefinitely. It
will eventually decay to zero unless more energy is added
to the system.

An RLC circuit is a circuit containing a resistor, an
inductor, and a capacitor. The ODE describing an RLC
circuit has one more term than the one for the LC circuit.
For the RLC circuit, we have

L
d2q

dt2
+R

dq

dt
+
q

C
= 0.

This ODE has the same form as that for the damped
harmonic oscillator. Its solution is

q(t) = qpe
− R

2L t cosωt.

As for the LC circuit, we can easily find V (t) and I(t)
using known relations.
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Driven RLC Circuits

In a simple RLC circuit, the oscillations decay to zero
after a while, because the resistor is dissipating energy.
By adding an AC source with oscillation frequency ωd,
we add a driving force to the circuit, preventing its oscil-
lations from decaying to zero.

In a driven RLC circuit, the peak current is

Ip =
Vp
Z
,

where

Z =

√(
ωL− 1

ωC

)2

+R2 =
√

(XL −XC)2 +R2,

is the impedance of the circuit. Impedance is a gener-
alization of resistance that takes into account frequency-
dependent effects. From this equation, it is clear that the
peak current depends on the relation between XL and
XC . If XL = XC , then the peak current Ip takes on its
largest possible value. This occurs when the frequency is
ω0 = 1√

LC
. If the driving frequency ωd is exactly this res-

onant frequency, then the circuit will have a very large
peak current. If the driving frequency is anything else,
the peak current will be less than this largest possible
value. Below is a graph of the peak current as a func-
tion of the frequency. It shows a sharp maximum at the
resonant frequency ω0.

ω0

ω

Ip

The shape of the peak depends on the resistance R
and the inductance L. The smaller the resistance, the
taller and sharper the resonance peak. At R = 0, which
doesn’t actually happen in real life, the peak current be-
comes infinite. The sharpness of the resonance peak is
determined by the quality factor

Q =
ω0L

R
.

The higher the Q, the taler and sharper the resonance
peak.

Transformers

Transformers work because of electromagnetic induction.
The principle of all electric generators and transformers
is relative motion of magnetic field and electric charge.

A simple transformer consists of an iron core
wrapped on one side by a primary coil connected to a
voltage source and a secondary current taking out volt-
age. This kind of transformer works only with AC cur-
rent. Current flowing through the primary coil produces
a magnetic field that induces a current in the secondary
coil. Since AC switches back and forth very quickly, this
causes the magnetic field to vary rapidly, which induces
a current in the secondary coil.

If one coil has more turns than the other coil, then
the transformer is either a step-up or step-down trans-
former. Such a transformer can be used to change the
voltage of the current. The ratio of voltages is the same
as the ratio of turns in the coils

V2

V1
=
N2

N1
,

so with a transformer, you can cause a huge change in
voltage. However, no energy is created because input
power still equals output power

P = IV.

Since heat is lost during the transfer of power because
of P = I2R, it is advantageous when transmitting power
over a long distance to reduce the current. This is why
power lines operate at high voltages—less power is lost as
heat. At the end, transformers are used to step-down the
voltage and raise the current to usable levels.

Note: If there was a resistor on the line that drops
from the top horizontal line to the switch point B, we
would have had to recalculate the time constant, because
such a resistor would play a part in the discharging cir-
cuit.



Chapter 6

Optics

6.1 Reflection and Refraction

In reality, light is an electromagnetic wave that is prop-
erly described using principles from electromagnetism. In
practice, however, the behavior of light is more easily
described in optics as rays—straight beams of light in-
stead of as electromagnetic waves. The ray nature of
light is valid when we’re dealing with light interacting
with objects much larger than the wavelength of the light.
When you’re dealing with light interacting with individ-
ual atoms, the ray picture is no longer valid, and we would
have to use the full equipment of electromagnetism.

When light hits an object, some of it tends to be
reflected. For example, when light hits a shiny piece of
metal, most of it is reflected. At the atomic level this is
because the incoming light excites the atoms in the metal,
causing them to emit light. This emitted light becomes
the reflected ray.

Specular reflection occurs when the reflected rays
from a beam of light are all reflected in the same direction.
This occurs when the reflecting surface is very smooth as
with a mirror. Diffuse reflection occurs when light hits
a rough surface and the rays are reflected every which
way. For example, a white sheet of paper is a diffuse re-
flector. Partial reflection occurs when only some of the
light is reflected, and the rest is transmitted through the
object. For example, partial reflection occurs when light
hits a window.

Light, i.e. an electromagnetic wave, always travels
at the speed c in a vacuum. However, light slows down
when it travels through stuff like air or glass. Light has
different speeds in different media. When light travels
through some medium, its frequency stays the same, but
its wavelength changes as

λ =
λ0

n
,

where λ0 is the vacuum wavelength, λ is the new wave-
length, and n is a constanted called the index of refrac-
tion for that medium. The index of refraction depends
on the medium, and it is the most important parameter in

the optical industry. Index of refraction is always greater
than 1. For air, it is approximately 1, and for water, it is
approximately 1.33.

The index of refraction for a medium is defined as
the speed of light in a vacuum divided by the speed of
the light in the medium

n =
c

v
.

The index of refraction is the factor by which the speed
of light is reduced as it passes through the medium. That
is, v = c

n . Since c = λf , we know that if the speed of light
is reduced in a medium, then either the frequency or the
wavelength must be reduced. It turns out that the fre-
quency of the light stays the same—only the wavelength
is reduced as it passes through a medium.

When light passes from a vacuum into a medium, its
speed and wavelength are both reduced as v = c/n and
λ = λ0/n.

Tip:

When light goes through a medium, the light is
slowed, but the frequency stays the same. This means the
light’s wavelength λ is shorter. After the light exits the
medium, it returns to its former speed. Despite the wave-
length of light being shorter, the color is unchanged. This
is because what we perceive as color is actually the en-
ergy of the light rather than the wavelength as suggested
above. The energy of light remains the same when it goes
through a medium because the frequency is unchanged.
Light will appear dimmer after passing through a medium
such as water, but this is because some of the photons
have been absorbed by the medium (causing heating of
the medium). The energy of any specific photon that
makes it through remains unchanged.

An atom emits a photon when an electron jumps
from a higher energy orbital to a lower energy orbital.
The energy of the resulting photon is exactly the differ-
ence in the energy level of the electron before and after

104
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the jump.

Ephoton = hf = Efinal − Einitial

Matter spectra appears complicated, because not only do
we have photons coming from electrons changing energy
levels in atomic orbitals, we also have the same effects
from molecular orbitals and even from atomic nuclei.

To make things even more complicated, the index of
refraction also depends on the wavelength of the light be-
ing refracted. As the wavelength of light increases, the
index of refraction for some specific material decreases.
This is what causes dispersion. For a white light com-
posed of all different wavelengths, the different wave-
lengths will refract differently. This allows us to separate
light into its component wavelengths, and it’s the cause of
the rainbow appearance that results from shining white
light through a prism. Unwanted dispersion in optical in-
struments is called chromatic aberration. Dispersion
is also the basis of spectroscopy.

In optics, light is treated as rays. There are three
rules for dealing with light rays and their reflections and
refractions:

1. Light travels in a straight line in a homogeneous
medium. Homogeneous, in this sense, means that
the molecular structure of the medium is the same
throughout, and the medium is the same temper-
ature throughout. For example, the air is treated
as homogeneous, and a sheet of glass is treated as
homogeneous, but the combination of the two are
not. Light will not necessarily travel in a straight
line as it goes through air and then crosses a sheet
of glass.

2. The angle of incidence of the light equals the angle
of reflection

θ = θ′.

Note, as seen in the image below, these angles are
the angles that the light rays make with the normal
direction. This is the direction that is perpendicular
to the surface that the light is reflecting from.

3. The angle of incidence of the light and the angle of
refraction are related by Snell’s law

n1 sin θ1 = n2 sin θ2

Note: Make sure to use degree mode on the calculator
when doing calculations with these laws!

Incident Light Reflected Light

Refracted Light

θ1 θ′1

θ2

n1

n2

When light hits a boundary between two different ho-
mogeneous mediums, it gets refracted because there are
two different indices of refraction–one for each medium.

When light goes from a medium with a lower index
of refraction to a medium with a higher index of re-
fraction, the ray is refracted toward the normal line.
When the ray goes from a medium with a higher index
to a medium with a lower index, it is refracted away
from the normal.

Tip:

Note: Snell’s law can be generalized to any wave phe-
nomena. Recall that the index of refraction is related to
the lowering of a wave’s speed, that v = c/n. Snell’s law
can be generalized as

c2 sin θ1 = c1 sin θ2,

where c1 is the wave’s speed in one medium, and c2 is the
wave’s speed in another medium. For example, suppose
you have two different gases separated by a flexible mem-
brane. Suppose a sound wave is traveling with speed c1
in the first gas and hits the boundary between the gases
with a normal angle of θ1. Just like light rays, the sound
wave will be refracted as it crosses the boundary into the
second gas. Its angle of refraction θ2 depends on its speed
c2 in the second gas.
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Given incident light composed of red and blue
wavelengths hitting a boundary at a 45◦ angle, cal-
culate the refraction angles of the red and blue wave-
lengths given that the refractive indices are n1 = 1,
n2,RED = 2.14, and n2,BLUE = 2.45.

To solve this, we simply use the relationship
n1 sin θ1 = n2 sin θ2:

θ2,RED = sin−1

(
n1 sin θ1

n2,RED

)
= sin−1

(
sin 45◦

2.14

)
= 19.29◦

θ2,BLUE = sin−1

(
n1 sin θ1

n2,BLUE

)
= sin−1

(
sin 45◦

2.45

)
= 16.78◦.

Example:

Typically, when light hits the boundary of a medium,
some of it is reflected and some is refracted. However,
when polarized light hits a boundary, no reflection occurs
when the angle between the reflected ray would be per-
pendicular to the transmitted (i.e. refracted ray). This
phenomenon occurs when the angle θp that the incident
angle makes with the normal line is

tan θp =
n2

n1
.

This is called the Brewster angle or polarizing angle.
For unpolarized light, there will be some reflection, but
only for the component of the light’s electric field that is
perpendicular to the plane made by the incident ray and
the boundary of the medium.

For a light ray crossing through the air/water bound-
ary, the angle between the ray in air and the normal
line is greater than the angle between the ray in wa-
ter and the normal line. This is due to the relation
n1 sin θ1 = n2 sin θ2 and the differing indices of refrac-
tion for water and air. One consequence is that the field
of view is greater when one is underwater and looking
up into the air than for one above the water and looking
down into the water. In other words, θ1 > θ2. A small
movement by the fish means a large change in the area
above water that can be seen by the fish.

Total internal reflection

Refraction

A fish that is about 50◦ from the normal line, will
be able to see horizontally above the surface of the water,
that is to say, the ray will be refracted so much that it is
horizontal to the surface. If the fish’s angle from the nor-
mal line is even greater, the outgoing ray is reflected back
into the water rather than being refracted. This condi-
tion is known as total internal reflection. The angle
from the normal at which total internal reflection occurs
is called the critical angle, θc. When θ2 = 90◦, then
θ1 = θc. The formula for determining the critical angle
can be derived from n1 sin θ1 = n2 sin θ2, and is given by

sin θc =
n2

n1
,

where n1 is the index of refraction on the incident side of
the boundary, and n2 is on what would be the transmitted
side of the boundary.

δ

Calculating the angles of refraction in a prism in-
volves geometry and the application of the three rules
of geometric optics. Note, that total internal reflection
(instead of refraction) can occur at the boundary where
the ray is exiting the prism if the angle is large enough.
If you apply the law n1 sin θ1 = n2 sin θ2 and you get a
domain error, then total internal reflection is occuring in-
stead of refraction. To determine the angle of reflection,
you simply use the law θ = θ′.

For a prism, the angle between the incoming light
and the outgoing light is called the deviation angle and
can be calculated by applying the rules of geometry or by
using the formula

δ = |θ2 − θ1|+ |θ4 − θ3|.

Total internal reflection is utilized in fiber optic ca-
bles. A small amount of refractive leakage occurs, but this
is mitigated by adding reflective coating onto the cable.
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A simple periscope may use two triangular prisms
in the setup illustrated. Notice that no refraction occurs
when the ray enters the first boundary because the ray
is perpendicular to the surface of the prism, that is, the
refraction angle is 0◦ because the incident angle is 0◦. At
the next boundary, the light is reflected due to a mirror
coating on the outside of the prism. From there, the ray
travels down to the next prism.

6.2 Mirrors

For situations involving optical devices such as mirrors
and lenses, we are primarily concerned with answering
two questions. Where is the image, and how big is it?

We typically denote the distance from the object to
the optical device as S and the distance from the optical
device to the image as S′. Likewise, the height of the
object is denoted h, and the height of the object’s image
is denoted h′.

When working with mirrors keep in mind that we
have only three laws of geometrical optics. Think about
how you can apply those laws.

When dealing with a mirror, we need at least two
light rays to determine where the image will appear. Con-
sider the object and plane mirror setup shown below. The
object being reflected is depicted as the tip of the green
arrow. Drawing a ray from that tip to the point on the
mirror that is horizontal to the bottom of the green arrow
results in reflection. Using the law of reflection, we know
that the incident angle is equal to the reflection angle.
That is, we know the incident and reflected ray are at the
same angle from the horizontal. We need one more ray,
so we draw one horizontal to the tip of the green arrow.
When this ray hits the mirror, it is reflected straight back
to its origin since the incident angle is zero.

Plane Mirror
Object Image

S S′

h h′

To form a real image, the two beams must converge
at some point, and that is where the image, otherwise
known as the object’s reflection, occurs. In this case,
the two rays will never converge, and so there will be no
real image. However, we can trace the rays backwards
at their reflection point–denoted by the dotted lines to
locate the object’s virtual image.

The difference between a virtual image and a real
image is that a real image can be touched. A shadow, for
example is a real image–you can touch it with your hand.
A virtual image can’t be touched. It is behind the surface
of the mirror. The way to think about the distinction is
that real images can be projected onto a sheet of paper
whereas virtual images cannot.

Notice that from our diagram, we can say that an
object being reflected in a plane mirror will always result
in an upright, virtual image, and we can also say that the
image will be the same size as the object, h = h′, and the
same distance from the mirror, S = S′.

Parabolic mirrors are special in that any ray that is
parallel to the mirror’s axis will reflect through a special
point on the axis called the focal point. This is illus-
trated in the image below, where the focal point is de-
noted F . Note, this is specific to parabolic mirrors, but
spherical mirrors are a good approximation to it. The
center point C is the center of curvature. That is, for a
spherical mirror, it gives the center.

C F
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The radius of curvature R is the distance from the
mirror to the center C. For a concave mirror, the fo-
cal length f is the distance from the mirror to the focal
point. For a convex mirror, f is negative.

There are two more special rays when dealing with
parabolic mirrors. As illustrated in the image below, any
ray from an object to the center of the mirror’s apex will
reflect such that the reflected ray is symmetric (with re-
spect to the mirror’s axis) with the incident ray. Second,
any ray through the mirror’s center C will reflect back
through itself.

Object

C F

As shown in the next illustration, a concave mirror
results in a real, but inverted image (blue arrow) of the
object being mirrored is more than one focal length from
the mirror. We only need two rays to determine where
the image appears, but as shown in the illustration, that
can be any two rays. Usually, the easiest way to diagram
it is to send one ray through the radius, R, of the mirror
so that it will be reflected straight back to the source,
and send the second ray to the point where the base line
reaches the mirror. There, the angle of the incident ray
on one side of the base line will equal the angle of the
reflected ray on the other side of the base line.

Object

C F

If the object is between the focus and the mirror,
then the result is an upright, virtual, and enlarged image
located behind the mirror.

To develop a formula to quickly calculate the po-
sition and height of the image resulting from a concave
mirror, we need only realize the two similar triangles that
are formed by our rays. We use the fact that

tan θ =
h

s
=
−h′

s′
.

Notice that if the image is upside down, then h′ is nega-
tive. Now we have a single equation in two variables. To
create a second equation, we use the angles α:

tanα =
h

s−R
=
−h′

R− s
.

Object

Concave Mirror

α
α

θ
θ

When it’s all said and done, we have what is called
the mirror equation

1

s
+

1

s′
=

1

f
,

where the focal length is half of the radius of curvature

|f | = R

2
.
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The magnification given by a mirror is the ratio of the
image size h′ to the object size h

M =
h′

h
= −s

′

s
.

Keep in mind that if the image is behind the mirror, then
s′ is less than zero, and if the image is inverted then its
height h′ is less than zero.

The mirror equation also works for a plane mirror
whose radius of curvature and focal length is infinity.

A convex mirror, as illustrated in the last image,
gives a small, erect, virtual image. The formula for a
convex mirror is exactly the same as the formula for a
concave mirror except for a convex mirror, the radius of
the mirror is less than zero, R < 0. This also means the
focal length f is taken to be negative. So, if a problem
asks about the image of a mirror with a negative radius,
then you’re dealing with a convex mirror.

Object

R

Convex Mirror

For mirrors, if s′ > 0, there is a real image that oc-
curs on the same side of the mirror as the object. If s′ < 0
there is a virtual image on the other side of the mirror.
This is not the same for lenses, which will be studied next.

For a concave mirror, if S → ∞, what happens
to S′?

By considering the first equation, we see that as
S → ∞, the term containing S goes to zero, which
implies that S′ → R

2 .

This R
2 point is also known as the focus of the

mirror. Light coming from infinity will be reflected
by a concave mirror and focused onto this point. This
is the point where the receiver of a reflector telescope
is located. This is also the optimal position for the
transmitter if you want to transmit waves a long dis-
tance. There are also solar cookers that have the form
of half-spherical mirrors. The food is placed at the fo-
cus of the mirror because this is where the sun beams
will converge.

Example:

For a concave mirror, what occurs to s′ when
s→ R

2 ?

When s→ R
2 , we see that 1

s′ → 0, which implies
that s′ → ∞. So there is a relationship between s
and s′ here. When one approaches infinity, the other
approaches the mirror’s focus.

Example:

Prove, mathematically, that the image in a con-
vex mirror is always virtual.

Solving the mirror equation for s′ gives us

s′ =
1

1
R
2

− 1
s

.

Since R < 0 for convex mirrors, the denominator on
the right will be negative, implying that s′ < 0, which
implies that it will always be a virtual image on the
other side of the mirror.

Example:
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Will a concave mirror always give a real image?

s′ =
1

1
R
2

− 1
s

.

Since R > 0 for concave mirrors, we see by exam-
ining the denominator that if s > R

2 , then s′ > 0,

and if s < R
2 , then s′ < 0. If we experiment with

an object and a concave mirror we find that this is
indeed the case. Starting from a distance the image
is inverted and small. As the object moves closer it
becomes larger and larger, and as it crosses the focus,
it suddenly inverts and becomes a rightside up virtual
image. So R

2 is the critical point at which the image
in a concave mirror goes from real to virtual.

Example:

6.3 Thin Lenses

When a light ray passes through a piece of glass it is re-
fracted twice since there are two boundaries that the ray
crosses. For thin lense optics we assume the lens is thin
enough that we need only consider one refraction.

Notice the symbols used for converging and diverg-
ing lenses in ray diagrams. A ray going through the cen-
ter of a lens goes straight, so when doing ray diagrams
for lenses, we send one ray parallel and refract it toward
(or away) from the focus and send the other ray straight
through the center of the lens.

A double convex lens focuses parallel rays of light at
a focal point that is a distance f from the lens. Such a lens
is a converging lens. The type of image produced by
a converging lens depends on the object’s distance from
the lens. If the s > 2f , that is the object is further from
the lens than twice its focal length, then the image is
real, inverted, and smaller. If f < s < 2f , the image is
real, inverted, and larger. If s < f , the image is virtual,
upright, and larger.

Unlike for mirrors, a lens produces a virtual image
when the image is on the same side of the lens as the
object. A virtual image can only be see by looking into
the lens. A real image, on the other hand, appears on
the opposite side of the lens and can be projected onto a
surface.

A double concave lens is a diverging lens since it
refracts parallel rays so that they appear to come from
the lens’ focal point. Note, the focal length of a diverging
lens is negative. A diverging lens always produces virtual
images that are upright and small.

Notice the two pairs of similar triangles in the ray
diagram for the converging lens. When we set up a sys-
tem of equations and solve them, we find that we get the

exact same two equations that we use for mirrors. That
is, the lens equation is

1

s
+

1

s′
=

1

f
.

The only real differences are that for lenses, the s′ is pos-
itive despite appearing on the other side of the lens and
that for a diverging lens, f < 0.

Just like for mirrors, the magnification of a lens is

M =
h′

h
= −s

′

s
.

Converging Lens

f

Object

Image

S

S′
h

h′

For the diverging lens, the parallel ray is refracted
away from the focal point, so we trace a virtual beam
backward to the negative focal point. Again, there are
two pairs of similar triangles, and when we set up a sys-
tem of equations and solve them, we get the same pair
of equations, however, for the diverging lens, f < 0. No-
tice that a diverging lens produces a small, erect, virtual
image.

Diverging Lens

f−f

Object

S

h

For a converging lens, what happens to S′ when
S →∞?

By examining the equation for lenses, we see that
S′ → f when S →∞.

Example:
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For a converging lens, what happens to S′ when
S → f?

By examining the equation for lenses, we see that
S′ →∞ when S → f .

Example:

Prove that a diverging lens always produces vir-
tual images.

Solving the mirror equation for S′ gives us

S′ =
1

1
f −

1
S

.

Since f < 0 for diverging lenses, the denominator on
the right will be negative, implying that S′ < 0, which
implies that it will always be a virtual image.

Example:

Recall that chromatic aberration is caused by
dispersion–different frequencies of light are refracted at
different angles. Astigmatism occurs a lens has differ-
ent radii of curvature in different directions.

For figuring out the image information when using
a row, or combination, of thin lenses, we do each lens at
a time. In other words, the image of the first lens is the
object of the second lens and so on. Be aware that your
distances, such as s, are relative to only the lens being
considered. You must take into account the distance be-
tween consecutive lenses, when moving from one to the
next.

A thick lens, one in which the assumption that there
is only a single refraction occuring is no longer valid, can
be modeled as a pair of thin lenses in combination. The
focal point of a thick lens is given by the lensmaker’s
formula

1

f
= (n− 1)

(
1

R1
− 1

R2

)
.

Here, n is the index of refraction of the lens material, R1

is the radius of curvature of the side of the lens closest
to the object, and R2 is the radius of curvature of the
other side of the lens. Note: The radii can be positive or
negative. If a ray from the object hits a convex surface,
then the radius is positive. If it hits a concave surface, it
is negative. Thus, for a double convex lens, R1 > 0 and
R2 < 0 since the ray will first hit a convex surface and
then a concave surface.

Remember that for concave mirrors and converging
lenses, f > 0. For convex mirrors and diverging lenses,
f < 0. For lenses and mirrors, s is usually positive.
The image distance s′ is positive if the image is real
and negative if the image is virtual. The height of
the object h and image h′ are positive if upright and
negative if inverted.

Tip:

The optical power of lenses is often measured in units
of diopters. This unit is simply the inverse of the focal
length of the lens.

A microscope is formed by a pair of thin lenses.
First, the ray from the object is refracted through the
objective lens. Second, the rays from this image are re-
fracted through the eyepeice (the second lens) whereupon
a final image is formed that we see with our eyes. The
magnification produced by a microscope is

M = − L

fofe
25 cm,

where fo is the focal length of the objective lens, fe is the
focal length of the eyepiece, and L is the distance between
the two lenses. The 25 cm comes from what is called the
near point. The human eye can’t easily focus on objects
closer than the near point. The negative sign means the
final image is inverted.

A refracting telescope is also an optical device
composed of two thin lenses in a row. Light from the
distant object first travels through the objective lens and
then through the eyepiece before reaching the viewer’s
eye. The angular magnification provided by a refracting
telescope is

m =
fo
fe
.

Angular magnification is the ratio of the angle an ob-
ject’s image subtends to the angle subtended by the ob-
ject when seen without the lens.

6.4 Interference and Diffraction

In the chapter on waves, we looked at wave interference.
Here, we look more closely at wave interference specifi-
cally with regard to electromagnetic waves. Before this,
we treated light as rays, and now we treat it as waves.

Two electromagnetic waves produce a consistent in-
terference pattern only when they are coherent, which
means the two waves have a constant phase relation. This
only occurs when the two waves have the same wave-
length, which means they have the same frequency and
color. Most of the light that we see, with the exception
of laser light, is not coherent.



112 CHAPTER 6. OPTICS

If you have two superposed light waves, they will add.
If they have the same amplitude and wavelength, then in-
terference will occur. If the two waves are in phase, the
resulting wave will have double the amplitude. This is
constructive interference, and it occurs whenever the
phase difference between the waves is an even multiple of
π. If the two waves are exactly out of phase, they will can-
cel each other. This is destructive interference, and
it occurs whenever the two waves have a phase difference
that is an odd multiple of π.

A common example of interference is when two light
waves, which are originally in phase, are sent down dif-
ferent paths before being brought back together and re-
combined. If the path length is not the same, then in-
terference might occur. In fact, the path difference ∆x is
related to the phase difference δ by

δ = k∆x.

Since k = 2π
λ , this implies that constructive interference

occurs whenever the path difference is an integer multiple
of the wavelength

∆x = nλ,

and destructive interference occurs whenever the path dif-
ference is a half-integer multiple of the wavelength

∆x =

(
n+

1

2

)
λ.

For interference problems, think in terms of the path
difference traveled by the waves.

Tip:

Suppose you have two initially coherent light waves.
You send one through a vacuum and the other through
a medium with some index of refraction. Supposing that
the two path lengths are the same, will the waves exhibit
interference when they are recombined? Remember that
the wavelength of light shortens when it passes through
a medium with a higher index of refraction. Therefore,
the light that passes through the medium travels a longer
effective distance than the light that passes through the
vacuum. The effective distance traveled by a light beam
traveling through a medium is

∆x = nd,

and it is called the optical path length. So if a light
wave travels a distance d through a medium, when you’re
calculating the path length, give it a length of nd rather
than just d.

Huygen’s Principle

Huygen’s principle states that every point on a wavefront
can be thought of as generating a spherical wave. At a

later time, the new wavefront is the surface that is tan-
gent to all of those spherical waves.

What does this imply? For a plane wave in the vac-
uum of space, the new wavefront a short time later is
just another plane wave since all of the spherical waves
are expanding at the same rate. However, as soon as the
wavefront hits a sharp object things change. As a conse-
quence, light bends around sharp corners, a phenomenon
called diffraction.

Suppose a beam of light from a source far away, so it
is essentially a plane wave, hits an opaque barrier. Now
suppose there is a hole in this barrier that allows some of
the light to pass through. If the hole is large, relative to
the wavelength of the light, then very little diffraction oc-
curs and you essentially have plane waves passing through
this hole. On the other hand, if the hole is on the order
of the wavelength of the light, you will have significant
diffraction and the hole will act as a source of spherical
waves.

Consider a single slit of width a in an opaque wall.
Huygen’s principle tells us that we can consider each point
along the slit as a source of spherical waves. If we consider
a few points at a time, we find that the waves interfere
constructively at particular angles and destructively at
others. If the light passing through the slit falls on a
viewing screen, we see a Fraunhofer diffraction pat-
tern. This diffraction pattern consists of a bright center
and then alternating light and dark fringes. The inten-
sity of the light on the screen as a function of the angle
is given by

I = Imax

[
sin
(
πa sin θ

λ

)
πa sin θ

λ

]2

.
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The angle θ = 0 corresponds to looking straight through
the slit rather than at an angle. Here, the light on the
screen has its maximum intensity. When the slit is large
relative to the wavelength λ of the light, the central bright
fringe is roughly the width of the slit. That is, a single
beam shines through the slit. When the slit is roughly
the size of the wavelength, then the central bright fringe
will be much larger than the size of the slit. That is, the
light spreads out as if the slit was itself a point source.

At the minima of the equation above, we get the dark
fringes

a sin θ = mλ,

where m is an nonzero integer. At these angles, the light
waves interfere destructively. Notice that if a < λ, then
there is no solution. In this case, the light is diffracted so
severely that it fills the entire viewing screen. Then there
are no dark fringes. Note: For single slit diffraction, there
is no nice formula for the location of the bright fringes al-
though we know that at least one exists (at θ = 0).

Double Slit Interference

Suppose you again have light of wavelength λ incident on
an opaque barrier. But now, instead of a single slit, we
have two slits. Now there are many more ways in which
the light waves can interfere with each other. Single slit
diffraction gives us a pattern of light and dark fringes,
and double slit diffraction gives us that same pattern with
many more bright and dark fringes inside each of the sin-
gle slit’s bright fringes.

If each of our slits have a width of a, and the distance
between the slits is d, the the intensity of the light hitting
the viewing screen as a function of the angle is

I = Imax cos2

(
πd sin θ

λ

)
.

This implies that bright fringes occur where

d sin θB = mλ, m = 0, 1, 2, . . .

and the dark fringes occur where

d sin θD =

(
m+

1

2

)
λ, m = 0, 1, 2, . . .

To remember, which formula goes with which, just re-
member that there must be a bright fringe at θ = 0.

Diffraction Gratings

We’ve considered the diffraction patterns produced by
light passing through single as well as through double
slits. We can continue this process. What is the diffrac-
tion pattern produced when light is passed through three
slits? Four slits?

In a system with N slits spaced a distance d apart,
the location of the bright fringes is still

d sin θbright = mλ, m = 0, 1, 2, . . .

The location of the dark fringes is now

d sin θdark =
mλ

N
,

but now m is an integer, but not an integer multiple of
N .

A system with many closely spaced slits is called a
diffraction grating. Diffraction gratings are used in
spectroscopy. The angular position of the bright fringes
on a viewing screen depends on the wavelength of the
light. Thus, diffraction gratings can be used to disperse
light (e.g. from a star) into its component wavelengths.

A diffraction grating with a large number of slits can
diffract different wavelengths of light to very precise lo-
cations. The ability of a diffraction grating to distinguish
between close wavelengths ∆λ = λ′ − λ is called the re-
solving power of the grating

λ

∆λ
= mN.

So far, we have only considered transmission grat-
ings. These are diffraction gratings in which the light
passes through the grating. There are also reflection
gratings which produce similar interference patterns,
but operate by reflecting the light.

In crystals, the regular spacing of atoms acts as a
diffraction grating. X-ray diffraction is a technique of
studying crystals by seeing how X-rays diffract as they
travel through a crystal. These diffraction patterns can
be used to deduce the positions of atoms in a crystal. If
the atoms are a distance d apart, then constructive inter-
ference occurs when the Bragg condition

2d sin θ = mλ, m = 1, 2, 3, . . .

is satisfied.
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Thin Films

Thin films (e.g. soap film) are another common source of
diffraction. A soap film, for example, has some thickness
d. If you shine a coherent light source at it, some of the
light is reflected when it reaches the first boundary of the
soap film. The remaining light travels through the soap
film, a thickness d with some index of refraction n. When
it reaches the far boundary of the soap film, some of the
remaining light is reflected and some is refracted through
the boundary. For light incident on such a soap film, there
are two sources of reflected light—reflection from the first
boundary and reflection from the second boundary. The
light that travels through the film and reflects from the
back surface has traveled a farther distance, so when the
two reflected beams recombine, there is the possibility of
interference.

There are actually two sources of interference. The
first source of the interference is the additional optical
path length ∆x = 2dn traveled by the second beam is
it goes through the film and is reflected at the back sur-
face. The factor of ’2’ is there because this reflected ray
traverses the thickness d of the film twice.

The second source of interference can occur when-
ever light is reflected. If a light beam travels from a
medium with an index of refraction n1 and is reflected
at the boundary of a material with index of refraction n2,
then if n2 > n1, the beam undergoes a phase shift of π
when it is reflected. If n2 < n1, there is no phase shift.

If a beam of light is reflected from a surface beyond
which the index of refraction is higher, then the beam
will undergo a phase shift of π as it is reflected.

Tip:

Suppose we have a thin soap film of thickness d and
index of refraction ns > 1. It is surrounded on both sides
by air with an index of refraction of na = 1. We now shine
a coherent beam of light directly at the soap film. When
it reaches the first boundary between air and soap, some
of the light is reflected. Let’s call this Beam 1. The rest
travels on through the soap film. At the back boundary
of soap and air, some of the remaining light is reflected.
Let’s call this Beam 2. Because the index of refraction
of the soap film is greater than that of the air, Beam 1
undergoes a phase shift of π when it is reflected. For
the same reason, Beam 2 does not undergo a phase shift.
The optical path length of Beam 2 is ∆x = 2dns. The to-
tal phase difference between Beam 1 and Beam 2 is then
δ = k∆x = 2kdns plus π. Then to find the constructive
interference, for example, we would set 2kdns + π = mπ.

The Diffraction Limit

Diffraction also occurs when light passes through a cir-
cular slit (aka ”aperture”). The light gathering lens of a
telescope or a microscope are circular slits, and light pass-
ing through them is subject to diffraction. With circular
apertures, the diffraction pattern that is produced is a
series of concentric rings rather vertical fringes as occur
when light passes through narrow, vertical slits.

Suppose you’re looking through a telescope at a dis-
tant star. Because the light passes through a circular
aperture, it produces a diffraction pattern with a strong
central intensity. Now you shift your telescope to look at
a binary system. You now have two distant light sources
with very little angular separation between the two. Since
the two sources are not coherent, we don’t care about any
interference pattern. We can just think of each star indi-
vidually shining through a small aperture and producing
a diffraction pattern. If the angular separation between
the stars is large enough, the overall diffraction pattern
will be of two distinct disks of brightness. If their angular
separation is too small, the diffraction patterns will add,
producing a single disk of brightness on your telescope’s
mirror. That is, the pair of stars will appear to be a single
star.

For two light sources, whether it’s the light reflected
from two mountains on Mars or two distant stars, the
minimum resolvable angular separation between the two
sources is given by Rayleigh’s criterion

sin θmin =
1.22λ

D
,

where D is the diameter of the aperture. If the angle is
small, we can approximate it by

θmin =
1.22λ

D
.

A system is diffraction limited if it cannot distin-
guish two different objects. It’s resolution is simply too
large. There are two ways to improve the resolution power
of a diffraction limited system. You can use a larger lens
or mirror, thus increasing D, or you can reduce the wave-
length being observed. Electron microscopes can image
much finer detail than optical microscopes, because the
effective wavelength of electrons is much smaller than the
wavelength of visible light. If you try to view a single
atom with an optical telescope, you run into the diffrac-
tion limit. It simply cannot be done.

Rayleigh Scattering

When incoming light hits a bunch of particles, it scatters
in all directions. If the wavelength of the light is much
greater than the size of the particles, the scattering that
occurs is called Rayleigh scattering. This kind of scatter-
ing is the source of our blue skies.
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If a beam of unpolarized light of wavelength λ and
intensity I0 is shined at a sample of spheres of diameter
a << λ, then the intensity of the scattered light is

I ∝ I0a
6

λ4
.

This tells us that for a given wavelength and intensity of
the incident light, if we double the size of the particles,
then the scattered intensity will be increased by a factor
of 26 = 64.



Chapter 7

Modern Physics

7.1 Special Relativity

Recall that two of Maxwell’s equations in the vacuum
are

˛
~E · d~s = −dΦB

dt˛
~B · d~s = µ0ε0

dΦE
dt

.

If we integrate each of these over a small rectangle in
empty space, we obtain the following relations

∂2E

∂x2
= µ0ε0

∂2E

∂t2

∂2B

∂x2
= µ0ε0

∂2B

∂t2
.

But these two equations have the form of the general wave
equation with speed

c =
1

√
µ0ε0

= 2.997 92× 108 m/s.

So here we have a phenomenon (i.e. electromagnetic
waves), in which the speed of the wave can be derived
from the theory.

When quoting a speed, we are used to having to spec-
ify the reference frame. For example, a car’s speed is mea-
sured relative to the Earth. What is the speed of light
measured with respect to? For a long time, scientists be-
lieved that the speed of light was measured with respect
to a background “ether” permeating all of space.

If the ether hypothesis was true then the speed of
light measured on Earth would be different in different
directions since the Earth is moving through the ether in
its orbit about the sun. However, the Michelson-Morley
experiment showed this to be false. There was no ether.

The contradiction was finally solved satisfactorily by
Einstein’s theory of special relativity. This theory had a
single postulate: The laws of physics are the same
in all inertial reference frames.

Physicists already applied “relativity” to Newtonian
physics. This kind of relativity is often called “Galilean
relativity”. Einstein’s insight was to apply relativity to
all laws of physics, not just the laws of mechanics. This
meant applying the principle of relativity to Maxwell’s
equations. Since Maxwell’s equations implied that the
speed of light in a vacuum is constant, the principle of
relativity means that this is true for all observers in in-
ertial frames. That is, two people moving at different
constant speeds through the universe will both measure
the speed of light to be c. This is a counterintuitive re-
sult. If we measure the light from a distance star to be c,
then we move toward it at very high speed and measure
again, we will again measure the speed of light to be c,
although we would expect it to be greater since we are
moving toward it.

Remember that an inertial reference frame is a refer-
ence frame (i.e. coordinate system) that is not undergoing
acceleration.

Why are electromagnetic waves so strange. Think of
mechanical waves for a contrast. Mechanical waves re-
quire a medium through which to travel. For example, a
transverse wave traveling down a string would not exist
if the string wasn’t there. The speed of a wave on the
string depends on the string. Specifically, the wave speed
depends on the tension and the density of the string. If
you increase the string tension, the wave will travel faster.
The takeaway is that a mechanical wave travels through
a medium, and its speed depends on the characteristics
of the medium.

An electromagnetic wave, on the other hand, does
not require a medium. It is a self-propagating wave. The
oscillating electric field creates an oscillating magnetic
field, which creates an oscillating electric field, and so
on. This disturbance propagates in some (or all) direc-
tion at the speed of light. Recall that the electric field
of a charged particle extends to infinity. If you start the
particle oscillating, a disturbance will be created–an elec-
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tromagnetic disturbance. This disturbance propagates
outward at the speed of light, and is called an electro-
magnetic wave.

Understanding why the speed of light is always mea-
sured to be c is more difficult. The answer is very strange
indeed. It has to do with length contraction. Suppose
you are at rest near an oscillating proton and you have
a meter stick and a clock with which you measure the
emitted EM wave’s speed to be c. Now you speed up
to nearly the speed of light and measure the wave speed
again, with the same meter stick and clock. However, you
will again measure the speed of light to be c because your
meter stick has shrunk by just the right amount.

Time Dilation

One strange consequence of the invariance of the speed of
light is that of time dilation. A moving clock runs slower.

Einstein realized that time runs differently for frames
in relative motion (this is the only possibility that doesn’t
lead to contradictions when considering the measure-
ments taken by two observers that are in motion rela-
tive to each other), and that the two times T , and t, are
related by

T = γt,

where

γ =
1√

1− v2

c2

,

is called the Lorentz factor. In many texts, the ratio of
velocities is written as

β =
v

c
,

and may be called the relativistic beta.

That there is a difference between the time measured
by observers in relative motion is a straightforward conse-
quence of the fact that light always moves at c in vacuum.

The time dilation equation given above is a bit sub-
tle. It specifically refers to the duration of time between
two events as measured by two observers in relative mo-
tion. The time t is the proper time. This is the time
between the events as measured in the frame of reference
in which the two events occur at the same place in space.
The time, T , is the duration between the two events as
measured in the frame of reference in which the two events
do not occur at the same point in space.

For example, suppose a spaceship is passing by
Earth. Inside the spaceship, an observer drops a ball from
some height. That observer measures the time between
when the ball is dropped and when it hits the floor of the
spaceship as t. An observer on Earth sees the same pair
of events and measures the drop time as T . The relation

between the two times is

T =
1√

1− v2

c2

t,

where v is the speed of the spaceship relative to the ob-
server on Earth. Notice that the time measured by the ob-
server in the spaceship is the proper time for these events.
Think of the spaceship’s frame of reference as a coordi-
nate system centered on the observer in the spaceship. In
this coordinate system, the ball begins to drop and hits
the floor at the same place x = 0 in that coordinate sys-
tem. Think of the Earth’s reference frame as a coordinate
system centered on the observer on Earth. In this coordi-
nate system, the two events do not take place at the same
location because the spaceship and the dropping ball are
flying through this coordinate system. Therefore, this
reference frame is not the one in which to measure the
proper time between the events.

Notice that if v > c it would imply complex γ, which
suggests that it is impossible for velocity to exceed that
of c. Also notice that T > t, always, and that λ > 1,
always.

For two observers in relative motion

• Observer A will see that observer B’s clock is ticking
slower than his own.

• Observer B will see that observer A’s clock is ticking
slower than his own.

This apparent contradiction derives from the first
postulate—that the laws of physics are the same every-
where.

It is common to work in lightyears (LY) as units of
distance. Note that c = LY/Y.

Tip:

Time dilation has passed several important tests:

• Atomic clocks moving at high velocity in aircraft
show a different time from the clocks that stayed
stationary when they are later compared.

• Cosmic muons, which have a very short life de-
cay paradoxically slowly when they are in motion.
The discrepancy is explained by time dilation. The
muon, being at high velocity relative to you, expe-
riences a slower passage of time and thus is able to
travel further.
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What fraction of c would your twin have to travel
such that 10 days pass on Earth for every 1 day that
passes for him?

To solve this, you use the time dilation equation
T = γt. Plug in the different times using T for the
stationary observer and solving for v.

10 = γ1

10 =
1√

1−
(
v
c

)2
100 =

1

1− v2

c2(
1− v2

c2

)
=

1

100

1− v2

c2
=

1

100

v2 =

(
1− 1

100

)
c2

v =

√
99

100
c

In other words, you would have to travel at
√

99
100 =

0.995 the speed of light.

Example:

Length Contraction

Imagine your professor moving the length of a table in the
classroom. We know that d = vt, or that distance trav-
eled is equal to the professor’s velocity times his travel
time. However, since you and the professor measure time
differently, tY and tP , it must be the case that you also
measure distance differently:

dP = vtP

dY = vtY

Because you get different results for the distance trav-
eled, you get different results for the measurement of the
length of the table.We can conclude that there is no such
thing as the absolute length of a thing.

Solving the pair of equations above for v and set-
ting the resulting equations equal to each other gives us

dY =
(
tY
tP

)
dP . Recall that the ratio of elapsed time as

measured by you to the elapsed time as measured by the
other observer is the Lorentz factor γ, so we have that
dY = γdP . In other words, the length contraction of a
moving object is its proper length (i.e. its length as mea-
sured by itself or its length as measured by us when it is
viewed at rest) times γ.

To use the same kind of notation as before, we say

that

X =
x

γ
,

where x is the proper length. The proper length is the
length of something measured in the frame in which that
length or distance is at rest. This is the same γ as be-
fore, so it is always greater than 1. This implies that an
object is longest in its own rest frame. In any other mov-
ing frame of reference, the object will be measured to be
shorter.

In a special relativity problem, the proper time and
proper length are often measured in different reference
frames.

Tip:

Suppose your friend travels from Earth to a star
20 LY away at a speed of 0.8c. How long will the trip
take and how far is the distance in the two different
reference frames?

In your reference frame, and that of Earth and
the star, we know that the distance is 20 LY. This is
the proper distance since it is measured in the rest
frame of the distance. Your friend’s travel time, from
your perspective can be found using d = rt. We find
that t = 25 years.

The time that passes for the ship is found by ap-
plying T = γt. The two events (leaving Earth and
arriving at the star) occur at the same location in the
ship’s reference frame, so the proper time t is the pas-
sage of time experienced by the ship. We find that

t =
T

γ
= 25 Y

√
1− (0.8c)2

c2
= 15 Y.

According to your friend, then, it only takes 15 years
to travel the distance between Earth and the star at
a speed of 0.8c. Therefore, the distance must be

d = rt = 0.8c× 15 Y = 12 LY.

We could also have found this contracted distance by
applying the equation above.

X =
x

γ
= 20 LY

√
1− (0.8c)2

c2
= 12 LY.

Example:

Remember that time will run slower and lengths will be
shorter (from your perspective) in any reference frame
that is moving with respect to you.

Tip:
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Time dilation and length contraction aren’t really
different things. They’re just the two different sides of
the same coin. In the distance formula d = rt, we see
time dilation when we focus on the t part, and we see
length contraction when we focus on the d part.

Remember that the idea of simultaneity depends
on the frame of reference. Two events that are simulta-
neous in one frame may not be in another frame. A direct
consequence of this is that events in my future may appear
to be in another traveler’s past and vice versa. Causality
is still preserved, however. If one event caused another,
then there is no inertial frame in which the opposite will
appear to be true. In other words, the time order of events
appears different for different observers only when the two
events are far enough apart in space and close enough in
time that light (and information) cannot travel between
the two places in less than the time difference.

Two observers in relative motion will agree on their
relative speed v. This is required by the principle of
relativity. If person A sees person B moving away at
speed v, the person B will see person A moving away
at speed v.

Tip:

In high energy physics, the particles used in collisions
are modeled as vertical disks crashing together. This is
because as they reach high velocity, their length along
their axis of motion contracts with respect to the lab’s
frame of reference.

Spacetime Diagrams

“The distinction between past, present, and future is only
an illusion, even if a stubborn one.” ∼Albert Einstein.

This is an illusion because time is part of the “pre-
existing” coordinate system of spacetime. Everything
that is, did, or will happen is already cemented in space-
time. We used to think of space and time as a succession
of 3D “slices” occurring one after the other. Special rel-
ativity tells us that it’s more like a single 4D block. This
of course conflicts with the idea of free will that many
people have.

We are really 4D ribbon/worm structures in the
spacetime block. Any ‘slice’ through 4D space is a ‘sur-
face’ of simultaneity . . . a specific and different “now,”
a different instant in time. The different slices of simul-
taneity for observers in relative motion will be at different
angles through the spacetime block.

In the spacetime block, Earth’s worldline (i.e. its
path through spacetime) is like a worm. We see it as a
sphere because we see it at only one instant of time rather
than as the sum of all instances.

Because of the different ‘slices’, events in our past
could be in someone else’s future. A and B going in dif-
ferent directions in spacetime observe each other. An
event x could be in A’s past and B’s future.

For every individual, the direction that time flows is
absolute. In space, we can move in different directions.
Each of us is locked into a specific time direction. Why
don’t we have freedom to move in different time direc-
tions?

We can draw the relationships in spacetime with
spacetime diagrams. These are also called minkowski
diagrams. Below is an example of one.

2015

Earth time

2025

ship time

ship space
A B

C

2021

2018.6

The vertical black line represents the Earth’s world-
line in this spacetime diagram. Time, for Earth, flows in
the direction of the black arrow. Each black dotted line
represents surface of simultaneity, that is, a ’now’ slice
through spacetime. The events A and B are simultane-
ous from Earth’s perspective because they both occur on
the same dotted line—the year 2025.

The blue (solid diagonal) line represents a spaceship’s
worldline. As you can see by the diagram, the spaceship
left Earth at high velocity in 2015. The blue (diagonal)
dotted line is a surface of simultaneity from the space-
ship’s perspective. Notice that it is not perpendicular
to the spaceship’s worldline as you might have expected.
Space direction is perpendicular to the time direction for
everyone, but in the diagrams we can only show one per-
spective without distortion. In the given diagram, we
are showing it correctly from Earth’s perspective, but
not from the spaceship’s perspective. For the spaceship,
events B and C are simultaneous—they both occur in
2018 from the spaceship’s perspective.
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space

time speed of lightstationary

forbidden

slower than light

Notice that the vertical axis is time and the horizon-
tal axis is all three dimensions of space. Any non-vertical
line represesents motion—some object with a velocity rel-
ative to the Earth (vertical arrow).

The spaceship leaves Earth in 2015 bound for Sir-
ius (distance of 8 LY) at 0.8c. When will the spaceship
arrive at Sirius? First we calculate it from Earth’s
perspective using the straightforward formula d = rt.
Keep in mind that c is a velocity and that a lightyear is
a measure of distance—the distance that light travels
in one year, so

1 ly = 1 y × c.

8 ly = 0.8c t
8 c · y
0.8c

= t

10 y = t

So from Earth’s perspective it takes 10 years for the
spaceship to arrive at Sirius. Event B, the spaceship’s
arrival at Sirius, occurs in 2025 Earth time (event A).
If an Earth person in 2025 teleported to Sirius, he
would arrive at the same time as the spaceship.

When does the spaceship arrive at Sirius from
their perspective? To calculate the relative passage of
time, we can use the equation for time dilation.

T = γt

10 y =
1√

1−
(

0.8c
c

)2 t
10 y =

1√
0.36

t

6 y = t

So for the spaceship, only 6 years has passed since
it left Earth. It reaches Sirius by 2021 from its own
clocks.

Example:

Notice the triangle formed by the year 2015 and the

events A and B in the spacetime diagram given earlier.
The hypotenuse is longer in the diagram, but this is a
distortion. The vertical leg of the triangle represents a
span of 10 years and the hypotenuse represents a span of
6 years. We can’t use ordinary Euclidean geometry ideas
on a spacetime diagram. Line A might be longer than line
B on the diagram but it may refer to a smaller quantity
in reality.

Notice that Earth’s now in 2025 corresponds to the
spaceship’s now in 2021. If upon arriving at Sirius, the oc-
cupants had immediately and instantaneously teleported
back to Earth, what time (Earth time) would they ar-
rive at Earth? It’s not 2021 Earth time like you might
assume. Remember the principle of relativity. Consider
the situation from the traveler’s perspective. The Earth
left it in 2015 at a velocity of 0.8c. In 6 years, how much
time has passed on Earth? If you plug it into the time
dilation equation again, you get t = 3.6 years. So from
the spaceship’s perspective, it’s arrival at Sirius is simul-
taneous with Earth year 2018.6. This demonstrates that
teleportation is equivalent to traveling backwards in time.
The key thing to remember here is that 2021(spaceship)
and 2021(Earth) are not simultaneous in either the Earth
or the spaceship’s worldline.

Let’s take a look at spacetime diagrams in general.
We start with perpendicular axes for time t and space x
in our own rest frames. We then draw axes for the mov-
ing reference frame. These will be the time t′ and space
x′ for the moving frame. In reality, x′ and t′ should be
perpendicular to each other (as they are in reality), but
we simply cannot represent Minkowski space accurately
in two dimensions.

Note that this spacetime diagram is for when the
moving reference frame starts at your location and then
moves away from your own reference frame.

x

t t′

x′

We start with the general spacetime diagram, with
the frame of reference that is at rest (i.e. our frame) de-
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picted by the vertical line for time and the horizontal line
for space. Notice that their origins coincide meaning that
at time zero, they are at the same spot.

x

t t′

x′

A

P

O

tA = OA
tP = OP
tA = γtP

Next, we draw a point P on the t′ axis. Think of this
as a spacetime location (e.g. Sirius) reached at some point
by the moving frame of reference (e.g. spaceship). Next,
we draw a horizontal line from the spacetime event P to
the nonmoving time axis t. This event on the time axis
t we denote A. Since everything on the horizontal lines
is simultaneous with respect to the nonmoving frame of
reference, the spacetime events A and P are simultaneous
from the nonmoving frame of reference. Then tA = OA
is the time from the nonmoving frame of reference that it
took the moving frame of reference to reach P . That is, it
took the spaceship a time tA to reach P . But according to
the moving frame of reference it took tP = OP to reach
P . Those two durations are related by the time dilation
equation where tP is the proper time. The relation is

tA = γtP .

x

t t′

x′

A

P

O

tA = OA

tP = OP

tA = γtP

tB = OB

tP = γtB

∆tAB = AB = vx
c2

B

Next, we draw a line through P that is parallel to x′.
This is the slice of simultaneity for the spaceship when it
reaches P . Notice that from their perspective, “now” is
simultaneous with a point in our past—eventB. From the
perspective of the moving frame of reference, tB = OB

has passed for the other frame of reference. From their
perspective, the other frame is moving and so their clocks
are running slower. Applying the time dilation formula
to them gives

tP = γtB .

The temporal discrepancy between A and B is given by

∆tAB = AB =
vx

c2
.

Now, we think about the distances involved. From
our perspective, the space distance to event P is AP .
However, since they are moving at a relativistic velocity,
space will have contracted for them and they will have
covered a distance of BP . Therefore,

BP =
AP

γ
.

x

t t′

x′

A

P

O

tA = OA

tP = OP

tA = γtP

tB = OB

tP = γtB

∆tAB = AB = vx
c2

BP = AP
γ

v = AP
OA

B

SiriusEarth

The distance x = AP is the space distance from the
nonmoving frame of reference to the spacetime event P .
In our spaceship example, it is the distance from Earth to
Sirius. We can use this to work out the relative velocity
between the frames. We have that d = rt, so AP = vtA
or

v =
AP

OA
=
x

t
.

Notice that the slope of t′ is the relative velocity of
the frames. The velocity between the frames is constant
and at any point, the horizontal distance between t and t′

divided by the vertical distance from x gives the velocity
v.

Relativistic Doppler Effect

Suppose we are on Earth and we broadcast a radio mes-
sage to our friends on a spaceship that is moving away
from us at a constant velocity. As we transmit the elec-
tromagnetic wave, we measure the period of the radio
wave as ∆tE = TE . Recall that the period of a sine wave
is just the time between successive wave crests. When our
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message reaches the spaceship, our friends will measure a
longer time ∆tR = TR for the period of the wave.

The relation between the period of an EM wave mea-
sured by an observer in motion relative to the wave emit-
ter is

TR
TE

=

√
1 + β

1− β
,

where the quantity on the right is called the relativistic
doppler factor and

β =
v

c
.

The period TE is the period as measured in the rest frame
of the emitter, TR is the period measured by the receiver,
and v is the relative speed between the two. If the two
frames are moving away from each other, then v > 0. If
the two frames are moving toward each other then v < 0.

Recall that the relation between the period and fre-
quency of a wave is T = 1

f , so we can write the above
relation in terms of frequency as

fE
fR

=

√
1 + β

1− β
.

We know that the period and wavelength of light are
related by cT = λ, so we can also write the above in terms
of the wavelengths measured in the different frames as

λR
λE

=

√
1 + β

1− β
.

You don’t have to memorize which of period, fre-
quency, or wavelength term goes in the numerator and

denominator. Just remember that
√

1+β
1−β > 1 and then

use physical reasoning. Since the right side is greater
than one, the left side must also be greater than one.
If you are stationary and the wave source is moving
away from you, then you know, for example, that the
wavelength you are receiving is larger than it was when
it was emitted. Therefore, λR goes in the numerator
since it is the larger one and λE goes in the denomina-
tor. On the other hand, if the source is moving toward
you, then you know that the emitted wavelength is the
larger one, so it would go in the numerator.

Tip:

This is important in observational astronomy. The
spectrum of a star tells us what elements are emitting
light, and from laboratory experiments we know the wave-
length of light emitted by different elements. The wave-
length of the light that we measure here on Earth is dif-
ferent if the star is moving away or toward us. If the star

is moving away from us (i.e. v > 0), the light is redshifted
meaning its wavelength is longer than when it was emit-
ted. If it is moving toward us (i.e. v < 0), the light is
blueshifted meaning its wavelength is shorter than when
it was emitted.

The redshift is calculated as

z =
λR − λE
λE

=

√
1 + β

1− β
− 1.

A starship transmits a report to Earth, via an
intense laser beam of wavelength 589 nm, which when
received on Earth has a wavelength of 605 nm. Is the
starship approaching or receding from Earth and what
is its speed relative to Earth?

The ratio of the wavelengths is

λR
λE

=
605 nm

589 nm
= 1.02716.

From the relativistic doppler shift, we know that

1.02716 =

√
1 + β

1− β
.

Solving for β, we find that

β =
1.027162 − 1

1.027162 + 1
= 0.026791.

Since β = v
c , we know that the relative speed between

us and the spaceship is

v = 0.026791c.

So the spaceship is moving away from Earth at about
2.68% the speed of light. We know it is moving away
because v is positive.

Example:

The Spacetime Interval

A lot of things are relative to the frame of reference. For
example, time, length, and simultaneity are different de-
pending on the frame of reference. The speed of light,
on the other hand, is spacetime invariant since it is mea-
sured to be the same in all inertial frames. Another in-
variant quantity is the spacetime interval. That is, the
distance between two points in 4D spacetime is Lorentz
invariant.

Our spacetime diagrams become more symmetrical
if we multiply all the time directions by c.
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x

ct ct′

x′

Notice that in this diagram, all light rays run through
the diagram at 45◦ angles since one unit on the horizontal
axis now equals ct units on the time axis. In other words,
light rays have a slope of 1. This is a nice way of showing
that the speed of light is invariant in all frames. When
you draw another frame moving relative to your frame,
then looking at the diagram, you’ll see that the speed of
light also has a slope of 1 from their perspective.

On the diagram, the angle between a light ray c and
the ct time axis is 45◦. The angle between a light ray
c and the time axis of another frame ct′ is also 45◦. Of
course, on the diagram this doesn’t look like 45◦, but
that’s only due to the distortion caused by trying to rep-
resent Minkowski space in 2D.

The spacetime interval between two points P and
Q (i.e. the red line in the diagram shown) should be
the same whether measured from the frame with the ct
axis or from the frame with the ct′ axis. In other words,
applying the Lorentz transformation to the distance for-
mula should yield the same distance formula in terms of
the other frame.

x

ct x′

ct′Q

P

The equation for finding the spacetime interval (∆s)2

is

(∆s)2 = (c∆t)
2 −

[
(∆x)2 + (∆y)2 + (∆z)2

]
.

Applying the Lorentz transformation gives (∆s′)2 =

(c∆t′)
2−
[
(∆x′)2 + (∆y′)2 + (∆z′)2

]
which equals (∆s)2.

Note that ∆s is not the spacetime interval. The space-
time interval is (∆s)2 itself.

We might have predicted this form of the equation
with a “+” instead of a “–”. Although space (i.e. the x,
y, and z parts of it) is Euclidean, this equation shows us
that spacetime itself is not Euclidean.

The spacetime interval (∆s)2 is a special kind of vec-
tor called a four-vector. Four-vectors are vectors in spe-
cial relativity that transform in a certain manner under
Lorentz transformations. Lorentz transformations will be
detailed in the next section.

A pair of events in spacetime are separated by a dis-
tance called the spacetime interval. Notice that the term
(c∆t)

2
in the distance equation is the distance traveled

by light. There are three kinds of those event-pairs:

1. (∆s)2 > 0: This is called a timelike separation,
and it means that the events are not necessarily
causally separate. In other words, one event could
have caused the other. This is because the time
difference between the events is greater than the
time it takes light to pass between the events. In
other words, a signal could have passed between the
events. On the symmetric spacetime diagram, there
is a timelike separation between the origin and any
event above the upper diagonals. This is the “light
cone” of the origin.

2. (∆s)2 = 0: This is called a null separation. It
is the case where the time difference between the
events is exactly the same as the time it would have
taken a signal to pass between the events. On the
symmetric spacetime diagram, there is a null sep-
aration between the origin and any event directly
on one of the upper diagonals. These depict light
rays traveling to and from the origin and form the
boundaries of the light cone.

3. (∆s)2 < 0: This is called a spacelike separation,
and it means that events are causally disconnected.
Light did not have time to traverse the distance be-
tween the events, and so one could not possibly have
caused the other. On the symmetric spacetime dia-
gram, there is a spacelike separation between the
origin and any event below the upper diagonals.
These are events that are outside of the light cone
for the origin.
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To remember what positive or negative (∆s)2 means,
just imagine a pair of events which occur at the same
place in space. This would occur, for instance, in the
reference frame of a spaceship that travels from one
event to another. Then, the spacetime interval is sim-
ply (∆s)2 = (c∆t)2, which is definitely positive. Since
there is only a t coordinate on the right side, we say
this is ”timelike”.

Tip:

Lorentz Transformations

x

t t′

x′
P

O

t′ = QP

x′ = OQ

t = BC + CP

x = OA+AB

OA = OQ
γ

CP = QP
γ

AB = vt

(t, x, y, z)
(t′, x′, y′, z′)

A B

Q
C

Using the ideas of time dilation and length contrac-
tion from our perspective, we have that

BP = γQP

OB = γOQ

Using the same idea from their perspective yields

QP = γCP

OQ = γOA

The key is to notice that BC is the temporal dis-
crepancy BC = vx

c2 . This can be more easily seen if you
imagine the star ship at a certain point along the t′ axis,
then shift the x′ axis upward to correspond to the space-
ship’s “now”. Then from our perspective, the discrepancy
between our measurement of the t coordinate of P and
their measurement of the same, is BC.

Making some simple substitutions, we can get

t′ = QP

= γCP

= γ(t−BC)

= γ
(
t− vx

c2

)
x′ = OQ

= γOA

= γ(OB −AB)

= γ(x−AB)

= γ(x− vt).

Suppose we have an event with spacetime coordi-
nates (t, x, y, z) in our reference frame S. Now, suppose
another frame, S′ is moving in the x-direction and with
speed v relative to S. To find the spacetime coordinates
(t′, x′y′, z′) of the same event in frame S′, we have to use
the Lorentz transformations

t′ = γ
(
t− vx

c2

)
x′ = γ (x− vt)
y′ = y

z′ = z

Notice that the y and z coordinates of the event are
the same in both frames since the relative motion of the
frames is only in the x-direction.

If we are given the spacetime coordinates
(t′, x′, y′, z′) of the event in the other frame, and we
want the spacetime coordinates (t, x, y, z) of the event in
our own frame. In that case, we only have to change the
sign of the relative velocity v in the equations above, and
switch the primes. We get

t = γ

(
t′ +

vx′

c2

)
x = γ (x′ + vt′)

y = y′

z = z′

Note, a Lorentz transformation is often called a
boost.

To solve Lorentz transformation problems, follow the
steps

1. Identify the frames S and S′.
2. Identify the events.
3. For each event, write down the spacetime coordi-

nates in whichever frame of reference this is known.
4. Note the relative velocity between the frames if

given. Is it positive or negative?
5. Apply the Lorentz transformation to go from one

frame to the other.
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The equation for spacetime interval makes it a lot eas-
ier to solve certain Lorentz transformation problems
since we know that the spacetime interval between the
events in both frames is the same.

Tip:

Note that time dilation applies to the special case
where events are fixed in space, therefore, ∆x = 0 for
some frame of reference. In this case, the first Lorentz
transformation equation reduces to ∆t′ = γ∆t.

Similarly, length contraction applies to the special
case where events are simultaneous, therefore, ∆t = 0, for
some frame of reference. In this case, the second Lorentz
transformation reduces to ∆x′ = γ∆x.

Remember that if one of your frames is a moving
object, then that frame perceives no position change be-
cause it is carrying its coordinate system with itself—it
is always at the origin. In the frame of a moving muon,
for example, its change in x from its perspective is zero.
It is the other frame that is moving.

If you know three out of ∆x, ∆t, ∆x′, and ∆t′, but
not v, use the spacetime interval to solve it. You know
that the spacetime interval between the events is the
same from both frames of reference.

Tip:

Remember that if the two frames are traveling to-
ward each other, then their relative velocity is negative,
that is, v < 0.

In a laboratory at CERN, two simultaneous events
are 3 m apart. However, in a frame moving relative to
the laboratory frame, one event occurs 10 ns later than
the other. What is the spatial distance between these
events in the moving frame?

We start by identifying the laboratory frame as S
and the other frame as S′. Since the events occur si-
multaneously in S, their spacetime coordinates in S are
A = (t1, x1) and B = (t1, x1).

The information that we are given is

∆t = 0

∆x = 3 m

∆t′ = 10 ns

∆x′ = ??

Looking at the Lorentz transformation for t′, we
have

t′ = γ
(
t− vx

c2

)
.

Since the time in this frame is not simultaneous, we use
the form

∆t′ = γ

(
∆t− v∆x

c2

)
= 10 ns.

Notice that we don’t put a ∆ on the v since it is for
the relative velocity between the frames—it is the same
for both frames and there is no change in it—it is con-
stant. We don’t know how to handle accelerating frames
yet. Since the events occur simultaneously in S and 3m
apart, our equation becomes

∆t′ = γ

(
−v · 3 m

c2

)
= 10 ns.

Solving for γ gives us

γ = −10

3

ns

m
· c

2

v
.

The Lorentz transformation for ∆x′ is

∆x′ = γ (∆x− v∆t)

= γ (3 m)

Plugging in our value for γ gives us

∆x′ = −10

3

ns

m
· c

2

v
· (3 m) = −10 ns · c

2

v
.

Example:
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In 1987, a supernova (SN1987A) was observed in
the Large Magellanic Cloud, a satellite galaxy of the
Milky Way that is 163,000 light years from Earth. Ac-
cording to observers in the Andromeda galaxy (which is
2.54 million light years from Earth) by how much does
the elapsed time as measured by them differ from that
measured in the Earths frame? Assume a relative speed
between the galaxies of 120 km/s.

Note that what we care about here are two events—
the supernova explosion and its observation on Earth.
The space distance between these two events is ∆x =
163, 000 lightyears, and the time distance between these

two events is ∆t = 163, 000 years. We want to know the
time distance between these two events as seen from a
frame of reference that is moving at -120 km/s. Notice
that the velocity is negative since Andromeda Galaxy
is moving toward us.

Plugging these values into

∆t′ =

(
∆t− v∆x

c2

)
,

gives us ∆t′ = 163, 065 years as the time difference as
seen from Andromeda Galaxy. Notice that the distance
between Andromeda and Earth is never used.

Example:

(Adapted from Open Yale courses) For this prob-
lem, assume that the Earth and the Sun occupy the
same frame of reference. A huge solar flare erupts on
the Suns photosphere (event S) at 2pm, while a thun-
derstorm occurs in Tallahassee at 2:05pm (event T). A
spacecraft rushes from the Earth towards the Sun at
0.8c. From the point of view of the spacecraft, which
event occurs first and what is the time difference be-
tween them? What is the time difference according to
a spacecraft traveling at the same speed but from the
Sun to the Earth? Take the Earth–Sun distance to be
8.3 light minutes.

The easiest way to solve this is to use the Delta
form of the Lorentz time transformation. The Earth
and the sun are in one frame and the moving spacecraft
is in another frame. The space distance between the two
events is ∆x = 8.3 light minutes and we know that their
time difference is ∆t = 5 min. With this knowledge we
can solve the problem.

∆t′ = γ

(
∆t− v∆x

c2

)
=

5

3

(
5 m− 0.8c · 8.3 light minutes

c2

)
=

5

3
(5 m− 0.8 · 8.3 minutes)

= −2.73 minutes

So according to the spacecraft, the two events are
2.7 minutes apart. The negative sign indicates that the
order of the events are reversed, so the spacecraft sees
the thunderstorm occur first.

The other way of solving it is to break it down into
specific times using the t′ = γ

(
t− vx

c2

)
instead of the

Delta one. If we take 2:00 PM as t = 0, then the coordi-
nates of the thunderstorm from our frame are (5 min, 0)
and the coordinates for the solar flare are (0, 8.3 light
minutes). Plugging these into our equation gives

t′t−storm =
5

3
(5 m− 0) = 8.333 min

t′s−flare =
5

3
(0.8 · 8.3 lm) = 11.0667 min

Notice that we had to switch the sign on the velocity
in the second equaton since the spacecraft is traveling
toward the solar flare. Using this method, we again see
that the thunderstorm occurs first in the spacecraft’s
frame and the time between the two events is 2.73 min-
utes.

For the second part of the question, with everything
the same except for the spacecraft traveling the opposite
direction, we can again use either of the methods—they
will give the same answers. We now use v = −0.8c.

t′t−storm =
5

3
(5 m + 0) = 8.333 min

t′s−flare =
5

3
(−0.8 · 8.3 lm) = −11.0667 min

Notice that we switched the signs since the spacecraft is
now traveling toward the thunderstorm and away from
the solar flare. Now, the solar flare occurs first in the
spacecraft’s frame (which is the same as in our frame)
and the two events are 19.4 minutes apart.

Example:

In Newtonian physics, it is straightforward to add
velocities. For example, if you are on a train that is mov-
ing at 50 meters per second. If you walk at 0.5 meters
per second in the direction that the train is moving, then
relative to the ground, your speed is 50.5 meters per sec-

ond. It is not so simple to add relativistic velocities since
measures of length and time differ for reference frames in
relative motion.

Suppose your frame of reference is S. A second ref-
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erence frame, S′ is moving in the x-direction with speed
v relative to S. In frame S′, an object is moving in the
x′-direction with velocity u′ relative to S′. What is the
velocity of the moving object relative to your frame, S?
To calculate this, we use the formula for relativistic ve-
locity addition

u =
u′ + v

1 + u′v
c2

.

Remember that v is the speed of frame S′ relative to S,
and u′ is the speed of the object of interest relative to
frame S′. The speed u that we are calculating is the
speed of the object relative to our own frame, S.

To check that the signs are correct, check a couple
limits. When u and v are both much smaller than c,
then u′v

c2 ' 0, and u ' u′ + v, which is the ordinary non-
relativistic formula for velocity addition. On the other
hand, if you plug in u′ = c (for example, the person in
the other frame shoots a laser beam in the x direction),
then after simplifying, u = c. This must be the case since
the speed of light should be measured to be the same in
all inertial frames.

If you have the speed u of an object moving in the x-
direction relative to your own frame S, then the speed u′

of the object relative to another frame S′ that is moving
at speed S relative to your own frame is

u′ =
u− v
1− uv

c2
.

This is simply the reverse transformation of the one given
above. To obtain it, just switch the primes and change
the sign of v.

Suppose you are on Earth and you see spaceship
A approaching at 0.9c. In the opposite direction, you
see spaceship B approaching at 0.9c. What is the
speed, relative to each other, at which the spaceships
are approaching each other?

We might think their relative speed is 1.8c, but
this is the naive Newtonian approach, and it is not
valid for objects moving relativistically. Let us con-
sider the Earth and spaceship A to be frame S′.
Then the speed of spaceship A relative to frame S′

is u′ = 0.9c. The frame S (spaceship B) is moving at
speed v = 0.9c relative to frame S. The speed u of
the spaceships relative to each other is then

u =
0.9c+ 0.9c

1 + .81c2

c2

= 0.9945c.

Example:

Mass, Energy, and Momentum

In special relativity, the linear momentum of a particle
moving with velocity ~u is

~p = γm~u =
1√

1− u2

c2

m~u.

Notice that when u << c, this reduces to the Newtonian
momentum ~p = m~u. Also, as u → c, p → ∞. In other
words, as an object’s speed approaches the speed of light,
its effective mass approaches infinity. This is why it is
impossible for any massive object to travel at the speed
of light or faster.

In special relativity, the Newtonian force ~F = m~a is
not valid. However, the form

~F =
d~p

dt
,

is valid.

To find the kinetic energy of a relativistic particle,
we integrate the force. We find that

K = γmc2 −mc2.

By using binomial expansion, you can show that this re-
duces to K = 1

2mu
2 when u << c. The kinetic energy

contains one term that depends on the velocity of the
particle (there is a u in γ) and a term that does not. We
therefore identify

ER = mc2,

as the rest energy of the particle and

E = γmc2 = K +mc2,

as the total energy of the particle.

By combining the equations for total energy and mo-
mentum, we get the energy-momentum relation

E2 = p2c2 + (mc2)2.

This relation gives us the total energy of a relativistic
particle in terms of its rest energy and its momentum.
For a massless particle like the photon, m = 0, so the
relation reduces to E = pc, which is indeed the energy of
a photon.

The mass m of a particle does not depend on its mo-
tion. This means that mass is another invariant quantity
in special relativity.

The mass energy equivalence E = mc2 is universal,
and it implies that energy exhibits inertia just like mass.
In other words, if you increase an object’s energy, you
increase its effective mass. This means, for example, that
a hot object will be harder to accelerate than a cold one.

4-vectors

The ordinary three-dimensional vectors that we are used
to are sometimes called 3-vectors. In special relativity,
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since time and space are intertwined, we have to use 4-
vectors, which don’t always behave like the 3-vectors we
are used to.

The 4-vector for a spacetime position has the form

xµ = (x0, x1, x2, x3) = (ct, x, y, z).

The superscripts used here are not exponents. They are
simply labels. Notice that the space components of the
spacetime 4-vector are defined in the normal manner:
x1 = x, x2 = y, and x3 = z. However, the full space-
time 4-vector also has a time component x0 = ct.

Now that we have defined position in terms of a 4-
vector, we can use matrix multiplication to do a Lorentz
transformation.

x0′

x1′

x2′

x3′

 =


γ −γβ 0 0

−γβ γ 0 0

0 0 1 0

0 0 0 1



x0

x1

x2

x3

.

This is for a Lorentz transformation involving motion in
the x-direction. It assumes that β = v/c is the velocity of
the primed (’) frame in units of c. If the motion is along
one of the other axes, the matrix and vectors require only
a little modification.

By definition, 4-vectors are the vectors whose
Lorentz transformation properties use the same matrix.
Other useful 4-vectors include the energy-momentum
4-vector

pµ =

(
E

c
, ~p

)
,

where ~p is the relativistic 3-dimensional momentum vec-
tor. The current density 4-vector is

jµ =
(
cρ, ~J

)
,

and the 4-vector version of the wave vector is

kµ =
(
ω, c~k

)
.

If you have two 4-vectors, aµ and bµ then the rela-
tivistic dot product of the two is defined to be

aµ · bµ = a0b0 − a1b1 − a2b2 − a3b3.

In three-dimensional space, the dot product of 3-vectors
is invariant under rotations. That is, if you have two
vectors, then no matter how you rotate your coordinate
system, the dot product of the two vectors will always be
the same. Similarly, the relativistic dot product of two 4-
vectors is invariant under Lorentz transformations. This
means the dot product of two 4-vectors is the same no
matter what inertial frame it is measured in.

Suppose we have two events xµA and xµB in spacetime.
Then the displacement 4-vector is

∆s = xµB − x
µ
A.

Taking the relativistic dot product of this displacement
4-vector with itself gives us the familiar spacetime in-
terval

(∆s)
2

= (c∆t)
2 − (∆x)

2 − (∆y)
2 − (∆z)

2
.

Since this is a relativistic dot product, it is invariant under
Lorentz transformations. That is, the spacetime interval
between two events is the same no matter what inertial
frame it is measured from. Note, the spacetime interval
is sometimes simply called the invariant interval.

In a particle’s rest frame, its energy-momentum 4-
vector is

pµ = (mc, 0, 0, 0).

Taking the relativistic dot product of this vector with it-
self gives us

pµ · pµ = m2c2.

In a general inertial frame, the particle’s energy-
momentum 4-vector is

pµ = (E/c, ~p),

whose relativistic dot product is

pµ · pµ = (E/c)2 − ~p2.

Since the relativistic dot product is invariant, we equate
the two results to get the familiar relativistic energy-
momentum relation

E2 = ~p2c2 + (mc2)2.

In a collision in classical mechanics, we know that in
the absence of external forces, the total linear momentum
is conserved. If we have two particles with linear momenta
~p1i and ~p2i, that collide and then leave with linear mo-
menta ~p1f and ~p2f , then we know from conservation of
linear momentum that ~p1i+ ~p2i = ~p1f + ~p2f . Since these
are vectors, we can break them into components getting
one equation for conservation of the x-component of lin-
ear momentum and two more for the y and z components.

In relativistic mechanics, it is the energy-momentum
pµ that is conserved. If you have two particles with
energy-momenta pµ1i and pµ2i that collide and then leave
with energy-momenta pµ1f and pµ2f , then by conservation
of energy-momentum, we know that

pµ1i + pµ2i = pµ1f + pµ2f .

Just as in classical mechanics, we can break these into
components and get one conservation equation for each
component. Since we are dealing with 4-vectors, we now
get 4 equations instead of 3.
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The square of a particle’s 4-vector energy-momentum
is equal to its mass squared times the speed of light
squared, pµ · pµ = m2c2. Furthermore, the square of
any 4-vector is invariant. This allows you often to cal-
culate relativistic energies and momenta without com-
puting γ or β. Just choose inertial frames in which
the energy-momentum 4-vectors have as many zeros
as possible.

Tip:

Note, there is a difference between conserved and
invariant. Conserved means that a quantity is the same
before and after. Invariant means the quantity is the same
in every reference frame. For example, energy-momentum
is conserved but not invariant. All 4-vector dot products
are invariant. The relativistic kinetic energy is neither
conserved nor invariant.

7.2 General Relativity

General relativity describes gravity as spacetime. It en-
compasses a lot of topics, but in this section, we will only
look at a few of them.

Equivalence Principle

Einstein observed that the force felt by gravity is the same
as the force felt by an accelerated frame of reference. In
other words, one wouldn’t notice a difference in force be-
tween being in a small room at rest on the surface of
Earth or in a small room in empty space that is being
accelerated upward with a force of g.

Gravity is just the distortion of spacetime caused by
the presence of matter/energy. A falling object is just fol-
lowing the path of least resistance in curved spacetime.

The Metric

In spherical polar coordinates, a point in space is repre-
sented by the three numbers (r, θ, φ), where r is the dis-
tance from the origin to the point, θ is the angle between
the point and the positive z axis, and φ is the angle be-
tween the positive x coordinate and the point’s projection
onto the xy-plane.

The spacetime interval of special relativity expressed
in spherical polar coordinates is

ds2 = (cdt)
2 −

(
dr2 + r2dθ2 + r2 sin2 θdφ2

)
.

The diagram below shows the relationships.

y

x

z

A
B

Cdφ
r

dl

θ

In general relativity, spacetime is described by the
metric tensor, guv. The formula for the interval is called
the metric.

The set of 16 partial differential equations

Rµν − 1

2
gµν = −8πG

c2
Tµν , where µ, ν = 0, 1, 2, 3

whose solutions gµν describe the geometries of 4D space-
time in general relativity. These equations describe how
energy, in all its forms, warps spacetime. Gravity is that
warping of spacetime.

Matter determines geometry and geometry deter-
mines how matter moves. That geometry can be used
to describe physics (e.g. the thought experiments of Ein-
stein) was a breakthrough. The left side of the equation
above describes the geometry of spacetime, and the right
side describes the matter within it. The equality relates
the two.

Light is affected by gravity. Light rays bend. This is
because the light is traveling through a curved spacetime.

Due to the Einstein field equations being nonlinear
partial differential equations, exact solutions are difficult
to find. The Schwarzschild Metric was the first ex-
act solution found. This solution describes the spacetime
around a nonrotating spherical body. This solution is the
basis of the GPS system. The Schwarzchild metric is

ds2 = f(cdt)2 − (f−1dr2 + r2dθ2 + r2 sin2 θdφ2),

where
f = 1− rs

r
,

and

rs =
2GM

c2
.

One conceptual problem with GR is that it’s sometimes
difficult to figure out what the solutions mean. The sym-
bols don’t always mean what you would assume they’d
mean.

The quantity rs is called the Schwarzschild radius,
and it’s approximately 3 km for the sun. Notice that if
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r >> rs (i.e. you’re very far from the spherical body),
then f reduces to 1 and the whole solution reduces to
the flat spacetime of special relativity albeit in spheri-
cal coordinates where r is the radial distance from the
spherical mass. Since this reduces to the spacetime of
special relativity for large r, we can conclude that t is the
time as measured by a clock at a great distance from the
mass—since this is the same t as in the metric for special
relativity.

If the position of the mass and you are fixed, i.e.
dr = dθ = dφ = 0, the solution reduces to ds2 = f(cdt)2,
which implies that ds =

√
fcdt. Recall that for a clock

at a fixed location, ∆τ = ∆s
c is the proper time, i.e. the

temporal separation along the clock’s worldline. There-
fore, dτ = ds

c =
√
fdt implies that you will measure a

shorter elapsed time on a clock that is closer to a massive
spherical body than on one far away.

There are two time dilation effects that have to be

taken into account in general relativity:

1. Relative motion causes time dilation and this can
be computed using Lorentz transformations.

2. Gravity causes time dilation and this can be com-
puted using the Schwarzchild metric.

With this knowledge, can we compute the difference
between the elapsed time on the surface of Earth and the
elapsed time on the surface of the sun given that 24 hours
has passed on Earth? We can neglect the relative motion.

We want to find ∆τ� − ∆τE . Using the fact that

dτ = ds
c =

√
fdt, we have that

∆τ =
∆s

c
= ∆t

√
1− rs

r
, rs =

2GM

c2
.

Keep in mind that ∆τ is the elapsed time on the spherical
body and ∆t is the elapsed time far away, that is, it’s the
reference time.

If 24 hours has passed on Earth, how much time
has passed far away?

ME = 5.97× 1024 kg

G = 6.67× 10−11 m3/kg · s2

c = 3.00× 108 m/s2

rE = 6.37× 106 m

rs(E) =
2GM

c2

=
2× 6.67× 10−11 m3/kg · s2 × 5.97× 1024 kg

(3.00× 108 m/s2)2

= 0.008 85 m

∆τE = 24 h = 86 400 s

Solving our earlier equation for ∆t and plugging all this
in, we find that the elapsed time far away on a reference
clock is

∆t =
∆τE√

1− rs(E)

rE

=
86 400 s√

1− 0.008 85 m
6.37× 106 m

= 86 400.000 06 s

So in 24 hours on Earth’s surface, 0.000 06 s more sec-
onds have passed on a clock very far away. For the sun,
we have that

M� = 1.99× 1030 kg

r� = 6.96× 108 m

rs(�) =
2× 6.67× 10−11 m3/kg · s2 × 1.99× 1030 kg

(3.00× 108 m/s2)2

= 2950 m

So the time that has passed on the sun is

∆τ� = ∆t

√
1−

rs(�)

r�

= 86 400.000 06 s

√
1− 2950 m

6.96× 108 m
= 86 399.82 s

In other words, time passes a little more slowly on the
surface of the sun than on the surface of Earth, and this
discrepancy is ∆τE−∆τ� = 0.18 s for a 24 hour period
on Earth.

Example:

Alcubierre’s Metric

Another solution to Einstein’s field equations is the Alcu-
bierre metric. The Alcubierre metric describes a bubble
of spacetime that is able to move faster than light relative
to spacetime on the outside of the bubble provided that
the bubble is lined with a sufficient amount of negative

energy.

ds2 = (cdt)2 − [(dx− V (t)qdt)2 + dy2 + dz2],

where V (t) = dw
dt is the speed of the starship if w(t) is

the function of the worldline relative to Earth and q = 1
if you’re inside the bubble and q = 0 if you’re outside the
bubble.
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Inside the bubble, spacetime is warped, but space is
not warped! This can be seen by setting dt = 0, because
space is simply where there is no change in t.

When traveling in an Alcubierre bubble, there’s also
no time dilation.
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7.3 Quantum Mechanics

Background

A blackbody is an idealized object that absorbs all inci-
dent radiation. Since it absorbs all incident radiation, it
appears black, at least until it is heated. When a black-
body is heated, it emits blackbody radiation.

The total power radiated at all wavelengths by a hot
blackbody is given by the Stefan-Boltzmann law

P = eσAT 4,

where the emissivity is e = 1 for a blackbody. A is the
surface area of the blackbody, T is the temperature in
kelvin, and σ is the Stefan-Boltzmann constant. This was
discovered empirically by Josef Stefan and later derived
from thermodynamics principles by Ludwig Boltzmann.

According to Wien’s law, an empirical law, the ra-
diation peaks at a wavelength that is inversely propor-
tional to the temperature of the blackbody. This means
that as a blackbody’s temperature is increased, the black-
body radiates at shorter and shorter wavelengths. The
distribution of the wavelengths at which a blackbody ra-
diates depends only on its temperature–not on its mate-
rial properties.

An example of a blackbody would be a cavity in some
object with a small hole open to the outside. Any radia-
tion entering the small hole would bounce around inside
the cavity and get absorbed by the object. Since the hole
is a perfect absorber, it is a blackbody, and any radiation
emitted from the hole in the object, must be blackbody
radiation. Blackbody radiation is radiation due only to
the temperature of an object. This is as opposed to ra-
diation caused by other things such as interactions with
electromagnetic fields. Microscopically, blackbody radia-
tion is due to the thermal motion of the atoms. Planets
and stars can be approximated as blackbodies.

In 1900, the spectral radiance of a blackbody was
approximated by the Rayleigh-Jeans law

R(λ, T ) =
2πckT

λ4
,

where k is the Boltzmann constant. The spectral ra-
diance is the radiant energy emitted by the blackbody
per unit time, per unit solid angle per unit projected area
per unit wavelength. Its units are watts per steradian per
square meter per meter.

The Rayleigh-Jeans law agree with experiments for
long wavelengths emitted by blackbodies, but strongly
disagreed for short wavelengths. Notice that with λ4 in
the denominator, as λ→ 0, the radiance went to infinity.
This implied that a blackbody would emit infinite energy.
This was called the ultraviolet catastrophe.

The ultraviolet catastrophe was resolved with the in-
troduction of Planck’s law which worked not just for
long wavelengths (like the Rayleigh-Jeans law), but also
for short wavelengths

R(λ, T ) =
2πhc2

λ5
(
e
hc
λkT − 1

) .
However, Planck’s law implied that the energy of a vi-
brating molecule is quantized, and this is not compatible
with classical physics.

Before quantum mechanics, light was thought to be
a wave phenomenon. In fact, Young’s double slit experi-
ment showed that light was indeed a wave. But in 1887,
the photoelectric effect raised a paradox of sorts. The
photoelectric effect is the phenomenon in which electrons
can be ejected from a metal by shining a light on the
metal. By setting up an appropriate experiment, the rate
of electrons being ejected can be measured as a current.

Recall that the wavelength of light pertains to its
color. Longer wavelength light is more toward the red
end of the spectrum, and short wavelength light is more
toward the blue end of the spectrum. The intensity of
light pertains to its brightness. So you can have a very
intense light of long wavelength (i.e. very bright red light)
or you could have low intensity light of short wavelength
(i.e. dim blue light).

Classical physics predicted that increasing the light
intensity (i.e. brightness) would eject more electrons with
more energy, but experiment showed that more electrons
were ejected with more energy when shorter wavelength
light was used. Above a certain wavelength, no electrons
were ejected at all, no matter how intense the light was.

Albert Einstein explained the photoelectric effect by
treating light as particles with energy

E = hf,

rather than waves. That is, electromagnetic energy is
quantized. We now know that an intense but long wave-
length light won’t eject electrons from metal because the
long wavelength photons simply don’t have enough en-
ergy, it doesn’t matter how many of them we throw at
the metal. On the one hand, we know that light is a wave
(double slit experiment), but on the other hand, we know
that light is particles (photoelectric effect). In fact, it is
a new kind of thing that is either a wave or a particle
depending on how we look at it.

Another mystery of the time was the spectra of dif-
ferent gases. When a gas is excited by electric discharges,
it emits light. When that light is dispersed with a prism,
it shows a spectrum that includes many dark lines among
the otherwise continuous spectrum. These dark lines were
unique to the gas being analyzed. The wavelengths of the
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dark lines in the hydrogen spectrum were found to follow
the Rydberg formula

1

λ
= R

(
1

n2
2

− 1

n2
1

)
,

where R is the Rydberg constant. The wavelengths
with n2 = 1 form the Lyman series which lies in
the ultraviolet range. The wavelengths with n2 = 2
form the Balmer series which lies in the visible range.
The wavelengths with n2 = 3 form the Paschen series
which lies in the infrared range. The values of n1 are
n1 = n2 + 1, n2 + 2, . . ..

Despite having a formula that gives the wavelengths
of the dark lines, there was no theoretical explanation un-
til the Bohr model of the atom was proposed. In this
model, the electron moves in a circular orbit about the
central nucleus–bound to it by the electric force. To ex-
plain the spectrum of hydrogen, Bohr asserted that the
electron’s energy was quantized, so it could only have cer-
tain energies. He assumed the energy of each quantum
was E = hf . When the electron gained or lost a quantum
of energy, it would jump or drop to another allowed orbit.
The allowed hydrogen energy levels in the Bohr atom are

E = − ke2

2a0n2
, n = 1, 2, 3, . . .

where

a0 =
~2

mke2
≈ 53 pm,

is the Bohr radius. Note that k is the Coulomb constant
and e is the elementary charge. The hydrogen energy lev-
els can be conveniently approximated by

E = −13.6 eV

n2
.

Bohr’s model explained the spectrum of hydrogen, but it
didn’t work for any other atoms.

Then in 1923, De Broglie realized that since light had
wave-particle nature, perhaps matter particles, like elec-
trons, could also be treated as waves. By combining, the
relativistic energy of a photon, E = pc, with the quan-
tum mechanical energy of a photon, E = hf , then since
c = λf , we get the de Broglie relation

λ =
h

p
,

between the momentum and wavelength of a photon. De
Broglie proposed that this relation also holds for matter
particles. It was later confirmed by Davisson and Ger-
mer. They sent a beam of electrons through a crystal,
and the result was a wave-like diffraction pattern.

Notice that the de Broglie wavelength depends on
the speed v of a particle. This means we can adjust the
wavelength of electrons simply by giving them the right

speed. This allows us to get around the diffraction limit of
optical microscopes by using high speed electrons which
have a much shorter wavelength than visible light. The
result is the electron microscope.

One strange implication of the quantization of en-
ergy is the uncertainty principle. Heisenberg formulated
the uncertainty principle

∆x∆p ≥ 1

2
~,

where ∆x is the uncertainty of the position and ∆p is the
uncertainty of the momentum. This means that the more
precisely you know one value, the less precisely you know
the other value. The uncertainty principle is a result of
the wave nature of matter–it has nothing to do with the
measurement. A similar uncertainty principle exists for
energy and time

∆E∆t ≥ 1

2
~.

We can think of it like this. If we know the exact
momentum of a particle, then by the de Broglie relation

h

λ
= p,

it must have a single well-defined wavelength. However,
this wavelength is the same everywhere–it is infinitely
long and looks the same everywhere. Therefore, we know
nothing about the particle’s position.

The principle of complementarity, asserted by
Bohr, is that wave and particle pictures of reality of are
complementary. They are both true, but the nature that
you observe depends entirely on the construction of your
experiment. Also, according to his correspondence
principle, the predictions of quantum mechanics should
correspond to the predictions of classical physics at the
macro-level, where the quantum nature of reality is not
noticed.

In electromagnetic theory, the behavior of light waves
is determined by Maxwell’s equations. In quantum me-
chanics, the behavior of matter waves is determined by
the Schrodinger equation.

In quantum mechanics, a system is described by
a wavefunction ψ. The Schrodinger equation tells
us how that wavefunction evolves in time. The
time-independent and one-dimensional version of the
Schrodinger equation is

− ~2

2m

d2ψ

dx2
+ V (x)ψ(x) = Eψ(x).

The Schrodinger equation is only valid in the nonrela-
tivistic case. For the electron, at least, we also have a rel-
ativistic version called the Dirac equation. The Dirac
equation implies more interesting things about quantum
mechanics. Things like antiparticles, for example.
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Foundations

System and State

Every entity in the universe is in a particular state.
The state of something is all of the quantities and con-
figurations that define that something. To answer any
physically meaningful question about a system, one needs
only to know its state. Remember, the system is the set
of objects and a state is a single one of the multiple con-
figurations that the system could be found in. For a the
Schrodinger’s cat system, for example, there are two pos-
sible states—the cat is dead or the cat is alive. For a
particle in a box, there might be a very large number of
states—one for each possible position where the particle
could be found.

In classical mechanics, to completely specify the con-
figuration of a single particle system, all you need to give
are x and p—the position and the momentum. All other
physical quantities about the system can be computed
from x and p.

In the real world, because of the uncertainty princi-
ple, this classification is not enough. In the real world (i.e.
quantum mechanics), the state of a system is represented
by its wavefunction.

In Dirac notation, a “ket”, |〉, is used to represent
something that is known. For a system with a wavefunc-
tion ψ, that is, it’s in the state ψ, it is represented in Dirac
notation by |ψ〉, and is called a state vector. A state vec-
tor is a vector in an abstract Hilbert space. For each
different state (i.e. each different wavefunction), there’s
a vector corresponding to that state.

Wavefunction

The first postulate of quantum mechanics is that the
configuration or state of a quantum object (i.e. system)
is completely specified by a single function—a complex
wavefunction ψ(x). In Dirac notation it is denoted |ψ〉.
In other words, the wavefuntion is some function that
encodes everything there is to know about the quantum
system. For every possible state of a physical system,
there exists a wavefunction that completely describes that
state. For the wave function to be valid, it must

1. Be single-valued (i.e. be an actual function)
2. Be continuous everywhere
3. Go to zero at infinity.

There are also boundary conditions on the wavefunc-
tion. In the 1D box quantum system, the object is con-
strained to exist within strict boundaries, that is, the
walls of the box. Since the walls of the box are impen-
etrable, the wavefunction must go to zero there and be
zero everywhere outside of the box. If the particle is free
to roam everywhere and no forces act on it, then the
boundary condition is that the wavefunction goes to zero

as x→ ±∞.

Frequently, for a single particle system, the wave-
function is equated to the particle. This is not completely
accurate. The wavefunction is the entire system which is
the particle plus any boundaries such as walls that the
particle is interacting with. If we have two particles in
our quantum system, our wavefunction would be a func-
tion of the position of both particles ψ(x1, x2).

Keep in mind the difference between systems and
states. A wavefunction describes a single state. The
Schrodinger equation describes how the system evolves
from one state (i.e. wavefunction) to the next.

Probability

The second postulate of quantum mechanics gives
us the meaning of the wavefunction. It states that the
square of the wave function is the probability of experi-
mental outcomes.

If the wave function of a particle is ψ(x), then for a
1-dimensional system,

P(x) = |ψ(x)|2dx.

That is, |ψ(x)|2dx is the probability of finding the parti-
cle in the infinitesimal region between x and x+ dx. For
a 3-dimensional system, |ψ(x, y, z)|2dV is the probabil-
ity of finding the particle in the infinitesimal volume dV .
Keep in mind that ψ is in general a complex function, so
|ψ|2 means to multiply the wavefunction by its complex
conjugate

|ψ(x)|2 = ψ∗(x)ψ(x) = ψ∗ψ.

In Dirac notation, we would say that |〈q|ψ〉|2 gives the
probability that the system is in the state q.

It makes sense that probability of finding a particle at
a given position is proportional to the amplitude squared
of the wave function. Recall from electromagnetism that
the average intensity of an electromagnetic wave in terms
of the electric field is

S =
E2
p

2µ0c
.

The intensity of an electromagnetic wave has to do with
the number of photons contained in the wave. Therefore,
the probability of finding a photon at a given position is
proportional to the intensity, which means it is propor-
tional to the amplitude squared of the electric field.

The probability that a particle will be found at a sin-
gle point is zero (assuming continuous space), and that
is why we consider a small range dx instead of a single
point. The equation above gives a probability density. We
say that the probability density of finding the particle in
the region x to x+dx is |ψ(x)|2dx. However, this is essen-
tially the same as saying that the probability of finding
the particle at x is |ψ(x)|2.
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Since the particle must be somewhere, it follows that
the sum of its probabilities for being in a specific spot
summed over all possible spots must be equal to 1.ˆ

all space
|ψ|2 dV =

ˆ
all space

|ψ(x)|2 dx = 1

A wave function that satisfies this condition is said to be
normalized. For a free particle, which could be found
anywhere, the integral goes from negative to positive in-
finity. If the particle is constrained to exist in a box, the
integral goes over the whole region in the box. In other
words, the integral is over the entire space in which it is
possible to find the particle.

The units of the wave function are one over the square
root of length. This can be seen in the integral above.
Since dx has units of length and the right side is unit-
less, then the unit of length must be canceled by the
unit in the argument of the integral. Dimensional anal-
ysis is absolutely essential. It’s an incredibly powerful
technique to check one’s work and to gain insight into
a problem that one is trying to solve.

Tip:

A graph of the probability density, that is, a graph
of |ψ(x)|2 can tell us a lot about a quantum object. If the
wavefunction is entirely real, then we can guess the shape
of |ψ(x)|2 from the shape of ψ(x), but if it is complex,
then it’s not as easy. If the graph of |ψ(x)|2 is localized,
that is, if it has a single peak at some x-value and is zero
everywhere else, then we know with high certainty that
the particle will be found at that x-value. On the other
hand, since we can see no periodicity and therefore no
wavelength, we don’t know anything about the momen-
tum of the particle (since the momentum is related to the
wavelength via p = ~

λ ). However, if |ψ(x)|2 is periodic,
then it does not have a single likely position—it could be
found at any of the peaks, but since it has a well defined
wavelength, then we know a lot about the momentum of
the particle. In summary, the graph of |ψ(x)|2 gives us
information about the position, the momentum, and the
uncertainties of those quantities.

Superposition

If an electron in a two-slit experiment traveled from
A to B without taking either path, without taking neither
path, and without taking both paths, what logical pos-
sibility remains? We need a new word superposition.
The electron was in a superposition of all possibilities.

The measurement of an electron being “white”
doesn’t mean the electron was white. It means that mea-
surement causes the electron to be white.

The third and most important postulate of quantum
mechanics is that given two possible configurations (i.e.

states) of a quantum system corresponding to two dis-
tinct wavefunctions ψ1(x) and ψ2(x), the system can also
be in a superposition state

ψ(x) = αψ1(x) + βψ2(x),

where α and β are complex numbers. In other words, in
addition to possibly being in the state described by ψ1(x)
and in the state described by ψ2(x), the system could also
be in the superposed state αψ1(x)+βψ2(x). For example,
if Schrodinger’s cat could be either alive or dead, then by
this postulate it could also be in a combination of alive
and dead. This is the most important and profound fact
about quantum mechanics.

More formally, and using Dirac notation, we say that
states can be represented as a linear sum

|ψ〉 =
∑
i

ci|q〉

over base states. According to Hugh Everett, each dif-
ferent base state |q〉 exists in an alternate universe. An
atom, for example, can be in some sense decayed and not
decayed at the same time.

A wave is a nonlocalized object capable of interfer-
ing with itself. A wave that hits a screen, hits the screen
everywhere. This is in contrast to particles, which are
localized and don’t interfere with each other. In the dou-
ble slit experiment, quantum objects act like both waves
and particles because they are in a superposition of both.
When you have superposed wavefunctions, they can re-
sult in interference.

Another way to think of it is that wavefunctions are
fancy vectors. Vectors can be in a superposition (i.e. a
sum) of other vectors. To work with superposed vectors,
we pick a set of orthogonal basis vectors such as x̂ and ŷ.
Wavefunctions can be superposed much like vectors.

Operators and Observables

An observable is simply a physical, measurable quan-
tity. For example, position, momentum, and energy are
observables. Observables have different ranges. Position
and momentum are continuous. Because of the uncertan-
ity principle, the better you know one, the worse you know
the other. Other observables such as spin have binary
values—up or down. Knowing the spin in the x-direction
destroys your knowledge of the spin in the y-direction.

An operator is simply something that acts on a func-
tion to produce a new function

Ôf(x) = g(x),

that is, it transforms one function into another function.
The simplest operator might be Ô = 1, and all it does
to a function is multiply it by one. A well-known oper-
ator from calculus is the derivative. If it is applied to a
function it returns a new function that is the derivative
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of the first function. In vector calculus, curl, divergence,
and gradient are examples of operators. In quantum me-
chanics, we use weird operators like e to the power of the
derivative with respect to x. A ”hat” is typically put over
a symbol to denote that the symbol is an operator unless
it is obvious that the symbol is an operator.

In general, the operators used in quantum mechanics
are linear operators. Linear operators possess the prop-
erties

Ôaf(x) = aÔf(x)

Ô(f(x) + g(x)) = Ôf(x) + Ôg(x)

where a is a constant and f and g are functions. In
other words, the operator applied to a sum of functions
is the sum of the operator applied to each of the func-
tions. Also, the constant passes right through the oper-
ator. Notice that “squaring” is not a linear operator be-
cause (a + b)2 6= a2 + b2. When using operators, we just
have to test them to see if they’re linear. When testing
operators, we apply them to generic functions like f(x).
Don’t just apply them to a constant because the deriva-
tive operator, for example, returns 0 if applied only to a
constant. Linear operators are important for us because
in quantum mechanics, states are superpositions (i.e. lin-
ear combinations) of base states.

The operator for position x̂ simply multiplies a func-
tion by x. The operator for momentum is

p̂ = −i~ d

dx
.

Apply it to a wavefunction, and you can extract the mo-
mentum as an eigenvalue. The energy operator gives the
total energy of a quantum system. We can express kinetic

energy as K = 1
2mv

2 = p2

2m , so the total energy opera-
tor, which is the sum of the kinetic and potential energy
operators is

Ê =
p̂2

2m
+ V (x̂) = − ~2

2m

d2

dx2
+ V (x̂).

The operator x̂ inside the potential energy function sim-
ply means to replace x wherever you find it in V (x) with
the operator x̂.

Another postulate of quantum mechanics is that for
every observable (i.e. physical quantity) there corre-
sponds an operator Ô associated with numerical values
q called the eigenvalues of Ô. For example, the position
operator x̂ when applied to a wavefunction, returns a nu-
merical eigenvalue—the position of the particle.

According to Noether’s theorem, for every sym-
metry there is an associated conserved quantity. In
physics, we have translational symmetry, which means
the result of an experiment is the same if we translate
the entire system to a new position. The conserved quan-
tity associated with translational symmetry is conserva-
tion of linear momentum. Similarly, time symmetry gives

us conservation of energy, and rotational symmetry gives
us conservation of angular momentum.

Eigenfunctions and Eigenvalues

Linear operators can have “special” associated func-
tions such that when the operator acts on the function, it
gives back the same function times a constant of propor-
tionality. Consider the case when some operator Â acts
on a function fa(x) and returns the same function times
a constant of proportionality a

Âfa(x) = afa(x).

In this case, the function is called an eigenfunction (or
base state or eigenstate) and the constant of proportion-
ality is called an eigenvalue. So whenever an operator
acts on a function and returns a constant times the same
function, then that function is an eigenfunction of that
operator and the constant is an eigenvalue of that opera-
tor. The constant a could take on many, or even infinite,
values.

For example, consider the function f(x) = ekx and
the operator Ô = d

dx . Since

Ôf(x) =
d

dx
ekx = kf(x),

the operator applied to the function results in a constant
k times the same function, then ekx is an eigenfunction
of the operator d

dx and k is an eigenvalue of the operator
d
dx .

In Dirac notation, if Ô|ψ〉 = q|ψ〉, then |ψ〉 is a base
state (i.e. eigenfunction) and q is an eigenvalue.

In quantum mechanics, the eigenvalues are complex.
If the momentum operator p̂ acts on a wavefunction
ψ(x) = eikx, it returns the same function times ~k.

p̂eikx = ~keikx.

This means ~k is an eigenvalue of the momentum opera-
tor. It also means that if your state is ψ(x) = eikx then
it has momentum ~k.

This means that we can only get exact values for an
observable when the operator of that observable is applied
to an eigenfunction of the operator. If it’s not being ap-
plied to an eigenfunction, then we won’t get an eigenvalue
back, and an eigenvalue is just the exact value of the ob-
servable for that state. In other words, in many cases, we
can not get a definite answer (i.e. eigenvalue) by applying
an operator to a wavefunction because that specific wave-
function is simply not an eigenfunction of that operator.
On the other hand, if we specifically, physically measure
the observable, we force (i.e. collapse) the wavefunction
into an eigenfunction of that operator. Our measurement
forces the wavefunction to change because the value we
measure must necessarily be a real-valued eigenvalue of
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the associated operator. This is the projection postu-
late.

When several functions have the same eigenvalues,
those eigenfunctions are termed “degenerate”. This oc-
curs with energy–where multiple wavefunctions can give
the same energy levels. One physical result of this is the
electron degeneracy pressure that prevents white dwarfs
from collapsing completely.

State Evolution and the Schrodinger Equation

From Maxwell’s equations, we can derive a wave
equation for electromagnetic waves. Waves and particles
are related via the De Broglie relations, but matter has
non-zero rest mass, so deriving a wave equation is not
as simple as with pure electromagnetic radiation. The
appropriate wave equation was developed by Shrodinger
and is given here

i~
∂ψ

∂t
= − ~2

2m
∇2ψ + V (r)ψ

where i is the imaginary unit, ~ = h
2π , m is the mass of the

particle, V (r) is the potential energy function, ψ is the

wavefunction and ∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 . The Schrodinger
wave equation does not describe a real physical wave be-
cause, in general, the wave function ψ is complex.

The Schrodinger equation gives the evolution of a
quantum system. Schrodinger’s equation is just the quan-
tum version of Newton’s laws of motion. It predicts the
future behavior of dynamic quantum systems. A system
left undisturbed will evolve according to the Schrodinger
equation. In Dirac notation, we say that state vectors |ψ〉
evolve according to the Schrodinger equation

i~
d

dt
|ψ〉 = H|ψ〉,

where H is the Hamiltonian. The Hamiltonian is the
operator representing the energy of the physical system.

To analyze the behavior of a quantum system, one
develops a solution to the Schrodinger equation and then
applies the appropriate boundary conditions to the solu-
tion. This process gives the allowed wave functions and
energy levels of the system being considered. Then by
manipulating the wave function, one can calculate all the
measurable features of the system.

The complete Schrodinger equation for a single par-
ticle is

i~
∂

∂t
ψ(~r, t) = − ~2

2m
∇2ψ(~r, t) + V (~r, t)ψ(~r, t).

This is usually written in the more compact form

i~
∂

∂t
ψ(~r, t) = Ĥψ(~r, t), where Ĥ = − ~2

2m
∇2+V (~r, t).

If the potential energy of the particle is not dependent on
time, then the Schrodinger equation becomes the simpler

− ~2

2m
∇2ψ(~r) + V (~r)ψ(~r) = Eψ(~r),

which is usually written in the more compact form

Ĥψ = Eψ, where Ĥ = − ~2

2m
∇2 + V (~r).

If the particle moves along only one dimension, the time-
independent Schrodinger equation becomes

− ~2

2m

d2

dx2
ψ(x) + V (x)ψ(x) = Eψ(x),

which is usually written in the more compact form

Ĥψ = Eψ, where Ĥ = − ~2

2m

d2

dx2
+ V (x).

Commutativity

The commutator [a, b] of two objects a and b is
defined as

[a, b] = ab− ba.

If the two objects are just numbers then [a, b] = 0. If they
are operators instead of numbers, then the commutator
is not necessarily zero. That is, ab = ba is not necessarily
true for operators.

There are pairs of observables, such as position and
momentum for which no state exists in which both observ-
ables have definite values simultaneously. This is a result
of the uncertainty principle. The operators for such ob-
servables do not commute. If two operators do not com-
mute then their associated observables cannot both be
exactly known at the same time.
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Show that no state |A〉 (i.e. wavefunction) exists
for which

x̂|A〉 = x|A〉
p̂|A〉 = p|A〉

if [x̂, p̂] = i~. What this problem is claiming is that a
particle has a precise position x and a precise momen-
tum p.

Notice that the given equations are eigenvalue
equations because the operators x̂ and p̂ operating on
the state |A〉 return the same state times a constant.

We start with the given fact that

[x̂, p̂] = x̂p̂− p̂x̂ = i~.

Next, we apply the double pair of operators to a state
|A〉 and distribute

(x̂p̂− p̂x̂)|A〉 = i~|A〉
x̂p̂|A〉 − p̂x̂|A〉 = i~|A〉

But from the problem statement, we are assuming that
x̂|A〉 = x|A〉 and p̂|A〉 = p|A〉, so

x̂p|A〉 − p̂x|A〉 = i~|A〉.

Since x and p are just numbers now, they pass through
the remaining operators without being changed

px̂|A〉 − xp̂|A〉 = i~|A〉,

and again, we apply the given values to get

px|A〉 − xp|A〉 = i~|A〉.

Now, that there are no more operators, we can abstract
out the state (i.e. divide both sides of it) to get

px− xp = i~.

However, since x and p are now just numbers instead of
the operators we started with, they commute and so

0 = i~,

which is a contradiction, proving that there’s no state,
or wavefunction, that has precise position and precise
momentum simultaneously.

Example:

Calculating the Probability

Recall that a system can be in a superposition of
states

|ψ〉 = a|ψ1〉+ b|ψ2〉,

but when measured, we will only see a definite result ei-
ther |ψ1〉 or |ψ2〉 in this case. The coefficients on the base
states allow us to calculate the probability of finding the
system in one or the other state. To calculate the prob-
ability of finding the system in the state, say, |ψ2〉, we
first find the amplitude 〈ψ2|ψ〉, essentially by multiplying
through by 〈ψ2|:

〈ψ2|ψ〉 = a〈ψ2|ψ1〉+ b〈ψ2|ψ2〉.

Here, we apply the Dirac delta function rule, which states
that if 〈ψn|ψm〉, if n = m, then 〈ψn|ψm〉 = 1, and other-
wise it is zero. Applying this, the first term on the right
becomes zero, and we get

〈ψ2|ψ〉 = b.

What 〈ψ2|ψ〉 means is “the probability amplitude of
the system transitioning from the state |ψ〉 to the state
|ψ2〉”. In our case, the probability amplitude is b. We’re
not done. To find the probability, we need to take the
modulus squared... meaning multiplying b by its complex
conjugate b∗. So

P(|ψ〉 → |ψ2〉) = |b|2 = b∗b.
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Now we do an example with Schrodinger’s cat. Schrodinger’s cat has two possible outcomes (i.e. base states)
represented by |alive〉 and |dead〉. What is the probability of opening the box and finding it alive if its state is
represented by the superposition

|ψ〉 =

(
1

3
√

2
+

2

3
√

2
i

)
|alive〉+

(
1√
2
− 2

3
√

2
i

)
|dead〉?

First we need to find the probability amplitude for the cat with wavefunction |ψ〉 to be found in the base state
|alive〉. So we need to find the probability amplitude 〈alive|ψ〉. We multiply through by 〈alive| to get

〈alive|ψ〉 =

(
1

3
√

2
+

2

3
√

2
i

)
〈alive|alive〉+

(
1√
2
− 2

3
√

2
i

)
〈alive|dead〉.

Assuming that the probability amplitude for a dead cat to become alive is zero, that is 〈alive|dead〉 = 0 and the
probability amplitude for an alive cat to become alive is one, that is, 〈alive|alive〉 = 1, we get

〈alive|ψ〉 =
1

3
√

2
+

2

3
√

2
i.

Finally, the actual probability is just the modulus squared of the probability amplitude, that is, it’s the probability
amplitude times its complex conjugate:

P(alive) = |〈alive|ψ〉|2

=

(
1

3
√

2
+

2

3
√

2
i

)∗(
1

3
√

2
+

2

3
√

2
i

)
=

(
1

3
√

2
− 2

3
√

2
i

)(
1

3
√

2
+

2

3
√

2
i

)
= 27.8%

If we do the same calculation for P(dead), we find that

P(dead) = |〈dead|ψ〉|2

=

(
1√
2
− 2

3
√

2
i

)∗(
1√
2
− 2

3
√

2
i

)
=

(
1√
2

+
2

3
√

2
i

)(
1√
2
− 2

3
√

2
i

)
= 72.2%

Because the two probabilities add up to 1, we say that it is normalized.

Example:

Free Particle Quantum System

For a free particle moving through empty space, the po-
tential is V (x) = 0 everywhere. It is moving in one di-
mension, so the Schrodinger equation becomes

Eψ = − ~2

2m

d2ψ

dx2

−2mE

~2
ψ =

d2ψ

dx2

d2ψ

dx2
= −k2ψ where k =

√
2mE

~
.

The solution ψ to this second order differential equa-

tion d2ψ
dx2 = −k2ψ is a function whose second derivative

equals itself times −k2. Both sin(kx) and cos(kx) satisfy

this condition. The most general solution is the linear
combination (i.e. sum) of both, so

ψ = A sin kx+B cos kx.

In this case, however, there are no boundary conditions—
the particle can be found anywhere along the x-axis.

Notice that because the wavefunction does not have
to be zero at specific places, that is, there are no walls,
there are no restrictions on k and the energy of the par-
ticle is not quantized.

1D Infinite Square Well

Consider a particle bouncing back and forth between the
impenetrable walls of a 1D box of length L. Suppose the
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left wall of our box is at x = 0, then the right wall is at
x = L. This 1D box quantum system is a well-known
basic analysis model that is commonly called an infinite
square well.

Inside the box, the particle is not interacting with
anything, so the potential energy is simply V (x) = 0.
The walls of the box are impenetrable, so the particle ex-
periences an infinite force directing it back the direction it
came when it encounters one of the walls. This is equiv-
alent to saying that V = ∞ at either of the walls. An
important first step in characterizing a quantum system
is to note the potential energy function, which we have
just described and now write mathematically as

V (x) =

{
0 : 0 ≤ x < L

∞ : elsewhere.
.

Below is a plot of the potential function.

x = L

x

V (x)

To solve a quantum system, we must find the wave-
function that is a solution to the Schrodinger equation.
Our wavefunction must be valid for the given boundary
conditions. Since the walls of the box are impenetrable,
the wavefunction must be zero outside of the box since
there is zero probability of finding the particle outside
the box. Since the wavefunction must be continuous, the
wavefunction must also be zero at the boundary—not just
outside of it. This is analogous to the standing wave in a
string stretched between two walls. We want both ends
of the string to be at y = 0 at the walls.

Notice that the wavefunction

ψ(x) = A sin
(nπx
L

)
,

satisfies both of our boundary conditions. At the left wall
(i.e. at x = 0), we get ψ(0) = 0. At the right wall (i.e. at
x = L), we get ψ(L) = 0 since sinnπ = 0 for any natural
number n. Notice that this wavefunction is actually an
infinite number of wavefunctions—one for each possible
value of n. The simplest case is when n = 1 and then the
wavefunction is simply the first half of the sine function.

Higher values of n are the wavefunctions of the higher
energy states of the particle.

Next, we need to find the value of A. Since |ψ(x)|2 =
ψ∗(x)ψ(x) gives the probability that the particle is at po-
sition x, and we know that the particle is somewhere in
the box, we can normalize the wavefunction to find the
value of A. Letting n = 1, we need to solve

ˆ L

0

|ψ(x)|2 dx =

ˆ L

0

A2 sin2
(πx
L

)
dx = 1

for A. Notice that since our wavefunction doesn’t con-
tain imaginary components, we can just square it instead
of multiplying it by its complex conjugate. Since A is a
constant, we can take it outside of the integral

ˆ L

0

sin2
(πx
L

)
dx =

1

A2

ˆ L

0

1− cos
(

2πx
L

)
2

dx =
1

A2

1

2

ˆ L

0

dx−
ˆ L

0

cos

(
2πx

L

)
dx =

1

A2

1

2
x|L0 −

[
L

2π
sin

(
2πx

L

)]L
0

=
1

A2

L

2
− L

2π
sin (2π) =

1

A2

L

2
=

1

A2

A =

√
2

L
.

So our normalized wavefunction is

ψ(x) =

√
2

L
sin
(nπx
L

)
,

At the lowest energy level of n = 1, the standing
wave in the box (i.e. the particle) has only one crest and
no troughs. That is, the ”particle” has a wavelength of
λ = 2L. At n = 2, the box contains a single crest and a
single trough, so the particle has a wavelength of λ = L.
In general, the wavelength of the particle is restricted to
λ = 2L

n .

Since the particle’s wavelength is quantized, its mo-
mentum is also quantized, that is, its momentum can only
have certain values. We know from the de Broglie rela-
tion that p = h

λ . Since λ = 2L
n , then the allowed values

for the momentum of the particle are

p =
nh

2L
.

Since we defined the potential energy of the particle
in the box to be zero everywhere in the box, the particle’s
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total energy must simply be its kinetic energy E = 1
2mv

2.
Since p = mv, this becomes

En =
1

2
mv2 =

p2

2m
=

1

2m

(
nh

2L

)2

=

(
h2

8mL2

)
n2,

where n is a natural number. This is often written in
terms of ~ = h

2π

En =
n2π2~2

2mL2
, n = 1, 2, 3, . . .

Since the uncertainty principle disallows zero energy
particles, the lowest energy level of the particle occurs
when n = 1

E1 =
h2

8mL2
.

This is called the ground state energy of the parti-
cle. The higher energy states n = 1, 2, 3, . . . are called
excited states.

In summary, quantum mechanics disallows E = 0 for
a particle and only allows specific positive values for E.
This is in contrast to classical theory in which a particle
could have zero energy as well as any positive amount of
energy.

Another way to find the wave function for a quan-
tum system like the infinite square well is to start with
the Schrodinger equation. In this case, we use the one-
dimensional, time-independent Schrodinger equation

Ĥψ = Eψ, where Ĥ = − ~2

2m

d2

dx2
+ V (x).

Recall that the Hamiltonian is the operator that gives the
energy of the system. Since the operator applied to the
wavefunction yields the same wavefunction times a con-
stant of proportionality, then we’re looking at an eigen-
function here and the energy levels are the eigenvalues of
the Hamiltonian. We define the particle as having zero
potential energy in the box, so V (x) = 0. This means that
within the box, the Schrodinger equation can be written
as

Eψ = − ~2

2m

d2ψ

dx2

−2mE

~2
ψ =

d2ψ

dx2

d2ψ

dx2
= −k2ψ where k =

√
2mE

~

Now the solution ψ to this second order differential equa-

tion d2ψ
dx2 = −k2ψ is a function whose second derivative

equals itself times −k2. Both sin(kx) and cos(kx) satisfy
this condition. The most general solution is the linear
combination (i.e. sum) of both, so

ψ = A sin kx+B cos kx.

The constants A and B must be determined from the
boundary and normalization conditions. Since ψ(0) = 0,
then B must be zero. Since ψ(L) = 0, then sin(kL) = 0,
which implies that kL = nπ, so k = nπ

L , and our wave-
function becomes

ψ = A sin
(nπx
L

)
.

The coefficient A can be found by normalizing the wave-
function as we did earlier.

Since the boundary conditions are satisfied whenever

kL = nπ, and we are given that k =
√

2mE
~ , we can equate

the two and solve for the allowed energy levels
√

2mE

~
L = nπ

√
2mE =

~nπ
L

2mE =
~2n2π2

L2

En =
n2π2~2

2mL2
.

Here we found the allowed energy levels in a different
way, so we can also find the allowed momenta in a dif-
ferent way. Since the potential energy is zero in the box,
the total energy is kinetic, so

E =
p2

2m
=

(
h2

8mL2

)
n2.

Solving this for p gives us

p =
nπ~
L

=
nh

2L
.

By combining the angular wave number k = 2π
λ with

the de Broglie relation λ = h
p , we get an important rela-

tion
p = ~k.

3D Infinite Square Well

Consider a particle in trapped in a 3D cube with side
length L. Like with the 1D infinite square well, V = 0 in-
side the box, and V =∞ at the walls and on the outside.

Since this is a 3D case, we must use the 3D version
of the time-independent Schrodinger equation

− ~2

2m
∇2ψ(x, y, z) + V (x, y, z)ψ(x, y, z) = Eψ(x, y, z).

Since V (x, y, z) = 0 inside the box, this becomes the sim-
pler

− ~2

2m
∇2ψ(x, y, z) = Eψ(x, y, z).

Rearranging, this becomes

∇2ψ(x, y, z) = −k2ψ(x, y, z), where k =

√
2mE

~
.
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Recall that

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.

Our 3D partial differential equation is satisfied by the
wavefunction

ψ(x, y, z) = A sin(kxx) sin(kyy) sin(kzz).

If we let the origin of our 3D Cartesian coordinate
system be one of the corners of the box, then one of
the boundary conditions is that the wavefunction is zero
whenever x, y, or z is zero, so ψ(0, y, z) = ψ(x, 0, z) =
ψ(x, y, 0) = 0. Our wavefunction satisfies this condition.
The second boundary condition is that the wavefunction
must be zero whenever x = y = z = L. This is satisfied if
kiLi = niπ. So ki = niπ

Li
, and our wavefunction becomes

ψ(x, y, z) = A sin

(
nxπx

Lx

)
sin

(
nyπy

Ly

)
sin

(
nzπz

Lz

)
.

Since we are dealing with a cube, Lx = Ly = Lz = L, so
our wavefunction is

ψ(x, y, z) = A sin
(nxπx

L

)
sin
(nyπy

L

)
sin
(nzπz

L

)
.

If we normalized it, we would find that A =
√

8
L3 . That

is, the wavefunction of a particle in a 3D infinite square
well is just the product of the wavefunctions of a parti-
cle in an infinite square well for each of the x, y, and z
directions

Recall that the energy levels are given by the eigen-
value equation

Ĥψn = Enψn.

Applying our Hamiltonian (recall that V (x, y, z) = 0) to our wavefunction yields

Ĥψ(x, y, z) = − ~2

2m
∇2A sin(kxx) sin(kyy) sin(kzz)

= − ~2

2m

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
A sin(kxx) sin(kyy) sin(kzz)

= − ~2

2m
A sin(kxx) sin(kyy) sin(kzz)(−k2

x − k2
y − k2

z)

=
~2

2m
(k2
x + k2

y + k2
z)ψ(x, y, z)

So from our eigenfunction equation, we know that
our energy levels are given by

Enx,ny,nz =
~2

2m
(k2
x + k2

y + k2
z)

=
~2π2

2m

(
n2
x

L2
+
n2
y

L2
+
n2
z

L2

)

=
π2~2

2mL2

(
n2
x + n2

y + n2
z

)
.

The integer n = 1, 2, 3, . . . is our ”quantum number”. It
can be any positive integer greater than or equal to 1.
It can’t be zero because by the uncertainty principle, we
can’t have a particle with zero energy.

Notice that the three sets of quantum numbers
nxnynz = 211, 121, 112 correspond to three different
wavefunctions or quantum states for the 3D box. How-
ever, these three states have the same energy level for the
cubical box. When multiple states have the same energy
level, they’re said to be degenerate. Notice that when
the system is more symmetric, as in a cube versus a non-
cubical box, you’re more likely to have degeneracy–that
is, more wave functions with the same energy.

Within the box, there is no potential energy, so the

particle only has kinetic energy E = 1
2mv

2 = p2

2m . There-
fore, the possible momenta levels for the particle in the
box are

p2
nx,ny,nz

2m
=

π2~2

2mL2

(
n2
x + n2

y + n2
z

)
p2
nx,ny,nz =

π2~2

V
2
3

(
n2
x + n2

y + n2
z

)
.

Notice that the volume of the cube is V = L3.

Quantum Harmonic Oscillator

For the quantum harmonic oscillator, there are no walls,
but the particle is constrained around the equilibrium
position by a restoring force. Imagine it like a block
oscillating at the end of the spring. From Hooke’s law
and Newton’s second law, we have that the potential en-
ergy function is V (x) = 1

2kx
2. From the physics of sim-

ple harmonic motion, the angular frequency is defined as

ω =
√

k
m , which allows us to rewrite our potential energy

function as V (x) = 1
2mω

2x2.
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So the 1D, time-independent Schrodinger equation
we use is

− ~2

2m

d2

dx2
ψ(x) +

1

2
mω2x2ψ(x) = Eψ(x).

Solving this equation for the wavefunction is beyond
the scope of this handbook. The key fact is that the en-
ergy levels of the quantum harmonic oscillator are

En = ~ω
(
n+

1

2

)
.

Atomic Physics

The Hydrogen Atom

To completely quantify an atom, we have to solve the
Schrodinger equation for the atom. Since an atom
is in three dimensions, this requires the use of the
3D Schrodinger equation. For atomic systems, the
Schrodinger equation in spherical coordinates (r, θ, φ) is
used.

The hydrogen atom, the simplest atom of all, is the
only one that has been solved exactly. Its ground state
wave function is

ψ(r) =
1√
πa3

0

e−
r
a0 ,

where

a0 =
~2

mke2
≈ 53 pm,

is the Bohr radius. When we talk of the wave function
of the hydrogen atom, we are more specifically talking
about the wave function of the electron about a nucleus
that we assume does not move.

It turns out that the energy levels of the hydrogen
atom are

E = − ke2

2a0n2
, n = 1, 2, 3, . . .

which is exactly the energy levels predicted by the Bohr
model. The energy levels can be approximated as

E = −13.6 eV

n2
.

The number n is called the principal quantum num-
ber.

The radial probability density of the ground state
electron in hydrogen is calculated as

P (r) = 4πr2|ψ|2.

This gives the probability that the electron will be found
at a distance r from the nucleus. The maximum of this
function occurs at r = a0. That is, the Bohr radius gives
the distance from the nucleus at which the electron is
most likely to be found.

Quantum numbers

So far we have considered only the ground state of hy-
drogen. There also higher energy states or excited states
with larger n. In general, for each energy level n or ”shell”
there are a number of subshells. These subshells are la-
beled s, p, d, f, . . .. The s subshell is sperically symmetric.
That is, it is shaped like a sphere, and the wave function
that describes it depends only on r. The other subshells
are not spherically symmetric—they also depend on θ and
φ.

In general, the ”orbiting” electron in a hydrogen
atom as some angular momentum ~L. For the spheri-
cally symmetric states, like the ground state we looked
at, L = 0. If the atom is in an excited state and the elec-
tron is in one of the weirdly shaped orbitals, like one of
the dumbbell-shaped orbials of the p shell, then the total
angular momentum of the electron is not zero. However,
for an atom at a given energy level n, there are only a
few possible values that the angular momentum can have.
The angular momentum of the electron is quantized as

L =
√
`(`+ 1)~,

where ` is a new quantum number called the orbital
quantum number. Each ` corresponds to a different
subshell. The possible values of the orbital quantum num-
ber are 0, 1, 2, . . . , n − 1, and they define the different
subshells s, p, d, f, . . .. For example, for the atom in the
lowest energy shell n = 1, there is only the spherical s
subshell corresponding to ` = 0. If the atom is in a higher
energy state, say n = 3, then the possible values of the
orbital quantum number are ` = 0, 1, 2 corresponding to
the subshells s, p, and d.

Not only is the orbital angular momentum of the
electron quantized in magnitude, it is also quantized in
direction. This is often called space quantization. For
any given axis, let’s choose the z-axis, space quantization
requires that

Lz = m`~.

This gives us a third quantum numberm` called the mag-
netic quantum number, and it corresponds to the dif-
ferent orbitals within a subshell. Its possible values are
m` = −`, . . . , `. For example, for the second shell (i.e.
n = 2) and the p subshell (i.e. ` = 1), there are three
orbitals m` = −1, 0, 1.

Even if we know the shell, subshell, and orbital in
which the electron is, we still haven’t fully characterized
a hydrogen atom. We also have to consider spin.

The spin of an electron is the electron’s intrinsic
angular momentum. We can think of it as the angular
momentum of the electron spinning on its own axis, al-
though this isn’t really accurate. Spin is a characteristic
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of all particles, not just electrons. Like the orbital an-
gular momentum L, the spin angular momentum ~S of a
particle is also quantized. Its magnitude is quantized as

S =
√
s(s+ 1)~.

The number s is a new quantum number, but it turns
out that for an electron it is always s = 1

2 . That’s why
we call the electron a ”spin- 1

2” fermion. Since this quan-
tum number is always s = 1

2 , we don’t actually use it
distinguish between different possible wave functions of
the hydrogen atom.

With orbital angular momentum, both the magni-
tude and the direction were quantized. It is the same
with spin whose space quantization is

Sz = ms~.

This gives us our fourth useful quantum number called
simply spin. It has two possible values. The electron
is said to be ”spin up” if ms = 1

2 and ”spin down” if
ms = − 1

2 .

Since the electron is a charged particle and it has
spin, we can think of it as a tiny loop of current. The
spin magnetic dipole moment vector is

~µspin = − e

me

~S,

where me is the mass of the electron. Since Sz = ± 1
2~,

the z component of the spin magnetic moment can have
the values

~µspin,z = ± e~
2me

.

Note that

µB =
e~

2me
≈ 9.27× 10−24 A ·m2,

is called the Bohr magneton.

The total angular momentum of the electron is
just the vector sum of the orbital and spin angular mo-
menta

~J = ~L+ ~S.

Like the orbital and spin angular momenta, the total an-
gular momentum is also quantized in magnitude and di-
rection. The magnitude quantization is given by

J =
√
j(j + 1)~,

where j = ` ± 1
2 if ` 6= 0 and j = 1

2 if ` = 0. The space
quantization is given by

Jz = mj~,

where mj = −j, . . . , j.

To fully characterize the hydrogen atom, we have to
specify all four of the quantum numbers n, `, m`, ms. It
turns out that the state of other atoms can also be fully
specified by these quantum numbers.

Multi-particle Systems

So far we have considered only the hydrogen atom with
its single electron. Even for this simple system there are
infinite possible states since n can be any natural num-
ber. Things become even more complicated once we start
considering multi-particle systems.

A quantum system has energy levels En1,n2,n3 =
(n1 + n2 + n3)ε where n ≥ 1. What are the energies
of the lowest four levels? The lowest energy level is E111

since each n must be greater than or equal to one. The
next energy level is where one n is a 2. There are three
possibilities for this E211, E121, and E112 and given that
En1,n2,n3 = (n1 + n2 + n3)ε, all three of these states are
at the same energy level E = 4ε. Since there are three of
them, the degeneracy is three.

Energy Level Energy States Degeneracy Factor

1 3ε E111 1

2 4ε E211, E121, E112 3

3 5ε E212, E221, E122, E311, E131, E113 6

4 6ε E222,E321,. . . ,E411,. . . 10
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E

3ε E111

4ε E211, E121, E112

5ε E212, E221, E122, . . .

What if we had eight neutrons? How would they
fill the energy levels? What is the minimum energy of
eight neutrons? Neutrons are fermions, so they obey the
Pauli exclusion principle, which allows only one of
them to occupy a given quantum state. However, since
they have spin, they have an additional variable deter-
mining their quantum state, so the quantum states in
the diagram actually double up. That is, two fermions

may occupy each quantum state in this type of diagram.
The first two go into the first level, and the remaining six
can go into the second level. Their total energy, then, is
E = 2× 3ε+ 6× 4ε = 30ε.

An unlimited number of bosons can go into the
ground state, so they will all go into the E = 3ε energy
level. This fact about bosons is what allows lasers, which
is a coherent beam of photons (bosons) all in the same
quantum state. It also makes Bose-Einstein condensates
possible. It will take 10 bosons in the ground state to
equal the energy of 8 fermions in this quantum system.

A particle in a rectangular box of lengths L, L, and
L/2 has energy En1,n2,n3

= (n2
1 + n2

2 + 2n2
3)ε. What are

the energies of the three lowest levels? Assuming that
n ≥ 1, then:

Energy Level Energy States Degeneracy Factor

1 4ε E111 1

2 7ε E211, E121 2

3 10ε E112, E221 2

Atomic Transitions

We’ve said that even for a simple hydrogen atom with a
single electron, there are infinite possible states since n
can be any natural number? Each n corresponds to a dif-
ferent energy level of the atom. Why are we more likely
to find hydrogen atoms with low energy (e.g. n = 1)
than with very high energy (e.g. n = 1000). The answer
is that an atom will spontaneously drop to lower energy
levels. These events are called transitions, and the energy
is emitted from the atom in the form of photons.

Recall that the state of an atom is specified with four
quantum numbers n, `, m`, and ms. For a given atom,
not all possible transitions are likely. For example, if we
have an atom in the excited state n = 4, ` = 0 state, it
is not likely to transition to the lower energy state with
n = 3, ` = 0. It is, however, likely to transition to the
lower energy state with n = 2, ` = 1. Likely transitions
are called allowed transitions, and unlikely transitions
are called forbidden transitions. The selection rules
that govern the allowed transitions include

∆` = ±1,

and

∆m` = −1, 0, 1.

Every time an atom transitions from a higher energy
state to a lower energy state it emits a photon with en-
ergy that is precisely the energy difference between the
two states. Since we can measure the energy of emitted
photons, we can learn about an atom’s structure. By
examining the emission spectrum of hydrogen gas, for ex-
ample, we can deduce its allowed energy transitions since
most photons are coming from the allowed transitions.

There are several ways in which energy transitions
in atoms take place. Stimulated absorption occurs
when we hit an atom with a photon with energy that
matches one of the atom’s transition energies. The pho-
ton is absorbed by the electron, and the atom is now
in a higher energy state. Spontaneous emission oc-
curs when an atom decays spontaneously into a lower
energy level, emitting a photon in the process. Stimu-
lated emission occurs when a photon passing near an
atom stimulates it to emit its own photon.
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Molecules and Solids

In molcules and solids, atoms are joined via covalent
bonds, ionic bonds, hydrogen bonds, and metallic bonds.
Also involved is van der Waals bonding. Since these top-
ics are covered adequately in a chemistry course, they will
not be repeated here.

One aspect of molecules that we will look at is molec-
ular energy levels. In a molecule, the nuclei and elec-
trons are bound into a single quantum system. Since
a molecule is a quantum system, its energy levels are
quantized. There are several forms of energy found in
a molecule including rotational and vibrational energies.

A rotating molecule has angular momentum L with
a magnitude L = Iω. We know that the magnitude of
this angular momentum is quantized as

L =
√
`(`+ 1)~,

where ` = 0, 1, 2, . . .. Since rotational energy is Erot =
1
2Iω

2, we can substitute the ω using L = Iω to get

Erot = 1
2
L2

I . Plugging in the quantization condition gives
us the quantized rotational energy levels

Erot =
~2

2I
`(`+ 1), ` = 0, 1, 2, . . .

When a pair of nuclei are joined to form a molecule,
the potential energy as a function of distance between the
molecules has a minimum. The two nuclei don’t just sit
there at this perfect distance from each other. Rather, the
distance between the nuclei oscillates about this optimum
distance. For a small region containing the minimum, we
can model the potential energy curve as a quadratic. We
know that a quadratic potential energy curve results in
simple harmonic motion. So the pair of nuclei can be
modeled as a harmonic oscillator. The vibrational energy
levels of a molecule are then approximately the energy
levels of a quantum harmonic oscillator

Evib = ~ω
(
n+

1

2

)
, n = 0, 1, 2, . . .

In a solid, the most energetically favorable pattern
is a crystall. The quantum mechanical analysis of such

solids is called band theory. Suppose you have a pair
of identical atoms far apart from each other. They have
identical energy levels. Now you bring the two of them
close together so that their wave functions overlap. They
can no longer have the same energy levels because of the
Pauli exclusion principle. What happens, is the original
energy levels are split. If you now bring another identical
atom close to the other two, the energy levels split again,
and so on. In a crystalline solid with a large number of
atoms with overlapping wave functions, the energy levels
have now been split so often that every original energy
level is now a band of allowed energies. Between bands
of allowed energies are band gaps.

Suppose an electric field is applied to a crystalline
solid. In quantum mechanics, electrons jump to higher
energy levels when energy is added. If the highest occu-
pied band is not completely filled, or if filled and unfilled
bands overlap, then electrons are free to jump to higher
energy levels. This is a conductor. If the highest oc-
cupied band is completely filled, then the electrons can’t
just move to a higher energy level. They would have to
jump an entire band gap to the next higher band of al-
lowed energies. Such a material is an insulator. For a
semiconductor, the band gap is small enough that elec-
trons can be made to move by applying only a little more
energy than that required for a conductor.

A superconductor is a material with a resistivity
of zero. Superconductivity appears in certain materials
below that material’s superconducting transition tem-
perature. If a magnetic field is applied to a superconduc-
tor, current in the superconductor creates magnetic field
lines which repel the outside magnetic field lines. Thus,
in what is called the Meissner effect a superconductor
expels magnetic field lines from its interior. This hap-
pens only up to a certain magnetic field strength called
the critical field.

Superconductivity is explained by the BCS theory
developed by three men with last names Bardeen, Cooper,
and Schrieffer. In BCS theory, superconductivity arises
from the quantum mechanical pairing of electrons as they
move through the ion lattice.
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7.4 Nuclear & Particle Physics

Atomic Models

Before considering the nucleus, it will be helpful to review
atomic models.

In 1897, J.J. Thomson discovered the electron with
his cathode ray experiments. At the time, it was known
that atoms were charge neutral, but Thomson’s exper-
iments showed that atoms contained these negatively
charged electrons. The plum pudding model was de-
veloped to explain the structure of an atom. To account
for the atom being charge neutral and yet containing neg-
atively charged electrons, the plum pudding model de-
scribed the atom as a positively charged sphere with small
negatively charged electrons scattered throughout.

In 1899, Ernest Rutherford showed that the radia-
tion from uranium consisted of two types of particles: α
and β. In the early 1900s, two of his students, Geiger and
Marsden, performed the famous gold foil experiment.
The gold foil experiment involved bombarding a thin gold
foil with the alpha particles that Rutherford discovered.
The plum pudding model implied that the alpha particles
would fly right through the atom with only a slight de-
flection due to its positive charge. However, the gold foil
experiment showed that in most cases, the alpha particles
flew through with little or no deflection, but sometimes
they bounced back with huge deflections. This disproved
the plum pudding model and implied the Rutherford
model of the atom. In the Rutherford model, an atom
consists of an extremely small and dense nucleus of charge
+Ze orbited by Z electrons each with charge −e. Here,
Z is the atomic number (i.e. number of protons) of an
atom.

The Rutherford scattering described above can
be used to approximate the radius of the gold nucleus.
For a head-on collision between an alpha particle Z1 = 2
and a gold nucleus Z2 = 79, calculate the distance of
closest approach using

U =
1

2
mv2 = ke2Z1Z2

r
, where α =

1

137
,

assuming that the kinetic energy of the alpha particle of
7.7 MeV is all converted into electric potential energy.
Notice that the electric potential energy is simply an ap-
plication of the formula for computing the potential dif-
ference between two charges, V = kq1q2

r where the charges
are q1 = Z1e and q2 = Z2e. Plugging in our values for
the charges of the two particles and solving for r gives us
r = 3.0× 10−14 m = 30 femtometer (fermi). The actual
size of the gold nucleus is smaller because the alpha parti-
cle doesn’t have enough energy to approach close enough
to actually contact the nucleus.

According to Maxwell’s equations, accelerated parti-
cles radiate electromagnetic energy. So in the Rutherford

model, the orbiting electrons would radiate electromag-
netic energy. This would mean the electrons are losing
energy, and they should spiral into the nucleus in less
than a second. How then can atoms exist? This was
later resolved with the Bohr model of the atom.

Properties of Nuclei

The size of atomic nuclei is on the order of 10−15m, a
length which nuclear physicists often use called the fem-
tometer or fermi

1 fm = 10−15 m.

Experiments show that nuclei are approximately spheri-
cal and they have an average radius given by

r = (1.2 fm)A1/3,

where A is the atomic mass number.

A nucleus is composed of protons and neutrons
held together by the strong nuclear force. Protons and
neutrons are collectively called nucleons. Recall that
protons and neutrons have nearly the same mass, but
protons have a positive charge and neutrons have zero
charge. Because protons are positively charged, two pro-
tons near each other will be repelled from each other by
the Coulomb force.

The strong nuclear force, due to what is called
the strong interaction in particle physics, is a force
that acts at very short range between nucleons. In other
words, when a proton or a neutron is very close to an-
other proton or neutron, the two particles are strongly
attracted to each other by the strong nuclear force. The
nuclear force is independent of charge, so it acts the same
on protons and neutrons. It does not affect electrons at
all. The nuclear force acts on the color charge of parti-
cles much like the gravitational force acts on the mass of
particles. The nuclear force is significantly stronger than
the Coulomb force at distances of about 1 fm. Thus,
two protons, despite being repelled from each other by
the Coulomb force will be attracted to each other if they
are brought close enough together. The strength of the
nucleur force falls off approximately exponentially, so al-
ready at a distance of 2.5 fm, the nuclear force becomes
insignificant.

The atomic number denoted Z is the number of
protons in an atom. It defines the elements. The neu-
tron number denoted N is the number of neutrons in an
atom. The mass number A = Z +N is the total number
of nucleons in the atom.

A nuclide is a specific combination of mass num-
ber and atomic number that represents a specific nucleus.
The notation for a nuclide is typically A

ZX, where A is
the mass number, Z is the atomic number, and X is the



148 CHAPTER 7. MODERN PHYSICS

chemical symbol. The following are all acceptable ways
of denoting the same nuclide

56
26Fe, 56Fe, Fe-56, iron-56.

The same element is often found in nature with dif-
ferent numbers of neutrons. Each of these is an isotope
of that element. Isotones are nuclei with the same num-
ber of neutrons. Isobars are nuclei with the same mass
number, such as 14C and 14N.

The atomic mass unit

1 u = 1.661× 10−27 kg,

is defined as 1/12 of the mass of a carbon-12 atom. An
atomic mass unit, is therefore, approximately the mass of
one proton or one neutron. Because of the relationship
E = mc2, mass can be represented in terms of energy di-
vided by the speed of light squared, and nuclear physicists
typically use this convention where

1 u = 931.49 MeV/c2.

A small nucleus consisting of multiple protons is held
together by the nuclear force despite the Coulomb re-
pulsion between the protons. However, for large nuclei,
protons on opposite sides of the nucleus are far enough
away from each other that the Coulomb repulsion be-
tween them is stronger than the nuclear attraction. Thus,
large nuclei tend to be less stable than small nuclei. One
way that nature overcomes this is to pack large nuclei
with more neutrons than protons. This works because
each neutron contributes nuclear attractive force but no
Coulomb repulsive force.

Free neutrons are unstable and tend to decay via
beta decay into a proton and an electron. They are only
stable when bound by the nuclear strong force in a nu-
cleus. Despite their tendency to decay into protons, they
tend not to do so in a nucleus because the surrounding
protons makes a nucleus with an additional proton less
energetically favorable.

Having more neutrons in a nucleus helps hold large
nuclei together, but there are complicating factors. First,
a neutron can decay into a proton and an electron. While
this doesn’t happen often for neutrons bound in nuclei,
when it does, the sudden addition of a proton to the nu-
cleus, makes it unstable. Second, the Pauli exclusion
principle means we can’t have an unlimited number of
neutrons in the same energy state in a nucleus. Adding
more neutrons to a nucleus forces the neutrons into higher
energy states, which makes the nucleus more unstable.
This means that of the roughly 3000 naturally occurring
and artificially produced nuclei, only about 400 of them
are stable. There are no stable nuclides containing more
than 83 protons. So on the periodic table, any element
past bismuth (Z = 83) is unstable.

Another property of a nucleus is its quantum me-
chanical spin angular momentum or just spin. The mag-
nitude of the spin of a nucleus is quantized in the normal
manner as

I =
√
i(i+ 1)~,

where i is a multiple of 1
2 . The direction is also quantized

in the normal manner as

Iz = mi~,

where mi = −i, . . . , i.

Nuclear Models

Recall that the radius of a nucleus can be approximated
by r = (1.2 fm)A1/3, where A is the mass number. Plug-
ging this into the equation for the volume of a sphere
shows that the volume of a nucleus is directly propor-
tional to its mass number. This implies that the density
of nuclei are all roughly the same. This density is approx-
imately 1017 kg/m3.

Since nuclei have approximately the same density,
they can be modeled as an extremely dense liquid. The
liquid-drop model works fairly well for large nuclei, and
it models the nucleons as molecules in the liquid.

A more recent model of the nucleus is the nuclear
shell model which models nucleons as particles in differ-
ent shells much like electrons are often modeled as parti-
cles in different shells. The shell model explains more of
nuclear behavior than the liquid-drop model does. The
shell model is the application of the Schrodinger equation
to atomic nuclei.

Protons and neutrons are both spin-1/2 fermions, so
they pair up as they fill their energy levels. Two neu-
trons can inhabit the same neutron energy level, and two
protons can inhabit the same proton energy level. The
Pauli exclusion principle prevents more than two of
them from pairing up in the same shell. Because of the
Coulomb force, protons in the nucleus have slightly higher
energy levels than neutrons, whose potential energy func-
tion is dictated only by the nuclear force. At some number
of protons, the difference in energy levels is great enough
that it is more energetically favorable to have more levels
of neutrons than levels of protons. This helps explain why
larger stable atoms have more neutrons than protons.

The collective model combines aspects of both the
liquid-drop model and the nuclear shell model.

Radioactivity

Radioactivity is the spontaneous emission of radiation
from unstable atoms. The unstable atom is essentially
decaying or disintegrating. Of the 3000+ known nuclides,
only several hundred of them are stable. The others are
radioactive and tend to decay.
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There are three types of nuclear radiation. Pass-
ing nuclear radiation through a magnetic field shows that
there is positively charged radiation, negatively charged
radiation, and neutral radiation.

Alpha Decay

An alpha particle consists of two protons and two neu-
trons, which is the same as a helium nucleus 4

2He. A nu-
cleus that is unstable because of too many protons tends
to decay by emitting an alpha particle. Such nuclei are
called alpha emitters.

The nuclear reaction of an alpha decay event can be
written in the form

A
ZX −→A−4

Z−2 Y +4
2 He.

Here, X is the original or parent nucleus with Z protons
and a mass number A and Y is the daughter nucleus.
Notice that in alpha decay, the original nucleus’ atomic
number decreases by two, and its mass number decreases
by four. Notice that the sum of the atomic numbers on
both sides are the same, and the sum of the mass num-
bers on both sides are the same. This should always be
the case when you write a nuclear reaction equation.

An example of alpha decay is when uranium-238 de-
cays into thorium-234 and an alpha particle

238
92 U −→234

90 Th +4
2 He.

Since alpha decay reduces the number of protons in a
nucleus, the decay product will always be a different
element.

Tip:

Beta Decay

Beta decay can occur in three different ways. Beta mi-
nus decay, β−, occurs when a neutron in a nucleus de-
cays into a proton and an electron. It occurs in beta
emitters which are nuclei that are unstable due to too
many neutrons. The nuclear reaction equation for beta
minus decay has the form

A
ZX −→A

Z+1 Y + e− + ν.

Notice that the atomic number Z of the decay product
increases by one since a neutron has decayed into a proton
plus an electron. The ν decay product is an antineutrino
(i.e. antimatter neutrino).

Beta plus decay, β+, occurs when a proton in a
nucleus decays into a neutron and a positron (antimat-
ter electron). The nuclear reaction equation for beta plus
decay has the form

A
ZX −→A

Z−1 Y + e+ + ν.

Notice that the atomic number Z of the decay product
decreases by one since a proton has decayed into a neu-
tron plus a positron. Here, the ν is a regular neutrino.

In both beta plus and beta minus decay, the electron
or the positron are emitted from the nucleus. That is,
they leave the vicinity. They do not become part of the
atom that results from the decay process.

The third method of beta decay is electron capture
which occurs when a proton and an electron combine to
form a neutron. This decay process occurs when a pro-
ton in a nucleus combines with one of the electrons in the
inner shell. The nuclear reaction equation for electron
capture has the form

A
ZX + e− −→A

Z−1 Y + ν.

As with chemical reaction equations, when you’re
working with nuclear reaction equations, the total
mass and total charge on both sides should be the
same.

Tip:

Gamma Decay

Gamma decay occurs when a nucleus in an excited state
emits a very high energy photon (i.e. gamma ray) and
drops to a lower energy state. The nuclear reaction equa-
tion for gamma decay has the form

A
ZX∗ −→A

Z X + γ.

The X∗ represents the parent nucleus in its excited state.

A gamma ray is massless and charge neutral, so it
does not change the identity of the emitting atom.

Decay Rate

The activity of a radioactive sample is the number of
decay events per unit time. Its SI unit is the becquerel,
(Bq)

1 Bq = 1 decay/s.

An older unit is the curie (Ci), which is the same as
3.7× 1010 Bq, which is approximately the activity of 1
gram of radium-226.

Other units associated with radioactivity are the
gray (Gy) and the sievert (Sv). These units are re-
lated to the biological danger of radiation. One gray is
defined as the radiation that adds 1 Joule of energy per
kg of absorbing material. This absorbed energy is a rough
measure of the harmful biological effect of radiation, but
a more appropriate unit is the sievert which is weighted
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by the biological effects of the radiation. Since alpha ra-
diation is more harmful per unit energy than gamma ra-
diation, 1 Gy of alpha radiation does a lot more damage
than 1 Gy of gamma radiation. However, 1 Sv of alpha
radiation does the same damage as 1 Sv of gamma radi-
ation.

Older units include the roentgen (R), the rad, and
the rem. The roentgen is the amount of radiation that
increases the energy of 1 kg of air by 8.76× 10−3 J. The
rad is the amount of radiation that increases the energy
of 1kg of absorbing material by 10−2 J. The rad has been
replaced by the gray (Gy), and 1 Gy = 100 rad. The rem,
which stands for ”radiation equivalent in man”, is an old
unit that characterizes a radiation does in terms of the
biological damage it can do. The radiation dose in rem
equals the dose in rad times the relative biological effec-
tiveness of the radiation type. The modern unit sievert
replaces the rem, and 1 Sv = 100 rem.

The activity dN
dt of a radioactive sample is propor-

tional to the number N of nuclei in the sample, so

dN

dt
= −λN,

where λ is the decay constant of the substance. This
is a separable ordinary differential equation. Separating
variables and integrating gives us

N(t) = N0e
−λt,

where N0 is the initial number of radioactive nuclei in the
sample. This equation gives us the number of undecayed
nuclei left in the sample after time t.

The half-life of the radioactive substance is the
amount of time required for half of a sample to decay.
It is given by

t1/2 =
ln 2

λ
.

We can write N(t) in terms of the half-life as

N(t) = N0 2−t/t1/2 .

How long will it take for a 370 Gbq source of 60Co
to be reduced to 10% of its original strength? The ac-
tivity of a radioactive source is directly proportional
to the number of radioactive nuclei, so we can work
with N(t) instead of the activity.

N(t) = N0e
−λt

0.1N0 = N0e
−λt

0.1 = e−λt

ln(0.1) = −λt

t = − ln(0.1)

λ

By checking a reference, we find that the half-life of
60Co is 5.27 years, so plugging this into the half-life
equation, allows us to work out the decay constant,
which we can then plug into the equation above.

t1/2 =
ln 2

λ

5.27 y =
ln 2

λ

λ =
ln 2

5.27 y

λ = 0.131 53 /y

Plugging this into our result t = − ln(0.1)
λ gives us

t = 17.5 years for the source to be reduced to 10%
of its original strength.

Example:

Radiocarbon Dating

14C is a radioactive isotope of carbon with a half-life of
5730 years. Another isotope of carbon, 12C, is not ra-
dioactive. Throughout its life, an animal consumes car-
bon and so the ratio of 14C/12C in its body is the same
as the naturally occuring ratio in its environment. When
the animal dies, and it stops consuming carbon, the 14C
slowly decays and so the ratio 14C/12C slowly decreases.
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Suppose the ratio of 14C/12C in a fossil is found
to be 0.34× 10−12 and when it was alive, the ratio
had been 1.2× 10−12. How long ago did the animal
die?

Let M be the number of 12C nuclei in the sam-
ple, then when it died, there were 1.2× 10−12M 14C
nuclei, and now there are 0.34× 10−12M 14C nuclei.
Therefore, the number of 14C nuclei has been reduced
by 28.3%. Using our equation for radioactive decay
and given that λ = ln 2

5730 y = 1.21× 10−4 /y, we get
that

N(t) = N0e
−λt

0.283N0 = N0e
−λt

0.283 = e−λt

ln(0.283) = −λt

t = − ln(0.283)

1.21× 10−4 /y

t = 10 400 y.

So the animal died about 10,400 years ago.

Example:

Binding Energy

Recall from Einstein’s mass energy equivalence that mass
can be converted into energy and vice versa. When talk-
ing about the mass of a nucleus, we have to realize that
some of this mass is in the form of the binding energy
that is holding the nucleus together. The total mass-
energy of a nucleus is

Mc2 + Eb = Zmpc
2 +Nmnc

2.

On the left, we have the total rest energy of the nucleus
Mc2 plus its binding energy Eb. The mass M is the mass
of the nucleus. On the right, we have the rest mass of all
the protons in the nucleus plus the rest mass of all the
neutrons in the nucleus. Here, for example, N = A − Z
is the number of neutrons and mn is the mass of each
neutron.

We might have assumed that the mass of the nu-
cleus is simply the sum of the masses of the protons and
neutrons: M = Zmp + Nmn. However, because of mass
energy equivalence, this is not the case. The nucleus ac-
tually has less mass than the sum of the masses of its
protons and neutrons. This missing mass or mass de-
fect is the binding energy holding the nucleus together.
The binding energy is the energy required to disassem-
ble a nucleus into its protons and neutrons. It is also
the energy released when the protons and neutrons are
combined (i.e. the process of fusion) to form the nucleus.

Given a nucleus AZX, we can write its binding energy

as
Eb = Zmpc

2 + (A− Z)mnc
2 −MAc

2,

where MA is the mass of the nucleus. High energy physi-
cists typically measure mass in units of MeV/c2. When
these units are used, the c2 cancels from the equation,
and we end up with a binding energy with units of MeV.

When binding energy is plotted versus number of nu-
cleons, the binding energy peaks around mass number 62,
which is nickel. For elements lower than this, energy is
released when nuclei undergo fusion since the products
have a higher binding energy. For elements higher than
this, energy is released when nuclei undergo fission since
the products have a higher binding energy.

Whether you’re dealing with fission or fusion, if the
binding energy of the product is higher, then the reaction
is energetically favorable.

Image source: Wikimedia Commons

Nuclear Reactions

In nuclear reactions, baryon number (the number of pro-
tons plus neutrons) is conserved, charge is conserved,
mass-energy is conserved, and momentum is conserved.
In a typical nuclear reaction, a nucleus X is struck by a
bombarding particle a resulting in a daughter nucleus Y
and an outgoing particle b. This is written in the form

a+X −→ Y + b.

Like with a chemical equation, we have the reactants on
the left and the products on the right. This may also be
written in the form X(a, b)Y .

Suppose we bombard a helium-7 nucleus with a pro-
ton resulting in a pair of alpha particles. This nuclear
reaction could be written as

P +3
7 H −→ α+ α.

The Q-value or reaction energy of a nuclear re-
action is the difference between the initial and final rest
energies of the particles involved in the reaction

Q = (ma +mX −mY −mb)c
2.
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If this value is positive, energy is released and the reac-
tion is said to be exothermic (i.e. some of the mass on
the left side is converted into energy). If this value is neg-
ative, energy is absorbed and the reaction is said to be
endothermic. If a reaction is endothermic, then energy
has to be put in for it to occur. For an endothermic re-
action to occur, the bombarding particle a must have a
kinetic energy greater than Q.

In a previous section, we wrote radioactive decay
events as nuclear reactions. In that context, Q is called
the disintegration energy.

A fission reaction occurs when the parent nucleus
splits into two smaller daughter nuclei. An example oc-
curs when U-238 is bombarded with a neutron

n+235
92 U −→141

56 Ba +92
36 Kr + 3n.

Notice that the equation is balanced in terms of to-
tal charge (subscripts) and mass numbers (superscripts).
Think of the neutron as 1

0n. This reaction was caused by a
single bombarding neutron, and its products include three
neutrons. These neutrons can go on to cause further reac-
tions, creating a chain reaction. If you were to compute
the mass-energy of each side of this reaction, you would
find that they don’t match. The missing mass-energy is
the binding energy that was released in the fission process
and is not shown in the equation.

A nuclear fusion reaction occurs when two small nu-
clei are brought together to form a larger nucleus. The
sun is powered by a series of fusion reactions called the
proton-proton cycle. It starts with the fusion of two
protons to form deuterium

1
1H +1

1 H −→2
1 H + e+ + ν.

This reaction, however, is very rare with only one in
1022 collisions resulting in fusion. It is slow because the
Coulomb force between two protons is so great that if
not for quantum tunneling, fusion might never occur. In
the proton-proton cycle, this reaction occurs twice. Each
time, the resulting positron annihilates with an electron
to produce high energy gamma rays. The pair of deu-
terium formed from the pair of reactions go on to react
with other protons to form He-3 in the reaction

2
1H +1

1 H −→3
2 He + γ.

The result of these two reactions occuring twice is a pair
of He-3 that fuse to form an alpha particle and two pro-
tons in the reaction

3
2He +3

2 He −→4
2 He + 21

1H.

Altogether, this fusion reaction cycle produces 26.7 MeV.

Particles, Forces, and the Standard Model

The known particles can be classified in three categories:
hadrons, leptons, and field particles.

Hadrons are particles that experience the strong nu-
clear force. Hadrons can be further classified as mesons
or baryons. Mesons are bosons with integer spin, so they
are unaffected by the exclusion principle. Mesons include
several pions as well as the eta, rho, and kaon particles.
Baryons are fermions with half-integer spins consisting
of three quarks, so they must comply with the exclusion
principle. Baryons include the proton and neutron as well
as sigma, lambda, and omega particles. The hadrons are
not actually elementary particles. They are all composed
of quarks.

The second category of particles are the leptons. The
leptons include the electron, muon, and tau as well as a
neutrino associated with each of these. The leptons are
all spin-1/2 fermions. The leptons are not composed of
quarks, so they do not experience the strong force. They
are believed to be elementary point particles with zero
size and no internal structure.

The third category of particles is the field particles.
The field particles are the quanta of the different force
fields. Of these, four are gauge bosons, which are force
carriers with integer spin. The photon is the quan-
tum of the electromagnetic field and the force carrier
of the electromagnetic force. In quantum electrody-
namics (QED), the quantum theory of the electromag-
netic interaction, the electromagnetic force between elec-
trically charged particles involves the (sometimes virtual)
exchange of photons. The W+, W−, and Z bosons are
gauge bosons which mediate the weak interaction. The
gluons, there are eight of them, are gauge bosons which
mediate the strong interaction. Finally, the Higgs boson,
which is a scalar (i.e. spin-0) boson rather than a gauge
boson, is an excitation of the Higgs field.

The nuclear force is the force that acts between
nucleons such as protons and neutrons. It is what binds
these particles together in the nucleus of an atom. The
nuclear force is mediated by mesons. However, it was
later discovered that the nuclear force is not a fundamen-
tal force. The related fundamental force is the strong
force. The strong force acts between quarks, and it is
mediated by gluons in much the same way that the elec-
tromagnetic force is mediated by photons. The nuclear
force is really a residual effect of the strong force, and
the mesons that mediate the nuclear force are really com-
posed of quarks in which gluons are mediating the strong
force.

The standard model is the theory of particle
physics that describes the elementary particles and their
interactions. These elementary particles include the lep-
tons, the gauge bosons, the Higgs boson, and the quarks.
There are six flavors of quarks—up, down, strange,
charmed, top, and bottom.
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Image source: Wikimedia Commons

Quarks have several unique properties. For example,
quarks have fractional charges of + 2

3e and − 1
3e. All of the

hadrons are composed of quarks. The baryons are made
of three quarks, so given that quarks are all spin-1/2,
baryons are fermions with odd half-integer spins. Each
meson is composed of a quark and antiquark pair, so they
are bosons with integer spin.

Baryons are composed of three quarks, but we know
that quarks are all spin-1/2, and the Pauli exclusion prin-
ciple implies that three identical particles cannot exist in
the same state. There must, therefore, be an additional
property distinguishing quarks. This property is called
color charge and quarks can have three different val-
ues of color charge—red, green, and blue. Color charge
is analogous to electric charge. In QED, particles with
opposite electric charge are attracted to each other be-
cause of the electromagnetic force. In quantum chro-
modynamics (QCD), which is the theory of quarks, par-
ticles with different color charge are bound together by
the strong force.

In QED, the photon mediates the electromagnetic
force. In QCD, the gluon mediates the strong force. The

photon is uncharged, so it does not experience the elec-
tromagnetic force itself. In contrast, gluons carry color
charge, so they experience the strong force themselves.
This makes QCD calculations much more complicated
than QED calculations.

Unlike the electromagnetic force, the strong force
does not decrease with distance. This implies that quarks
can never be isolated. If you have a pair of quarks bound
together by the strong force, no amount of pulling on one
quark will allow you to isolate it. If you were to pull a
quark-antiquark pair (i.e. a meson) far enough apart, the
energy you’ve inserted would manifest in the creation of
two new quarks, so that you now have a quark-antiquark
pair in each hand. This phenomenon is called color con-
finement, and it means that a quark will never be ob-
served by itself. We can only observe particles containing
multiple quarks.

In a decay event or a particle interaction, several
quantities are conserved. For example, angular momen-
tum and charge are always conserved. Another conserved
quantity is the baryon number. A baryon has a baryon
number of +1, an antibaryon has a baryon number of
−1, and mesons and leptons have a baryon number of
zero. Lepton number, which is +1 for leptons and −1
for antileptons is also conserved. Strangeness, another
property of particles, is conserved in strong and electro-
magnetic interactions, but not in weak interactions.

Parity is a symmetry property that involves reflect-
ing a system about the origin. If you let x→ −x, y → −y,
and z → −z in the wave function of a quantum system,
and the wave function stays the same, then the parity of
the system is +1. If the wave function changes sign, then
the parity is−1. It was believed at one time, that parity is
conserved in particle interactions, but experiment proved
otherwise. Charge conjugation is when you change
the sign of every charge in the system. That is, you turn
particles into antiparticles and vice versa. Charge con-
jugation is conserved if the resulting system is the same.
Time reversal symmetry occurs when the system is the
same when you change the sign of the time coordinate.
It is believed that the combination of all three of these
is conserved in particle events. This is called CPT con-
servation.
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7.5 Cosmology

The radiated power, i.e., the energy radiated per unit
time, from an astronomical object is its luminosity de-
noted L. If space is Euclidean and energy emission is
isotropic, then the flux (power per unit area) measured
at a distance d is calculated by dividing the luminosity
by the surface area of a sphere with radius d

f =
L

4πd2
.

In astronomy, stars are classified by their magnitude.
The apparent magnitude is a measure of the brightness
of a star as measured by an observer on Earth. It is de-
fined as

m = −2.5 log10

(
f

f0

)
,

where

f0 =
L0

4πd2
0

, d0 = 10 pc.

Notice that the smaller the magnitude, the brighter the
star. The unit pc stands for parsec a unit of distance
defined as

1 parsec (pc) = 3.26 light years = 3.086× 1016 m.

The absolute magnitude refers to the intrinsic
brightness of a star. If we are only given a star’s ap-
parent magnitude, we don’t know if its a close and dim
star or a star that is four times brighter but twice as far
away. The absolute magnitude of a star is defined as the
apparent magnitude it would have if seen from a distance
of 10 parsecs. When the absolute magnitude takes into
account all wavelengths of radiation, not just the visible
wavelengths, it is called the bolometric magnitude. It
is calculated as

M = −2.5 log10

(
L

L0

)
,

where

L0 = 3× 1028 W.

The distance modulus is the difference between
the apparent and absolute magnitudes

µ = m−M = −5 + 5 log10(d),

where d is the distance to the star in parsecs. As-
tronomers often express distances to objects in terms of
distance moduli.

For the sun

L� = 3.9× 1026 W

d� = 1.496× 1011 m.

Calculate the flux measured at Earth and the absolute
and apparent magnitudes.

f =
3.9× 1026 W

4π(1.496× 1011 m)2
= 1390 W/m2

M = −2.5 log10

(
L

L0

)
= −2.5 log10

(
3.9× 1026 W

3× 1028 W

)
= 4.72

m = −2.5 log10

(
f

f0

)

= −2.5 log10

1390 W/m2

3× 1028 W
4π(10 pc)2

 = −26.86

Example:

When a light source is moving away from the ob-
server, the wavelength of the light appears redshifted to
the observer. The redshift of light is given by

z =
λo − λe
λe

,

where λe was the wavelength when it was emitted and
λo is the wavelength when the light is observed. Because
spectrographic techniques allow us to determine the wave-
length of emitted light by comparing with the wavelength
of emitted light from the same substance in laboratory
conditions, the redshift of the wavelength allows us to
calculate the relative velocity of distant stars and galax-
ies.

Edwin Hubble showed that the redshift of distant
galaxies increases with increasing distance implying that
the universe is expanding and distant objects are acceler-
ating away from us at a higher rate than closer objects.
Hubble’s law tells us that

v = H0d,

where Hubble’s constant is

H0 = 70 km/s/Mpc = 22.7 km/s/Mly.

Hubble’s law relates the velocity at which a distant galaxy
is moving away from us to its distance d from us. This
law tells us that the velocity of distant galaxies is propor-
tional to their distance. In general, d = vt. Substituting
in Hubble’s law gives us d = H0dt. Factoring d out of
both sides and solving for t gives us t = 1

H0
. The time

t is the time it took for a galaxy at distance d to reach
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that distance. Since everything is moving away from ev-
erything else, if we go backward in time, at some point all
the galaxies were in the same place. The time t = 1/H0 =
14 billion years, called the Hubble time, gives the age
of the universe.

Since the distance between us and distant galaxies
is increasing, the future distance between two galaxies is
the current distance between them d0 times some factor
a(t) that depends on time.

d(t) = a(t)d0

The factor a(t) is called the scale factor of the Universe.
In astronomy, any term with a subscript 0 typically means
today. For example, t0 means today and d(t0) = d0 means
the distance today. By convention, we take the scale fac-
tor to be equal to one today, a(t0) = 1. In an expanding
universe, the scale factor is smaller in the past and larger
in the future.

We can apply this distance equation to the distance
between consecutive peaks of an electromagnetic wave
(i.e. wavelength). This allows us to relate the scale factor
to the redshift.

d(t) = a(t)d0

λe = a(t)λ0

λo
λe

=
1

a(t)

1 +
λo − λe
λe

=
1

a(t)

1 + z =
1

a(t)

This means by measuring the redshift of a distant galaxy,
we can calculate the scale factor at the time the light was
emitted

a(t) =
1

1 + z
.

To understand how the scale factor depends on time,
we need a cosmological model. According to Einstein’s
Cosmological Principle, the universe is isotropic and
homogeneous.

The Friedmann-Lemaitre-Robertson-Walker
metric describes an expanding universe

ds2 = c2dt2 − a2(t)dl2.

The first term on the right describes the temporal sepa-
ration between a pair of space-time events and the second
term gives the spatial separation. It describes a universe
in which the proper distance between simultaneous events
(i.e. dt = 0) changes with time. The proper distance is
given by d(t) = a(t)dl = a(t)d(t0).

The Friedmann equation derived from Einstein’s
equations (

ȧ

a

)2

=
8π

3
Gρ− Kc2

a2
, (7.1)

describes how the scale factor changes with time. In this
equation, ȧ = da

dt is the time derivative of the scale factor,
G is the universal gravitational constant, K is the curva-
ture of the universe. If space is flat (i.e. Euclidean) then
K = 0. The density of the universe, within a distance d0,
is given by ρ.

A similar equation for the scale factor’s dependence
on time can be derived from Newton’s laws using the en-
ergy equation and the fact that the total mass enclosed
in a sphere of radius d is M = 4

3πd
3ρ:

E = K + U

E =
1

2
mv2 − GmM

d

E =
1

2
mv2 − 4

3
Gmπd2ρ

2E

m
= v2 − 8π

3
Gmd2ρ(v

d

)2

=
8π

3
Gρ+

2E

md2

Substituting in d(t) = a(t)d0, that is, d = ad0 gives us

(
v

ad0

)2

=
8π

3
Gρ+

(
2E

md2
0

)
1

a2
.

Now, since velocity is simply the rate of change of dis-
tance for an object moving directly away from us, v = ḋ
and by differentiating d(t) = a(t)d0 with respect to time,
we get that ḋ = ȧd0, so v = ȧd0. Plugging this in and
simplifying gives us

(
ȧ

a

)2

=
8π

3
Gρ+

(
2E

md2
0

)
1

a2
.

E in this context is the total energy of a galaxy of mass
m at a distance d0 from Earth. Notice that combining
this equation with the Friedmann equation implies that
the total energy of the universe is zero if its curvature K
is zero.

The second Friedmann equation is

ä

a
= −4π

3
G(ρ+ 3p), (7.2)

where p is pressure of the matter.

Differentiating the first Friedmann equation given in
(7.1) with respect to time (noting that both a and ρ are
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functions of time), gives us

(
ȧ

a

)2

=
8π

3
Gρ− Kc2

a2

ȧ2 =
8π

3
Gρa2 −Kc2

d

dt

(
ȧ2
)

=
d

dt

(
8π

3
Gρa2

)
− d

dt

(
Kc2

)
2ȧä =

8π

3
G
(
ρ̇a2 + 2ρaȧ

)
ä

a
=

4π

3
Gρ̇

a

ȧ
+

8π

3
Gρ

Substituting this result into the second Friedmann
equation given in (7.2) and simplifying, gives us

ä

a
= −4π

3
G(ρ+ 3p)

4π

3
Gρ̇

a

ȧ
+

8π

3
Gρ = −4π

3
Gρ− 4πGp

ρ̇ = −3(ρ+ p)
ȧ

a
.

How does the energy density u(t) = ρ(t)c2 depend
on the scale factor a(t)? To answer this, we need to inte-
grate the result ρ̇ = −3(ρ + p) ȧa found above. Assuming
the pressure is zero, we get

ρ̇ = −3ρ
ȧ

a
dρ

dt
= −3ρ

1

a

da

dt
1

ρ
dρ = −3

1

a
da

ˆ
1

ρ
dρ = −3

ˆ
1

a
da

ln |ρ| = −3 ln |a|+ C

ln |ρ| = ln |a−3|+ C

eln |ρ| = eln |a−3|+C

ρ = a−3eC

ρ =
ρ0

a3
=⇒ ρ(t) =

ρ(t0)

a3

This shows that as the universe expands, matter simply
dilutes.

For K = 0, Friedmann equation is often written as

ȧ

a
= H0

√
Ω(t), where H2

0 =
8π

3
Gρ0,Ω(t) =

ρ(t)

ρ0
(7.3)

If Ω = Ω0/a
n, show that a = At2/n, where A is

some constant:

ȧ

a
= H0

√
Ω(t)

ȧ

a
= H0

√
Ω0/an

1

a

da

dt
= H0

√
Ω0

1

an/2

an/2

a
da = H0

√
Ω0 dtˆ

an/2−1 da = H0

√
Ω0

ˆ
dt

an/2

n/2
= H0

√
Ω0t

an/2 =
n

2
H0

√
Ω0t

a = At2/n.

Example:

If we assume that K = 0, and if we use the fact that
ρ = ρ0/a

3 when p = 0, then the Friedmann equation at
(7.1) shows that(

ȧ

a

)2

=
8π

3
Gρ(

1

a

da

dt

)2

= H2
0

1

a3

1

a

da

dt
= H0

1

a
3
2

a
1
2 da = H0 dtˆ
a

1
2 da = H0

ˆ
dt

2a
3
2

3
= H0t

a(t) =

(
t

t0

) 2
3

, t0 =
2

3H0

When we look at a distant galaxy, we are seeing the
galaxy as it actually was a long time ago due to the large
distance and the finite speed of light. The Cartwheel
Galaxy, for example, is 500 million light years away. How-
ever, this is not the distance to the Cartwheel Galaxy
now. Rather, this is the distance traveled by the light
that we are receiving now. At the time, t1, that the light
was emitted by the distant galaxy, the proper distance
d1 = d(t1) between the galaxies was smaller. Due to the
expansion of space-time (because of a(t)), the light had
to “catch up” with our galaxy. Now, the proper distance
between the galaxy is also greater than the look-back dis-
tance of 500 million light years, because between the time
that the light we are seeing today was emitted from the
distant galaxy and today, the distant galaxy moved an



7.5. COSMOLOGY 157

even greater distance away. We let today be t0, and the
proper distance between our galaxies now is d0 = d(t0).

By convention, the proper distance today defines a
reference frame called the comoving frame. This refer-
ence frame expands with the universe.

Since the light we are receiving today (t0) was emit-
ted at t1, the look-back time which is the time it took
the light to travel the apparent distance of 500 million
light years is t0−t1 = 500 million years. We know t0−t1
and t0 = 14 billion years (i.e. today) and we know that
d(t) = a(t)d0, how do we compute the proper distace
d(t) for any cosmic time t?

Using the FLRW metric ds2 = c2dt2−a2(t)dl2 and
noting that ds = 0 for light, we know that a(t)dl = cdt.
Then

d0 =

ˆ
dl =

ˆ t0

t1

c

a(t)
dt =

ˆ t0

t1

c(
t
t0

) 2
3

dt

= ct
2
3
0

ˆ t0

t1

t−
2
3 dt

= 3ct0

[
1−

(
t1
t0

) 1
3

]
.

We know that t0 = 14 Gy and from t0 − t1 = 0.5 Gy,
we know that t1 = 13.5 Gy for the Cartwheel Galaxy.
Plugging these values in gives us d0 = 0.506 Gly, so the
proper distance between our galaxies now, is 506 million
light years. To calculate the proper distance between
the galaxies when the light was emitted, we use

d1 = a(t1)d0

d1 =

(
t1
t0

) 2
3

d0

Plugging in the known values of t1 and t0 and the calcu-
lated value of d0 gives us d1 = 0.494 Gly, so the proper
distance between our galaxies when the light was emit-
ted was 494 million light years.

Example:



Chapter 8

Laboratory Techniques

In this section, we present a variety of topics that
will likely come up during laboratory classes.

8.1 Log and Semilog Plots

8.2 Significant Figures

Suppose we are quoted a measurement such as 1200 me-
ters. We don’t know if the measurement is precisely 1200
meters or if the measurement was rounded to 1200. It
could be that the actual measurement was 1203 or 1186.
In general, when we see trailing zeros in a number (e.g.
1200), we assume that the number was rounded and that
the trailing zeros are not significant. That is, we don’t
assume the measurement was exactly 1200.

The rules for determining the number of significant
figures in a number are as follows:

• Nonzero digits are always significant. For example,
both 314 and 45.3 have three significant figures.

• Leading zeros are never significant. For example,
both 013 and 0.000056 have two significant figures.

• Trailing zeros are not significant unless the num-
ber includes a decimal point. For example, 130.0
and 0.0006500 both have four significant figures.
The number 130 has only two significant figures.The
purpose of the decimal point in these numbers is re-
ally to indicate that the zeros are meaningful.

• Zeros in the middle of a number are always signifi-
cant. For example, 103 and 0.0902 both have three
significant figures.

• Every digit in an exact value is significant. For ex-
ample, there are 5280 feet in a mile. The number
5280, in this case, has four significant digits. It is
not a measurement, it is a definition.

Typically, we are given some measured quantity and
asked to compute new quantities. How are the significant
figures of the original quantities related to the significant
figures of the calculated quantities?

For example, suppose we are told that a bullet trav-
eled at 120 m/s for 32 seconds. We know that d = rt, so
the distance traveled by the bullet is 3240 m. However,
our original numbers have only two significant figures.
How many significant figures does our answer have?

The rule when multiplying (or dividing) two numbers
is that our product will have the same number of signif-
icant figures as the input number with the least number
of significant figures. In our example above, both input
numbers have two significant figures, so our answer also
has two significant figures. We should, therefore, quote
our answer as 3200 m instead of as 3240 m. When per-
forming calculations, keep all the digits in your calcula-
tor. That is, don’t round intermediate calculations. Only
round your final answer to the appropriate number of sig-
nificant figures.

When adding (or subtracting), we look at decimal
place instead of significant figures. When two numbers
are added or subtracted, the result should have the same
number of digits after the decimal point as the input
number with the least number of digits after the deci-
mal point. For example, 56.123 + 8.1 = 64.223 must be
rounded to 64.2 to reflect the number of digits after the
decimal in the input number 8.1. The number 10,000 +
0.001 = 10,000.001 must actually be rounded to 10,000
because the input number 10,000 has no digits after the
decimal point.

8.3 Measurements

When measuring some physical quantity in the lab, there
is a precise way to record your measurements. Typi-
cally, an analog measuring device, such as a meter stick
or a gauge will be marked off with some number of large
marks, and between each large mark there may be smaller
marks. Between these, there may be even smaller marks.
When recording your measurement, you interpolate be-
tween the two nearest of the smallest marks.

For example, suppose you have a meter stick with
large marks for the centimeters and small marks for the
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millimeters. When taking a measurement with such a
stick, you might record the measurement 83.26 cm. This
means the true length of what you’re measuring is be-
tween the 83rd and 84th of the largest (centimeter) marks,
and between 2nd and 3rd of the small marks (millimeters)
in this region. The last digit ‘6’ is your guess for where in
this smallest marked region your measurement lies. With
this convention, the measurement 83.26 cm is said to have
four significant figures. The first three are certain and the
last one is estimated.

With the meter stick of the above example, measure-
ments of 83.2 cm and 83.264 cm are both inappropriate.
In the first case, your measurement does not have enough
significant figures, and in the second case, your measure-
ment has too many significant figures. You can reason-
ably divide the region between the smallest marks into ten
pieces and estimate the measurement to that significance,
but you cannot reasonably divide the region between the
smallest marks into a hundred pieces.

8.4 Experimental Error

All physical measurements are subject to error. There
are several kinds of errors that can occur during an ex-
periment.

Personal errors are avoidable mistakes made by
the experimenter. For example, if the scale reads 10 N
and the experimenter mistakenly writes down 100 N, then
a personal error has been made. Personal errors can be
avoided by checking and rechecking your work, your mea-
surements, and your process.

Another kind of error is the systematic error,
which occurs when the a device is not working properly
or an incorrect process is being used. For example, if your
scale is not properly tared, all of your mass measurements
might be off by a certain amount. This is an example of
a systematic error. Systematic errors all tend to be in
the same direction, e.g. all your measurements are higher
than the true value or lower than the true value. Some
systematic errors can be avoided, by making sure that all
your equipment is working properly and by making sure
that your experiment is setup properly. Other systematic
errors cannot easily be avoided. For example, ignoring the
effects of drag due to the air is often a source of system-
atic error, but if the effect is small, we might prefer just
living with the error rather than constructing a vacuum
chamber for our experiment.

The third type of experimental error is the random
error. This kind of error can never be completely elim-
inated. For example, if you are doing sensitive measure-
ments, a source of random error might be the vibrations
caused vehicles traveling down a road a mile away. An-
other source of random errors might be random fluctua-
tions in the line voltage powering your measuring devices.

Random errors can be minimized, but they can never be
completely eliminated.

There are well-known methods for dealing statisti-
cally with random errors. Generally, we assume that per-
sonal errors and systematic errors have all been elimi-
nated, and the only source of experimental error is ran-
dom error.

Suppose you take many measurements, and they all
cluster around the true value. Your measurement is said
to be accurate, whether your cluster is small or large.
Suppose you take many measurements and you get a very
small cluster. Your measurement is said to be precise
whether your cluster is at the true value or not. In exper-
imental physics, the goal is always to have measurements
that are both precise (i.e. small cluster) and accurate (i.e.
cluster around the true value).

If you are measuring a quantity of which the true
value is known, then the absolute error is

absolute error = |E − T |,

where E is your experimental value, and T is the true
value. Usually, the percentage error is more useful

percentage error =
|E − T |
T

× 100%.

8.5 Best Estimate and Uncertainty

In the section on significant figures, we detail the best
estimate of a single measurement and its uncertainty. If
we measure the length of some rod to be 1.3845 meters
using the method detailed in that section, then we know
that the first four digits are certain and the last one is
uncertain. Therefore, we would write the best estimate
and uncertainty of the length of the rod as 1.3845±0.0001
m.

What if we have many measurements? Suppose
we are trying to determine the value of some phys-
ical quantity, and we obtain the measurements x =
{3.23, 3.83, 2.87, 3.65, 3.29, 2.96}. What should we give as
our best estimate of the quantity, and what is the uncer-
tainty? Just from looking at the set of measurements, we
might say that our best guess is about 3.3 and since the
lowest value is 2.96 and the highest is 3.83, we might guess
that the uncertainty is about 0.5. That is, we might give
an answer like 3.3 plus or minus about 0.5. Fortunately,
statistics gives us a precise way to give the best estimate
and the uncertainty of a set of measurements. To answer
this, we need to define some statistical quantities.

The mean (commonly called “average”) of a set x
of n measurements is

x =
1

n

n∑
i=1

xi.
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The sample standard deviation of our set of mea-
surements is

σn−1 =

√√√√ 1

n− 1

n∑
i=1

(xi − x)
2
.

The “deviation” in sample standard deviation refers to
the deviation of each measurement from the mean of all
measurements. This is the xi − x. The word “sample” is
in there to distinguish this standard deviation from the
population standard deviation. That formula is similar,
but should not be used unless we have sampled every
member of the population whose value we are trying to
estimate.

The sample variance, σ2
n−1, is a measure of the

spread of a set of measurements.

The standard deviation of the mean, also called
the standard error, is the sample standard deviation di-
vided by the square root of the number of measurements

σx =
σn−1√
n
.

If we have a set x of n measurements of some physi-
cal quantity and the measurements contain only random
errors, then our best estimate is the mean and our uncer-
tainty is the standard deviation of the mean

xbest = x+ σx.

In our example set of measurements given above, the
mean is x = 3.305. The sample standard deviation of our
set is σn−1 = 0.3765. The standard deviation of the mean
is σx = 0.1537. When quoting the uncertainty, we only
keep one significant digit, so in our case, the uncertainty
is σx = 0.2. Then we round our mean to the same num-
ber of decimal places. In our case, x = 3.3. So for our
set of measurements, the best estimate and uncertainty
is written as

xbest = 3.3± 0.2.

Our initial guess was pretty good.

You can use many graphing calculators to calculate
these things. For the TI-84, you go to STAT > Edit
and add your set of measurements to the list L1. Then
you go to STAT > CALC > 1-Var Stats. The mean
of your set is denoted x, and the standard deviation of
the mean is denoted in the TI-84 by Sx.

Our best this does not mean that all measurements
will be in the region 3.3−0.2 < x < 3.3+0.2. Notice that
two of the largest values and two of the smallest values
in our set are actually outside of this region. Recall that
our sample standard deviation is σn−1 = 0.3765. Accord-
ing to probability theory, 68.3% of all measurements will
fall within plus or minus one sample deviation from the

mean and 95.5% will fall within 2 sample deviations from
the mean. In our case then, 68.5% of our measurements
should fall inside of 3.3 − 0.4 < x < 3.3 + 0.4. In fact,
all of our measurements fall within this range, so there
is nothing unusual about our set of measurements. The
significance of reporting the uncertainty with the sample
standard deviation of the mean (i.e. standard error) in-
stead of just using the sample deviation is that according
to probability theory, there is a 68.3% chance that the
true value of the quantity we are trying to measure lies
in this range.

8.6 Error Propagation

If you have multiple uncertainties, they ”add in quadra-
ture” as

σtot =
√
σ2
a + σ2

b + · · ·.

For example, suppose your measurements include both
a random error σr and a systematic error σs, then your
total error, or uncertainty, is

σ =
√
σ2
r + σ2

s .

If your quantity of interest is a function of multi-
ple measurements, then we have to think about error
propagation. How does the uncertainty of the individ-
ual measurements affect the uncertainty of the calculated
quantity?

If you have two measurements A and B along with
their uncertainties σA and σB , then you would quote the
individual measurements as A± σA and B ± σB .

If your calculated quantity involves multiplying one
of these by a constant a with no uncertainty, that is, your
calculated quantity is f = aA, then your final uncertainty
is simply

σf = aσA.

For example, suppose you measure the radius of a circle
to be r = (10.0±0.1)m. Then, since 2π is a constant with
no uncertainty, you would quote the calculated circumfer-
ence as C = (2π × 10.0± 2π × 0.1)m = (62.8± 0.6)m.

If your calculated quantity is f = A ± B, then your
final uncertainty is

σf =
√
σ2
A + σ2

B .

For example, suppose you’re adding two lengths measured
to beA = (10.0±0.1)m andB = (5.3±0.2)m, then your fi-
nal uncertainty in the sum is σf =

√
(0.1m)2 + (0.2m)2 =

0.2m, and you would quote the final measurement as
A+B = (15.3± 0.2)m.

If your calculated quantity is f = AB or f = A/B,
then your final uncertainty is

σf = f

√(σA
A

)2

+
(σB
B

)2

.
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For example, if you are calculating the area of a rectangle
and you measure the length to be L = (10.0± 0.1)m, and
you measure the width to be W = (5.3±0.2)m, then your
final uncertainty in the area is

σf = 53.0

√(
0.1

10.0

)2

+

(
0.2

5.3

)2

= 2.07m,

and you would quote the area as

LW = (53± 2)m.

In general, if your calculated quantity
f(x1, x2, . . . , xn) is a function of n variables xi, each
with its own uncertainty, then your final uncertainty is

σf =

√√√√ n∑
i=1

(
∂f

∂xi

)2

σ2
xi .

Suppose you measure the same thing in two different
ways getting two slightly different values x1 and x2 with
different uncertainties σ1 and σ2. To combine the two,
you take the weighted averages to get a single value X
with uncertainty σX as follows:

X =

x1

σ2
1

+ x2

σ2
2

1
σ2
1

+ 1
σ2
2

σX =

√
1

1
σ2
1

+ 1
σ2
2

.

This ensures that the measurement with the smallest un-
certainty is weighted the most heavily.

8.7 Poisson Processes

A Poisson process is a process in which events occur ran-
domly but at a specific rate. For example, radioactive
decays occur randomly, but on average, a specific num-
ber of decay events occur per unit time. The Poisson
distribution

P (n) =
λne−λ

n!
,

gives the probability that exactly n events will occur in a
unit of time. Here, λ is the expected (or average) number
of events that occur in the same unit of time.

The error of a Poisson measurement goes as

σ ≈
√
N,

for large N . This approximation is valid for N > 20. For
example, if we observe 50 decays in one second, then we
would quote the measured decay rate as (50±

√
50) Hz.

Notice that P (0) = e−λ. This is the probability that
exactly zero events will occur in a unit time, and is a
measure of how rare the event is. If λ is small, you are
likely to observe zero events.

The probability of observing an event increases ex-
ponentially with time. If you see an event at t = 0, then
the probability of seeing the next event as a function of
time is

P (t) = λe−λt.



Chapter 9

Physics Problem Solving

There are several important things you learn when
studying introductory/classical physics. They’re so im-
portant, in fact, that I shouldn’t call them “things”, but
rather: ways of thinking. The first is simply to grasp the
concepts underlying physics, concepts such as force, ac-
celeration, and so on. The second thing you learn is the
ability to solve problems using logical and mathematical
reasoning.

It’s good when your homework or practice problems
have associated solutions, but don’t check them too early.
Get in the habit of double-checking your work and getting
a practiced confidence in your answers. That way, once
you’re ready to check the answers, you’re more likely to
remember where you tend to err.

At the end of every homework or problem solving
session, note the things that you need to watch out for
in the future. For example, when I was practicing vector
addition, it became clear to me that I need to really make
sure I get the quadrant right, and I noted that for future
review.

In everything you study, study it thoroughly with
the intention of remembering it forever. This is especially
necessary in introductory physics courses where today’s
material becomes tomorrow’s foundation.

To be successful at the university level you have to:

• Read the textbook chapter(s) before the lecture
• Take very good and detailed notes
• Do a post-lecture review of your notes on the same

day
• Do the assigned homework in the same week

On a typical problem, we need to bring all of our
calculus and differential equations knowledge to bear.

Focus on the mathematical definitions of the con-
cepts like vavg = ∆x

∆t and a = dv
dt . This way I can quickly

apply my calculus and differential equations knowledge
to transform the given information into a solution.

Try a simpler version of the problem. Maybe you’re
asked to calculate a certain angle involving a triangle,
but you’re having trouble figuring out the correct course
of action. Try a simpler version of the problem such as a
rotated triangle or perhaps with a right triangle. Solving
the simpler problem may give you insight into the prob-
lem. When dealing with numbers, you can often try a
simpler version simply by replacing some of the numbers
in the problem with smaller numbers that you’re more
familiar with.

Replacing the variables in a problem and working like
that allows you to simplify the problem, making it eas-
ier to understand the mechanics of it when you work it
with the variables in place. You can also use your worked
example to double-check your work with the variables at
the end.

When dealing with relative motion (e.g. A is moving
at so and so and B is accelerating like so, when will they
meet?) it is often helpful to draw a position vs. time
graph, plot the motion of both. Figure out where both
parties are at t = 0 or when each party is at x = 0. Often
the question is when one will catch up with the other,
and this can be found by finding the intersection of the
two plots.

Must become comfortable with small element analy-
sis (i.e. integration).

What is conserved?

What is the long way of solving it? Many exercises
have relatively quick solutions if you have the insights
that your teachers want you to experience. Failing that,
however, there is almost always a long way of doing the
problem... a computational approach perhaps.

Always check your units–especially on those items
that contain only symbols and no numbers. Checking
units is also a quick way to eliminate incorrect answers
when you have multiple people giving different answers.

Remember that the argument of trig functions should
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not contain any units. Whatever units are inside the trig
function must cancel each other. Trig functions only ac-
cept pure numbers.

As a check on whether your answer is reasonable, do
a quick order of magnitude estimation. That is, solve it
as a Fermi problem.

Sometimes you know the form of the answer with-
out knowing exactly what it is or even how to arrive at
it. Using this knowledge allows you to eliminate incorrect
answers.

If the derivative of a quantity is equal to zero then
the quantity is constant.

When testing possible answers when you have a for-
mula containing variables, plug in possible values and see
if the answer makes sense. For example, when you’re look-
ing for a formula that gives the range of a projectile, plug
in θ = 0 (i.e. it’s shot straight to the side) and θ = 90◦

(i.e. it’s going straight up), and see if the results are still
valid. Also try other possible values like v0 = 0. In lieu

of plugging in zero, you can also let variables approach
zero and see what happens. If the result becomes nonreal
(i.e. imaginary) when the velocity approaches zero, but
is still some positive, finite value, then the formula must
be wrong.

By looking at an equation you must be able to tell
whether the dependent variable increases or decreases if
any of the independent variables is increased or decreased.

If you’re applying an algorithm to solve a problem,
then you’re not solving a problem—you’re doing an ex-
ercise. The problem solving part of it only occurs if you
have to find the algorithm itself.

The hardest part about solving physics problems (as
opposed to exercises) is understanding the mathematical
relationships implied by the problem and knowing which
mathematical tools to use.

To solve physics problems, you have to memorize a
lot of formulae. To understand physics problems, you also
have to know how those formulae are derived.
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1D Kinematics, 1
4-vectors, 127

Absolute error, 159
Absolute magnitude, 154
Absolute pressure, 51
Acceleration, 2
Accuracy, 159
Activity, 149
Adiabatic exponent, 57, 59
Adiabatic process, 58
Air conditioner, 60
Alcubierre metric, 130
Alpha decay, 149
Alternating current, 82, 100
Ammeter, 96
Ampere, 73
Ampere’s law, 78, 82
Amplitude, 45
Angular acceleration, 29
Angular frequency, 39, 45
Angular magnification, 111
Angular momentum, 32
Angular velocity, 28
Antinode, 49
Apparent magnitude, 154
Archimedes principle, 51
Atomic mass unit, 148
Atomic number, 147
Atomic physics, 143
Average acceleration, 2
Average speed, 2
Average velocity, 2

Band gap, 146
Band theory, 146
Baryon, 152
Baryon number, 153
Base state, 136
Battery, 87
BCS theory, 146
Becquerel, 149
Bernoulli equation, 52
Bernoulli’s principle, 52
Beta decay, 149
Binding energy, 151
Biot-Savart law, 77
Blackbody, 54
Blackbody radiation, 132
Bohr atom, 133
Bohr magneton, 144
Bohr model, 147
Bohr radius, 143
Bolometric magnitude, 154
Boltzmann’s constant, 54, 59

Boost, 124
Boson, 152
Boundary conditions, 134
Bragg condition, 113
Brewster angle, 106
Btu, 53
Buoyancy, 51

Calorie, 53
Capacitance, 89
Capacitive reactance, 101
Capacitor, 69, 89
Capacitors, 101
Carnot theorem, 60
Celsius, 53
Center of mass, 26
Centripetal acceleration, 18, 29
Centripetal force, 18, 34
Chain reaction, 152
Charge conjugation, 153
Chromatic aberration, 105
Circular motion, 18
Circular orbit, 34
Coefficient of friction, 14
Coherent, 111
Collective model, 148
Collision, 26
Collisions, 27
Color confinement, 153
Combination of thin lenses, 111
Commutativity, 137
Commutator, 137
Comoving frame, 157
Complementarity, 133
Conduction, 53
Conductivity, 73
Conductor, 74, 146
Conductors, 72
Conservation of angular momen-

tum, 33
Conservation of energy, 23
Conservative force, 22
Constructive interference, 46, 112
Contact force, 12
Continuity equation, 52
Continuous wave, 44
Convection, 54
Converging lens, 110
Convex mirror, 109
Coriolis force, 14
Correspondence principle, 133
Cosmological model, 155
Cosmological principle, 155
Cosmology, 154
Coulomb’s constant, 61

Coulomb’s law, 61
CPT conservation, 153
Critical damping, 43
Critical point, 55
Curie temperature, 80
Current, 73
Current density, 73, 128
Cyclic processes, 59
Cyclotron, 76
Cyclotron frequency, 75

Damped Harmonic Motion, 43
De Broglie relation, 133
Decay constant, 150
Decay rate, 149
Decibel, 46
Degrees of freedom, 57
Density, 50
Destructive interference, 46, 112
Deviation angle, 106
Dielectric, 90
Diffraction, 111, 112
Diffraction grating, 113
Diffraction limit, 114
Dipole moment vector, 65
Dirac equation, 133
Dirac notation, 134
Disintegration energy, 152
Dispersion, 105
Dispersion relation, 45
Displacement, 2
Distance, 2
Distance modulus, 154
Diverging Lens, 110
Doppler effect, 50, 121
Double slit interference, 113
Drag, 14
Drift velocity, 73
Driven oscillations, 43
Driven RLC circuit, 103
Dynamics, 14

Eccentricity, 33
Efficiency, 60
Eigenfunction, 136
Eigenstate, 136
Eigenvalue, 136
Eigenvalue equations, 138
Electric charge, 61
Electric constant, 61
Electric dipole moment, 65
Electric field, 62
Electric flux, 68
Electric force, 61
Electric potential difference, 69
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Electricity and Magnetism, 61
Electromagnetic force, 76
Electromagnetic induction, 81
Electromagnetic spectrum, 84
Electromagnetic waves, 82
Electromagnetism, 82
Electromotive force, 87
Electron, 147
Electronvolt, 70
Electrostatic equilibrium, 73
Emissivity, 54
Endothermic reactions, 152
Energy, 20, 24, 68, 84
Energy density, 69
Energy quality, 59
Energy-momentum, 128
Energy-momentum relation, 127
Entropy, 59
Equilibrium, 23, 36
Equipartition theorem, 57
Equivalence principle, 129
Error propagation, 160
Escape speed, 34
Exothermic reactions, 152
Eyepiece, 111

Fahrenheit, 53
Farad, 89
Faraday’s law, 82
Femtometer, 147
Fermi, 147
Fermions, 148
Ferromagnetism, 80
Fictitious force, 14
Field force, 12
Field particles, 152
First law of thermodynamics, 56
Fission, 152
Flow tube, 52
Fluid dynamics, 52
Fluids, 50
Flux, 154
Focal length, 108
Focal point, 107, 110
Focus, 107
Force, 12, 24
Forces, 152
Four-vector, 123
Frame of reference, 14
Free body diagram, 16
Free particle quantum system,

139
Frequency, 39, 45
Friction, 13
Friedmann equation, 155
Friedmann metric, 155
Fundamental mode, 49

Galilean relativity, 11

Gamma decay, 149
Gas, 54
Gauge bosons, 152
Gauge pressure, 51
Gauss’s Law, 68
Gauss’s law for magnetism, 75
General relativity, 129
Geosynchronous orbit, 34
Gold foil experiment, 147
Gravitational constant, 12
Gravitational field, 33
Gravitational force, 12
Gravitational mass, 15
Gravity, 33, 129

Hadrons, 152
Half-life, 150
Hall effect, 77
Hall potential, 77
Hamiltonian, 137
Harmonic, 49
Harmonic oscillator, 142
Heat, 53
Heat capacity, 53
Heat engine, 60
Heat of fusion, 55
Heat of sublimation, 55
Heat of vaporization, 55
Heat pump, 60
Higgs boson, 152
Hooke’s law, 21, 39
Hubble time, 155
Hubble’s constant, 154
Hubble’s law, 154
Huygen’s principle, 112
Hydrogen atom, 143
Hydrostatic equilibrium, 51

Ideal gas constant, 54
Ideal gas law, 54
Image, 107
Impulse, 27
Index of refraction, 104
Inductance, 82, 93
Induction, 81
Inductive reactance, 101
Inductor, 93
Inductor time constant, 100
Inductors, 101
Inelastic collision, 27
Inertia, 14
Inertial frame, 14
Inertial mass, 15
Infinite square well, 139, 141
Insulator, 74, 146
Intensity, 46, 84
Interference, 46, 111, 135
Internal energy, 22

Internal resistance, 87
Invariant interval, 128
Isobar, 148
Isobaric process, 58
Isochoric process, 58
Isolated system, 24
Isothermal process, 57
Isotone, 148
Isotope, 148

Jerk, 7

Kelvin, 53
Kelvin-Planck statement, 60
Kepler’s laws, 33
Kinematics, 10
Kinetic energy, 21, 27
Kinetic friction, 13
Kinetic theory, 54
Kirchoff’s junction rule, 94
Kirchoff’s Loop Rule, 94
Kirchoff’s rules, 93
Kirhoff’s current rule, 94

Law of inertia, 14
LC circuit, 102
Length contraction, 118
Lens, 110
Lensmaker’s formula, 111
Lenz’s law, 82
Lepton, 152
Lepton number, 153
Lever, 25
Lever arm, 30
Light, 104
Light rays, 105
Line charge distribution, 71
Linear density, 64
Linear expansion coefficient, 55
Linear Momentum, 26
Liquid-drop model, 148
Log-log plots, 158
Longitudinal waves, 44
Lorentz factor, 117
Lorentz invariance, 122
Lorentz transformation, 128
Lorentz transformations, 124
Luminosity, 154

Mach angle, 50
Mach number, 50
Magentic domain, 75
Magnetic dipole, 80
Magnetic dipole moment, 80
Magnetic domain, 80
Magnetic field, 74
Magnetic flux, 81
Magnetic quantum number, 143
Magnitude, 154
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Mass, 14
Mass defect, 151
Mass flow rate, 52
Mass spectrometer, 76
Maxwell’s equations, 83
Maxwell-Boltzmann distribution,

54
Mean, 159
Mechanical advantage, 17, 25
Mechanical energy, 23
Meson, 152
Metric, 129
Metric tensor, 129
Microscope, 111
Minkowski diagram, 119
Mirror, 107
Mirror equation, 108
Mode, 49
Modern physics, 116
Molecules, 146
Moment of inertia, 30
Mutual inductance, 82

Natural frequency, 43
Near point, 111
Neutron, 148
Neutron number, 147
Newton, 15
Newton’s laws, 14
Node, 49
Noether’s theorem, 136
Normal force, 13
Normalization, 135
Nuclear force, 147, 152
Nuclear models, 148
Nuclear Physics, 147
Nuclear reactions, 151
Nuclear shell model, 148
Nucleon, 147
Nucleus, 147
Nuclide, 148
Null separation, 123

Objective lens, 111
Observable, 135
Ohm’s law, 74, 87
Ohmmeter, 97
Operator, 135
Optical path length, 112
Optics, 104
Orbital period, 34
Orbital quantum number, 143
Oscillation, 39
Overdamping, 43
Overtones, 49

Parallel Circuits, 88
Parallel plates, 72
Parity, 153

Parsec, 154
Partial ring charge distribution,

71
Particle physics, 147
Particles, 152
Pascal’s law, 51
Pauli exclusion principle, 145, 148
Pendulum, 42
Percentage error, 159
Period, 18, 39
Permeability of free space, 77
Permittivity of free space, 61
Personal error, 159
Phase change, 54
Phase constant, 45
Phase diagram, 55
Phase shift, 45
Phasor diagram, 101
Photoelectric effect, 132
Physical pendulum, 42
Planck’s constant, 84
Plane mirror, 107
Plane waves, 46
Plum pudding model, 147
Poisson process, 161
Polarization, 83
Potential energy, 22, 34
Power, 22, 25, 74, 102, 103
Power factor, 102
Precision, 159
Pressure, 50
Pressure-volume diagram, 56
Principal quantum number, 143
Probability (quantum), 134
Probability amplitude, 138
Probability density, 134
Probability, quantum, 138
Projectile motion, 11
Projection postulate, 137
Proper distance, 157
Proper time, 117
Proton, 148
Proton-proton cycle, 152
Pulley, 17, 25
Pulse, 44

Q-value, 152
Quality factor, 103
Quantum chromodynamics

(QCD), 153
Quantum electrodymanics

(QED), 152
Quantum harmonic oscillator,

142
Quantum mechanics, 132
Quantum numbers, 143
Quantum system, 139
Quarks, 153

R-factor, 54
Rad, 150
Radial acceleration, 19
Radiation, 54
Radiation pressure, 84
Radioactivity, 148
Radiocarbon dating, 150
Random errors, 159
Rayleigh scattering, 114
Rayleigh-Jeans law, 132
RC Circuit, 97
Reaction energy, 152
Real image, 107
Redshift, 122, 154, 155
Reference frame, 11, 14
Reflection, 104, 105
Refraction, 104, 105
Refrigerator, 60
Relative motion, 11
Relativistic beta, 117
Relativistic doppler effect, 122
Relativistic dot product, 128
Relativistic energy, 127
Relativistic mass, 127
Relativistic momentum, 127
Relativistic velocity addition, 127
Rem, 150
Resistance, 73, 74, 87
Resistivity, 73, 74
Resistor, 87
Resistors, 101
Resolving power, 113
Resonance, 43, 103
Rest energy, 127
Reversible processes, 56
Right-hand rule, 29, 75
RL Circuit, 99
RLC circuit, 102
RMS current, 101
RMS voltage, 101
Roentgen, 150
Rolling motion, 31
Root mean square, 101
Rotation, 28
Rotational energy, 31
Rutherford model, 147
Rutherford scattering, 147
Rydberg formula, 133

Sample standard deviation, 160
Sample variance, 160
Scale factor, 155
Schrodinger equation, 133, 134,

137
Schwarzschild metric, 129
Schwarzschild radius, 130
Second law of thermodynamics,

59
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Semi-log plots, 158
Semiconductor, 146
Semiconductors, 74
Series Circuit, 87
Shell theorem, 34
Shock wave, 50
Significant figures, 158
Simple Harmonic Motion, 39
Simple harmonic oscillator, 40
Simple machine, 24
Simple pendulum, 42
Simultaneity, 119
Snell’s law, 105
Solenoid, 80
Solids, 146
Sound intensity, 46
Sound waves, 46
Space quantization, 143
Spacelike separation, 123
Spacetime, 129
Spacetime diagram, 119
Spacetime interval, 122, 128, 129
Special relativity, 116
Specific heat, 53, 56
Spectral radiance, 132
Spectroscopy, 105
Speed, 2
Spherical coordinates, 129
Spherical waves, 46
Spiral motion, 20
Spontaneous emission, 145
Spring constant, 39
Standard deviation, 160
Standard deviation of the mean,

160
Standard error, 160
Standard Model, 152
Standing wave, 48
Standing waves, 48
State, 134
State evolution, 137
State vector, 134

Static equilibrium, 16, 36
Static friction, 13
Stefan-Boltzmann law, 54, 132
Stimulated absorption, 145
Stimulated emission, 145
Strangeness, 153
Streamlines, 52
Strong force, 152
Strong interaction, 147
Sublimation, 55
Superconductors, 74
Superposition, 46, 135, 138
Surface charge density, 72
Surface density, 64
System, 134
Systematic error, 159

Tangential acceleration, 19, 29
Temperature, 53
Tension, 40
Tension force, 12
Terminal Voltage, 87
Tesla, 75
Thermal conductivity, 54
Thermal Energy Balance, 54
Thermal expansion, 55
Thermal resistance, 54
Thermal speed, 54
Thermodynamic equilibrium, 53
Thermodynamics, 53
Thermometer, 53
Thin films, 114
Time constant, 98, 100
Time dilation, 117, 130
Time reversal, 153
Timelike separation, 123
Torque, 29, 32
Torsional constant, 42
Torsional oscillator, 42
Total angular momentum, 144
Total energy, 127
Trajectory, 11

Transformer, 103
Transitions, 145
Transverse waves, 44
Traveling wave, 44, 48
Triple point, 55

U-value, 54
Ultraviolet catastrophe, 132
Uncertainty principle, 133, 137
Underdamping, 43
Uniform circular motion, 18
Universal gravitation, 33

Vacuum permittivity, 61
Vacuum permittivity constant, 68
Velocity, 2
Velocity selector, 76
Venturi effect, 52
Virtual image, 107, 111
Volt, 69
Voltage, 69, 73
Voltmeter, 96
Volume density, 64
Volume expansion coefficient, 55

Wave, 39
Wave equation, 45
Wave motion, 43
Wave number, 45
Wave speed, 45
Wave train, 44
Wave vector, 128
Wavefunction, 134, 138
Wavelength, 45, 133
Weak damping, 43
Weight, 12, 14, 40
Wien’s law, 132
Work, 20, 24, 31, 68
Work-energy theorem, 21, 31

Zeroth law of thermodynamics,
53







This handbook grew out of the extensive notes that I took as a physics
undergraduate student.
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