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You have just been abducted by curious aliens. After being transported to a ship that is orbiting 
Earth, you are shown the above image. The friendly alien host tells you that the image is a 
depiction of an infinite process and that the total area of all the squares is a finite number but 
the total perimeter of all the squares is infinite. Then the alien tells you, “You have three hours to 
figure out what the ratio is of b to a.” 

Can you do it? 
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First we must understand the question. The alien tells us that the image is a depiction of an 
infinite process. That infinite process must be the addition of a new (smaller) square at every 
available corner of the existing squares. The alien also tells us that total area of all the squares 
is a finite number but that the total perimeter of the squares is infinite. This means the ratio 
between new square size and previous square size must be such that the perimeter diverges to 
infinity but the area does not. We need to find this ratio… 

If a is the length of each side of the first square, b is the length of each side of the second 
iteration of squares, c is the length of each side of the third iteration of squares then the total 
area of the fractal can be represented as: 

𝐴𝑟𝑒𝑎 = 𝑎2 + 4𝑏2 + 12𝑐2 + 36𝑑2 + 108𝑒2 + 324𝑓2 … 

At what ratio, will the total area diverge to infinity? 

Let us begin with the intuitive approach. At what z (ratio of b/a and c/b) will the total area of an 
iteration be exactly equal to the total area of the previous iteration? We know that if the area of 
every iteration is equal to or more than the area of the previous iteration, the sum area for the 
fractal will diverge to infinity. We also know that if the area of every iteration is less than the area 
of the previous iteration, the sum area for the fractal will converge to a finite number. 

We cannot compare iteration 2 with iteration 1 in this manner because the first two iterations are 
different from all the rest – first there is a single square of area 1, followed 4 squares, and then 
every iteration after that creates 3 times as many squares as the previous iteration. 

By examination of the fractal, we see that each iteration has 3 times as many squares as the 
previous iteration (not counting the first two iterations of course). We can now do the following: 

Let us choose an iteration at some point down the line, say iteration R, and use r as the side 
length of each square generated in that iteration. The side lengths of the squares of the next 
iteration can be s. We don’t need to know how many squares were generated in iteration R, all 
we need to know is how many squares there are in iteration S for every square in iteration R. 
From examining the fractal, we know that there will be 3 S squares for every R square. 

We want to find the ratio s:r at which the fractal diverges to infinity. We know that this will occur 
when the ratio is such that the sum area of every square in iteration S is equal to or greater than 
the sum area of every square in iteration R. Let us set the areas equal to each other to find the 
ratio s:r at which the fractal’s area will diverge to infinity: 

𝑟2 = 3𝑠2 

We know that 𝑏 = 𝑧𝑎 because 𝑧 = 𝑏
𝑎
 and let 𝑎 = 1 since we’re dealing with ratio. Now we can 

substitute in the previous equation to get: 

1 = 3𝑧2 

Then we can solve for z: 
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𝑧 =  �
1
3

 ≈ 0.57735 

Now, we know that if z is equal to or greater than the square root of one-third, the sum area of 
the fractal will diverge to infinity, but if it is less, the sum area of the fractal will converge to a 
finite number. 

To get the exact sum of the areas of the fractal, we would use: 

𝐴𝑟𝑒𝑎 =  𝑎2 + � 4 ∗ 3𝑥−1
∞

𝑥=1

𝑧2𝑥𝑎4 

Where a is the side length for the very first and largest square, z is the ratio between the side 
length of a square and the side length of a square of the previous iteration, and x is the iteration. 

If we use the above equation in a calculator and substitute 0.57 for z we find that the area 
converges to a finite number. On the other hand, if we substitute 0.58 for z we find that the area 
diverges to infinity. 

 

At what ratio will the total perimeter diverge to infinity? 

Using a similar process as the one we used above, but dealing with perimeter now, we find that: 

𝑎 = 3𝑏 

So: 

1 = 3𝑧 

So: 

𝑧 =
1
3

 ≈ 0.333333 

To get the exact sum of the perimeter of the fractal, we would use: 

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =  4𝑎 + � 16 ∗ 3𝑥−1
∞

𝑥=1

𝑧𝑥𝑎 

Where a is the side length for the very first and largest square, z is the ratio between the side 
length of a square and the side length of a square of the previous iteration, and x is the iteration. 

If we use the above equation in a calculator and substitute 0.32 for z we find that the perimeter 
converges to a finite number. On the other hand, if we substitute 0.34 for z we find that the 
perimeter diverges to infinity. 
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For a ‘z’ within what range, will the perimeter diverge to infinity and the area converge to 
a finite number? 

We find that z must be between one-third and the square root of one-third: 

1
3

< 𝑧 < �1
3
 

But wait a minute… won’t successive iterations start overlapping previous iterations at some 
point? 

At what ratio will the fractal become entangled in itself? 

So the question is, at what z will the fractal become entangled in itself? In other words, at what z 
do the little squares in area designated by the orange rectangle in the image below, start to 
interfere with each other after a certain number of iterations? 

To solve this, we only have two consider two “arms” of the fractal, which are designated by the 
green lines in the image below. The question becomes, do these lines ever reach each other 
and at z is the boundary, for which equal to or above, there is entanglement, but below, there is 
not? 

Notice that we can calculate the distances that remain (as designated by the blue lines) using: 

𝑎,𝑎𝑧1,𝑎𝑧2,𝑎𝑧3,𝑎𝑧4, … 

Then it becomes a simple matter of summing all elements of the above series. If the sum of the 
series is greater than 2a, there will be entanglement. 

If the following inequality holds true, there will be no entanglement. 

𝑎 +  �𝑎𝑧𝑥
∞

𝑥=1

 ≤ 2𝑎 

In other words, z must be less than or equal to ½ in order for the fractal not to get entangled in  
itself. 
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Answer to the puzzle: 

If the sum area of this fractal is finite, the sum perimeter is infinite, and the fractal does not get 
entangled within itself, then: 

𝟏
𝟑

< 𝒛 ≤
𝟏
𝟐

< �𝟏
𝟑

 


